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Preface

Digital signal processing is currently in a period of rapid growth caused by recent
advances in VLSI technology. This is especially true of three areas of optimum signal pro-
cessing; namely, real-time adaptive signal processing, eigenvector methods of spectrum
estimation, and parallel processor implementations of optimum filtering and prediction
algorithms.

In this edition the book has been brought up to date by increasing the emphasis
on the above areas and including several new developments. The major additions are:
a unified presentation of the fast recursive least-squares algorithms for adaptive pro-
cessing; the discussion of several eigenvector methods of spectrum estimation such as
MUSIC, minimum-norm, ESPRIT, spatial smoothing for coherent signals, and others; and
discussion of the Schur algorithm for linear prediction admitting efficient parallel imple-
mentations, and the more efficient split Schur and split Levinson algorithms. Moreover,
older but basic material has been added such as an expanded discussion of Kalman
filtering and discussion of classical statistical estimation concepts such as maximum
likelihood, Cramér-Rao bound, and asymptotic statistical properties applied to linear
prediction and eigenstructure methods.

Two new sections have been added to Chapter 1 with the aim of strengthening the
discussion of statistical concepts while at the same time emphasizing the unity of ideas
of optimum signal processing. The first section, dealing with forward and backward
prediction, develops further the geometrical point of view of random variables and lin-
ear estimation and provides a preliminary introduction to a large number of methods
that have become important tools in signal processing; namely, Levinson’s and Schur’s
algorithms, fast matrix factorizations, Gram-Schmidt orthogonalizations, lattice real-
izations of linear predictors and Wiener filters, and fast RLS algorithms. The second
section discusses the properties of maximum likelihood estimators and gives a deriva-
tion of the Cramér-Rao bound using correlation canceling methods. The results of this
section are used later to derive the asymptotic statistical properties of linear predictors
and eigenstructure methods.

Chapter 2 has been revised to include a preliminary introduction to the Schur algo-
rithm using a gapped function approach. Chapter 3 remains unchanged. A new section
on Kalman filtering has been added to Chapter 4 that includes a derivation of the Kalman
filter, a geometrical interpretation of it, and discussion of its asymptotic convergence
properties.

Three new sections have been added to Chapter 5. The first deals with the problem
of autocorrelation sequence extensions, such as the maximum entropy or autoregres-
sive extensions, and discusses the case of singular autocorrelation matrices, their sinu-
soidal representations, and their connection to Pisarenko’s harmonic retrieval method.
The second section contains a discussion of the recently developed split or immitance-
domain Levinson algorithm which is fifty percent more efficient than the conventional
Levinson algorithm. The third section presents the Schur algorithm for linear predic-
tion which has received a lot of attention recently because of its efficient parallel im-
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plementations, and discusses its application to fast matrix factorizations. The split or
immitance-domain version of the Schur algorithm is also discussed.

The material on autoregressive spectrum estimation, spectral analysis of sinusoids
in noise, and superresolution array processing, has been separated from Chapter 5 to
form a new Chapter 6. This chapter also includes new sections on several eigenstructure
methods and a section on the asymptotic statistical properties of such methods. The
following methods are discussed: MUSIC, minimum-norm, reduced-order, maximum
likelihood, ESPRIT, and spatial smoothing for coherent signals.

The chapter on adaptive filtering, now Chapter 7, has been expanded considerably.
It contains a revised discussion of the adaptive gradient lattice Wiener filter and its
spatial processing counterpart—the adaptive Gram-Schmidt array preprocessor based
on the modified Gram-Schmidt procedure. The last four sections are devoted to a uni-
fied derivation of the exact recursive least-squares adaptation algorithms including the
conventional RLS, fast Kalman and FAEST/FTF direct form versions, and RLS lattice ver-
sions. We show first that the algebraic steps and computational reductions that make
all the fast versions possible are a direct consequence of the rank-one updating prop-
erties of covariance matrices, and then apply the shift-invariance property to complete
the derivation of the various RLS algorithms.

A new appendix has been added containing a discussion of uniform and gaussian
random number generators and ways to improve them such as shuffling. The number
of subroutines discussed in the text has been tripled and the routines have been written
both in FORTRAN and C. Several new problems and computer experiments have been
added, and a solutions manual is available through the publisher. The material in this
expanded edition is now adequate for a two-semester graduate course on the subject.

I have tried in this edition to preserve the basic style and objectives of the book and
would like to thank the many colleagues and students who have given me their feedback
on the first edition. Working on the revision was a great deal of fun and it was made
even more so by my three-year old son, John.

Sophocles J. Orfanidis
1988

The content of the 2007 republication of this book remains the same as that of the
1988 edition, except for some corrections, the deletion from the Appendix of the Fortran
and C function listings, which are now available online, and the addition of MATLAB
versions of all the functions. A pdf version of the book, as well as all the functions, can
be downloaded freely from the web page:

http://www.ece.rutgers.edu/~orfanidi/osp2e

Sophocles J. Orfanidis
2007



Preface to the First Edition

The purpose of this book is to provide an introduction to signal processing methods
that are based on optimum Wiener filtering and least-squares estimation concepts. Such
methods have a remarkably broad range of applications, ranging from the analysis and
synthesis of speech, data compression, image processing and modeling, channel equal-
ization and echo cancellation in digital data transmission, geophysical signal processing
in oil exploration, linear predictive analysis of EEG signals, modern methods of high-
resolution spectrum estimation, and superresolution array processing, to adaptive sig-
nal processing for sonar, radar, system identification, and adaptive control applications.
The structure of the book is to present the Wiener filtering concept as the basic unify-
ing theme that ties together the various signal processing algorithms and techniques
currently used in the above applications.

The book is based on lecture notes for a second-semester graduate-level course on
advanced topics in digital signal processing that I have taught at Rutgers University
since 1979. The book is primarily addressed to beginning graduate students in elec-
trical engineering, but it may also be used as a reference by practicing engineers who
want a concise introduction to the subject. The prerequisites for using the book are an
introductory course on digital signal processing, such as on the level of Oppenheim and
Schafer’s book, and some familiarity with probability and random signal concepts, such
as on the level of Papoulis’ book.

Chapter 1 sets many of the objectives of the book and serves both as a review of
probability and random signals and as an introduction to some of the basic concepts
upon which the rest of the text is built. These are the concept of correlation canceling
and its connection to linear mean-squared estimation, and the concept of Gram-Schmidt
orthogonalization of random variables and its connection to linear prediction and signal
modeling. After a brief review of some pertinent material on random signals, such as
autocorrelations, power spectra, and the periodogram and its improvements, we dis-
cuss parametric signal models in which the random signal is modeled as the output
of a linear system driven by white noise and present an overview of the uses of such
models in signal analysis and synthesis, spectrum estimation, signal classification, and
data compression applications. A first-order autoregressive model is used to illustrate
many of these ideas and to motivate some practical methods of extracting the model
parameters from actual data.

Chapter 2 is also introductory, and its purpose is to present a number of straightfor-
ward applications and simulation examples that illustrate the practical usage of random
signal concepts. The selected topics include simple designs for signal enhancement fil-
ters, quantization noise in digital filters, and an introduction to linear prediction based
on the finite past. The last two topics are then merged into an introductory discussion
of data compression by DPCM methods.

Chapter 3 introduces the concept of minimal phase signals and filters and its role in
the making of parametric signal models via spectral factorization. These methods are
used in Chapter 4 for the solution of the Wiener filtering problem.
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The basic concept of the Wiener filter as an optimum filter for estimating one signal
from another is developed in Chapter 4. The Wiener filter is also viewed as a correlation
canceler and as an optimal signal separator. We consider both the stationary and non-
stationary Wiener filters, as well as the more practical FIR Wiener filter. While discussing
a simple first-order Wiener filter example, we take the opportunity to introduce some
elementary Kalman filter concepts. We demonstrate how the steady-state Kalman filter
is equivalent to the Wiener filter and how its solution may be obtained from the steady-
state algebraic Riccati equation which effects the spectral factorization required in the
Wiener case. We also show how the Kalman filter may be thought of as the whitening
filter of the observation signal and discuss its connection to the Gram-Schmidt orthogo-
nalization and parametric signal models of Chapter 1. This chapter is mainly theoretical
in character. Practical implementations and applications of Wiener filters are discussed
in Chapter 5 using block-processing methods and in Chapter 6 using real-time adaptive
processing techniques.

Chapter 5 begins with a discussion of the full linear prediction problem and its con-
nection to signal modeling and continues with the problem of linear prediction based
on the finite past and its efficient solution via the Levinson recursion. We discuss the
analysis and synthesis lattice filters of linear prediction, as well as the lattice realizations
of more general Wiener filters that are based on the orthogonality property of the back-
ward prediction errors. The autocorrelation, covariance, and Burg’s methods of linear
predictive analysis are presented, and their application to speech analysis and synthesis
and to spectrum estimation is discussed. The problem of estimating the frequencies of
multiple sinusoids in noise and the problem of resolving the directions of point-source
emitters by spatial array processing are discussed. Four approaches to these problems
are presented, namely, the classical method based on the windowed autocorrelation,
the maximum entropy method based on linear prediction, Capon’s maximum likelihood
method, and eigenvector-based methods. We also discuss the problem of wave propa-
gation in layered media and its connection to linear prediction, and present the dynamic
predictive deconvolution procedure for deconvolving the multiple reverberation effects
of a layered structure from the knowledge of its reflection or transmission response.
The chapter ends with a discussion of a least-squares reformulation of the Wiener fil-
tering problem that can be used in the design of waveshaping and spiking filters for
deconvolution applications.

Real-time adaptive implementations of Wiener filters are discussed in Chapter 6.
The basic operation of an adaptive filter is explained by means of the simplest possi-
ble filter, namely, the correlation canceler loop, which forms the elementary building
block of higher order adaptive filters. The Widrow-Hoff LMS adaptation algorithm and
its convergence properties are discussed next. Several applications of adaptive filters
are presented, such as adaptive noise canceling, adaptive channel equalization and echo
cancellation, adaptive signal separation and the adaptive line enhancer, adaptive spec-
trum estimation based on linear prediction, and adaptive array processing. We also
discuss some recent developments, such as the adaptive implementation of Pisarenko’s
method of harmonic retrieval, and two alternative adaptation algorithms that offer very
fast speed of convergence, namely, recursive least-squares, and gradient lattice adaptive
filters.

The subject of Wiener filtering and linear estimation is vast. The selection of ma-
terial in this book reflects my preferences and views on what should be included in an
introductory course on this subject. The emphasis throughout the book is on the signal
processing procedures that grow out of the fundamental concept of Wiener filtering.
An important ingredient of the book is the inclusion of several computer experiments
and assignments that demonstrate the successes and limitations of the various signal
processing algorithms that are discussed. A set of FORTRAN 77 subroutines, designed
to be used as a library, has been included in an appendix.
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1

Random Signals

1.1 Probability Density, Mean, Variance

In this section, we present a short review of probability concepts. It is assumed that the
student has had a course on the subject on the level of Papoulis’ book [1].

Let x be a random variable having probability density p (x). Its mean, variance, and
second moment are defined by the expectation values

00

xp (x) dx = mean

m=E[x]=J

00

o? =var(x)= E[(x —m)?] = J (x —m)?p(x) dx = variance

00

x°p (x) dx = second moment
[oe)

E[X?] = J
These quantities are known as second-order statistics of the random variable x. Their
importance is linked with the fact that most optimal filter design criteria require knowl-
edge only of the second-order statistics and do not require more detailed knowledge,
such as probability densities. It is of primary importance, then, to be able to extract
such quantities from the actual measured data.
The probability that the random variable x will assume a value within an interval of
values [a, b] is given by

p(x)

b
Probla <x < b]= J p(x) dx = shaded area
a

The probability density is always normalized to unity by

f; p(x)dx =1

which states that the probability of x taking a value somewhere within its range of
variation is unity, that is, certainty. This property also implies

0’ =E[(x—m)?] = E[x*]-m?

Example 1.1.1: Gaussian, or normal, distribution
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p(x)
-1 Cx— 1) 2 /2
p(x)= N exp[—(x —m)?/207°]
X
Example 1.1.2: Uniform distribution
Px)
1/0
1/Q, for-Q/2=<x=<Q/2
p(x)= .
0, otherwise
X
-0/2 0 [0
Its variance is 02 = Q%/12. O

Both the gaussian and the uniform distributions will prove to be important examples.
In typical signal processing problems of designing filters to remove or separate noise
from signal, it is often assumed that the noise interference is gaussian. This assumption
is justified on the grounds of the central limit theorem, provided that the noise arises
from many different noise sources acting independently of each other.

The uniform distribution is also important. In digital signal processing applications.
the quantization error arising from the signal quantization in the A/D converters, or the
roundoff error arising from the finite accuracy of the internal arithmetic operations in
digital filters, can often be assumed to be uniformly distributed.

Every computer provides system routines for the generation of random numbers.
For example, the routines RANDU and GAUSS of the IBM Scientific Subroutine Package
generate uniformly distributed random numbers over the interval [0, 1], and gaussian-
distributed numbers, respectively. GAUSS calls RANDU twelve times, thus generating
twelve independent uniformly distributed random numbers X1, Xz, ..., X12. Then, their
sumx = X +X2 + - - - +X12, will be approximately gaussian, as guaranteed by the central
limit theorem. It is interesting to note that the variance of x is unity, as it follows from
the fact that the variance of each x;, is 1/12:

1 1
Of =03 +05, + -+ 0%

= — 4+ 44— =1
o120 12 12

The mean of x is 12/2 = 6. By shifting and scaling X, one can obtain a gaussian-
distributed random number of any desired mean and variance. Appendix A contains a
discussion of random number generators and methods to improve them, such as shuf-
fling or using several generators in combination. A number of FORTRAN and C routines
for generating uniform and gaussian random numbers are included.

1.2 Chebyshev’s Inequality

The variance ¢ of a random variable x is a measure of the spread of the x-values
about their mean. This intuitive interpretation of the variance is a direct consequence
of Chebyshev’s inequality, which states that the x-values tend to cluster about their
mean in the sense that the probability of a value not occurring in the near vicinity of the
mean is small; and it is smaller the smaller the variance.
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More precisely, for any probability density p (x) and any A > 0, the probability that
x will fall outside the interval of values [m — A, m + A] is bounded by 02/A?2. Thus, for
fixed A, as the variance o> becomes smaller, the x-values tend to cluster more narrowly
about the mean. In the extreme limiting case of a deterministic variable x = m, the
density becomes infinitely narrow, p (x) = d (x — m), and has zero variance.

Px)
2
Prob[|x —m| > A] < %
(Chebyshev’s Inequality)

m-A m m+A

Chebyshev’s inequality is especially important in proving asymptotic convergence
results for sample estimates of parameters. For example, consider N independent sam-
ples {X1,X2,...,xny} drawn from a gaussian probability distribution of mean m and
variance o2. The sample estimate of the mean is

N 1
_ 1.2.1
mfN(x1+xz+ +XN) ( )

Being a sum of N gaussian random variables, #1 will itself be a gaussian random
variable. Its probability density is completely determined by the corresponding mean
and variance. These are found as follows.

E[m]= %(E[x1]+E[x2]+---+E[xN]) = %(m+m+ <o+ m)=m

Therefore, 1 is an unbiased estimator of m. However, the goodness of 1 as an es-
timator must be judged by how small its variance is—the smaller the better, by Cheby-
shev’s inequality. By the assumption of independence, we have
1 o2

(03, +0%,+ -+ +03,) =—(Nd?)=— (122

var(m)= E[ (1 — m)?] = ¥z N

T N2

Thus, m is also a consistent estimator of m in the sense that its variance tends to
zero as the number of samples N increases. The values of 1 will tend to cluster more
and more closely about the true value of m as N becomes larger. Chebyshev’s inequality
implies that the probability of m falling outside any fixed neighborhood of m will tend
to zero for large N. Equivalently, 1 will converge to m with probability one. This can
also be seen from the probability density of 1, which is the gaussian

R NI/Z
p(m)= m

N .
—— (i —m)?]

exp[ — o

In the limit of large N, this density tends to the infinitely narrow delta function
density p(m)= 6(m — m). In addition to the sample mean, we may also compute
sample estimates of the variance o by

A 1
&2 =

=N (x; — 11)? (1.2.3)

M=

1

It is easily shown [2,3] that this estimator is slightly biased. But for large N, it is
asymptotically unbiased and consistent as can be seen from its mean and variance:
N-1, N-1_,

E[0%]= ——0?, var(6%)= —>- 20

N N2 (1.2.4)

An unbiased and consistent estimator of ¢ is the standard deviation defined by
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1 N
2 E 5 2
- i 1.2.5
N N_1 i:1(X1 n) ( )

It has E[s%]= ¢? and var(s?)= 20*/(N — 1) . In addition to the requirements of
asymptotic unbiasedness and consistency, a good estimator of a parameter must also be
judged in terms of its efficiency [2,3], which determines how closely the estimator meets
its Cramér-Rao bound. This is discussed in Section 1.17. We will see there that the es-
timators (1.2.1) and (1.2.3)—being maximum likelihood estimators—are asymptotically
efficient.

1.3 Joint and Conditional Densities, and Bayes’ Rule

Next, we discuss random vectors. A pair of two different random variables x = (x1, x2)
may be thought of as a vector-valued random variable. Its statistical description is more
complicated than that of a single variable and requires knowledge of the joint probability
density p(x1,X2). The two random variables may or may not have any dependence on
each other. It is possible, for example, that if x, assumes a particular value, then this
fact may influence, or restrict, the possible values that x; can then assume.

A quantity that provides a measure for the degree of dependence of the two variables
on each other is the conditional density p (x; |X2) of X; given x»; and p (x2]x;) of X, given
X1. These are related by Bayes’ rule

p(x1,x2) = px1|x2) p(x2) = p(X2|x1) p (1)
More generally, Bayes’ rule for two events A and B is
p(A,B)=p(A|B)p(B)=p(BlA)p(A)

The two random variables x; and x, are independent of each other if they do not
condition each other in any way, that is, if

p(x1lx2)=p(x1) or p(x21x1)=px2)

In other words, the occurrence of X, does not in any way influence the variable x;.
When two random variables are independent, their joint density factors into the product
of single (marginal) densities:

p(x1,x2)= p(x1)p(x2)

The converse is also true. The correlation between x; and x; is defined by the expectation
value

E[x1x2]= H X1X2p (X1, X2) dx1dxz
When x; and x, are independent, the correlation also factors as E[x;Xx2]= E[x1]E[x>].
Example 1.3.1: Suppose Xx; is related to x, by

X1 =5X2+V

where Vv is a zero-mean, unit-variance, gaussian random variable assumed to be indepen-
dent of x,. Determine the conditional density and conditional mean of x; given Xx,.
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Solution: The randomness of x; arises both from the randomness of X, and the randomness of
v. But if x, takes on a particular value, then the randomness of x; will arise only from v.
Identifying elemental probabilities we have

1
p(x11x2)dx; = p(v)dv = (ZW)'I/ZeXp(—EVZ)dV
But, dx; = dv and v = x; — 5x». Therefore,
-1/2 1 2
p(x1lx2)= (2m) exp[—E (x1 — 5%2)?]
The conditional mean is the mean of x; with respect to the density p (x;|x»). It is evident

from the above gaussian expression that the conditional mean is E[x; |x>]= 5X». This can
also be found directly as follows.

E[x11x21= E[(5X%2 + V) [X2] = 5X2 + E[VIX2]= 5x2

where we used the independence of v and x; to replace the conditional mean of v with its
unconditional mean, which was given to be zero, that is, E[v|x,]= E[v]= 0. m]

The concept of a random vector generalizes to any dimension. A vector of N random
variables

X1
X2
x=| .
XN
requires knowledge of the joint density
p(x)=p(x1,X2,...,XN) (1.3.1)

for its complete statistical description. The second-order statistics of x are its mean, its
correlation matrix, and its covariance matrix, defined by

m=E[x], R=E[xx"], Z=E[(x-m)x-m)T] (1.3.2)

where the superscript T denotes transposition, and the expectation operations are de-
fined in terms of the joint density (1.3.1); for example,

E[x]= pr(x) dNx

where dVx = dx;dx, - - - dxy denotes the corresponding N-dimensional volume ele-
ment. The ijth matrix element of the correlation matrix R is the correlation between
the ith random variable x; with the jth random variable x;, that is, R;; = E[x;x;] . Itis
easily shown that the covariance and correlation matrices are related by

> =R-mm’

When the mean is zero, R and X coincide. Both R and X are symmetric positive semi-
definite matrices.

Example 1.3.2: The probability density of a gaussian random vector X = [X;,Xo,...,xy]7 is
completely specified by its mean m and covariance matrix X, that is,

1

px)= (2m)N/2 (det X) 172

exp[—%(x—m)TZ‘l(x—m)]
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Example 1.3.3: Under a linear transformation, a gaussian random vector remains gaussian. Let
X be a gaussian random vector of dimension N, mean my, and covariance Xy. Show that
the linearly transformed vector

& =Bx  where B is a nonsingular N XN matrix

is gaussian-distributed with mean and covariance given by
mg = Bmy, 3g=B3BT (1.3.3)

The relationships (1.3.3) are valid also for non-gaussian random vectors. They are easily
derived as follows:

E[E]= E[Bx]= BE[x], E[EE"]=E[Bx(Bx)"]= BE[xx"]B"

The probability density pg (§) is related to the density px(x) by the requirement that,
under the above change of variables, they both yield the same elemental probabilities:

pe(E) dVE = py(x) dVx (1.3.4)

Since the Jacobian of the transformation from x to € is dNE = |detB|dVx, we obtain
pe () = px(x) /| det B|. Noting the invariance of the quadratic form

(E-mg) 5" (- mg) = (x—my) "BT (BZBT) 'B(x —my)

= (x-m) T3 (x - my)

and that det 3y = det(BXBT)= (det B)2det Xy, we obtain

1

pe(€)= (2m)N/2 (det Zg) 172

exp[~ (E - me) TS (§ - mg) ]

Example 1.3.4: Consider two zero-mean random vectors x and y of dimensions N and M, re-
spectively. Show that if they are uncorrelated and jointly gaussian, then they are also
independent of each other. That x and y are jointly gaussian means that the (N+M)-

dimensional joint vector z = |: y ] is zero-mean and gaussian, that is,

1
(27171) (N+M) /2 (detR,,) 1/2

1
p(z)= exp[fizTR;}z]

where the correlation (covariance) matrix R, is
X E[XXT] E [XYT] Rxx Ry
R, —F Ty = _ y
2 Hy] "y ]] [E[yxf] Elyy"] Ry Ry

If x and y are uncorrelated, that is, Rxy = E [xyT]= 0, then the matrix R,, becomes block
diagonal and the quadratic form of the joint vector becomes the sum of the individual
quadratic forms:

Tp-1 r ot | R 0 X Tp-1 Tp-1
zZRyz=[xy 1| 3 g y | =X Rax+y Ry
yy

Since Ry, = 0 also implies that detR,, = (detRy) (detR,)), it follows that the joint
density p(z) = p(x,y) factors into the marginal densities:

p(x,y)=pxp(y)

which shows the independence of x and vy.
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Example 1.3.5: Given a random vector x with mean m and covariance X, show that the best
choice of a deterministic vector X which minimizes the quantity

Ree = E[ee’ ]= minimum, wheree =x — %,
is the mean m itself, that is, X = m. Also show that for this optimal choice of X, the actual

minimum value of the quantity R, is the covariance X. This property is easily shown by
working with the deviation of X from the mean m, that is, let

X=m+A
Then, the quantity R, becomes

Ree =Elee’ = E[(x-m-A)(x-m—-A)T]
=E[(x-m)(x-m)T] —AE[x" —mT]-E[x —m] A + AAT
=3+ AAT
where we used the fact that E[x—m] = E[x]—m = 0. Since the matrix AAT is nonnegative-

definite, it follows that R,., will be minimized when A = 0, and in this case the minimum
value will be RTn = X,

Since R, is a matrix, the sense in which it is minimized must be clarified. The statement
that R, is greater than RT" means that the difference R, — RTU" is a positive semi-definite
(and symmetric) matrix, and therefore we have for the scalar quantities: a’ Ro,a > a” RJi"a
for any vector a. m]

1.4 Correlation Canceling

The concept of correlation canceling plays a central role in the development of many
optimum signal processing algorithms, because a correlation canceler is also the best
linear processor for estimating one signal from another.

Consider two zero-mean random vectors x and y of dimensions N and M, respec-
tively. If x and y are correlated with each other in the sense that Ry, = E [xyT]# 0, then
we may remove such correlations by means of a linear transformation of the form

e=x—-Hy (1.4.1)

where the N XM matrix H must be suitably chosen such that the new pair of vectors e,y
are no longer correlated with each other, that is, we require

Rey = Eley’]=0 (1.4.2)
Using Eq. (1.4.1), we obtain
Rey = E[EYT] = E[ (x — HY)YT] = E[XYT] _HE[YYT] = Rxy — HRy)

Then, the condition R,y = 0 immediately implies that

H = RyR;y = E[xy"]E[yy"]™* (1.4.3)

Using Ry = 0, the covariance matrix of the resulting vector e is easily found to be
Ree = E[eeT]: E[e(xT - YTH)] = Rex — ReyHT = Rex = E[(X - HY)XT] , Or,

Ree = Rxx — HRyx = Rxx — RyyRyy Ryx (1.4.4)
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The vector
X =Hy = RyR,,y = E[xy"]E[yy"] 'y (1.4.5)

obtained by linearly processing the vector y by the matrix H is called the linear regres-
sion, or orthogonal projection, of x on the vector y. In a sense to be made precise later,
X also represents the best “copy,” or estimate, of x that can be made on the basis of the
vector y. Thus, the vector e = x — Hy = x — X may be thought of as the estimation error.

Actually, it is better to think of X = Hy not as an estimate of x but rather as an
estimate of that part of x which is correlated with y. Indeed, suppose that x consists of
two parts

X =X1 +Xp

such that x; is correlated with y, but X is not, that is, Ry,y = E [x,yT]= 0. Then,
Ryy = E[XYT] = E[(Xl + XZ)YT] = Ryy + Rxyy = Rxyy
and therefore,

X = RyR;)y = RuyR,py = %4
The vectore = x—X =X + Xp — X = (X1 — X1) +X» consists of the estimation error
(x1 —X7) of the x;-part plus the x,-part. Both of these terms are separately uncorrelated
from y. These operations are summarized in block diagram form in Fig. 1.1.

x ha e=x-X=(x-% )+x,

y H

Fig. 1.1 Correlation canceler.

The most important feature of this arrangement is the correlation cancellation prop-
erty which may be summarized as follows: If x has a part x; which is correlated with vy,
then this part will tend to be canceled as much as possible from the output e. The linear
processor H accomplishes this by converting y into the best possible copy X, of x; and
then proceeds to cancel it from the output. The output vector e is no longer correlated
with y. The part x, of x which is uncorrelated with y remains entirely unaffected. It
cannot be estimated in terms of y.

The correlation canceler may also be thought of as an optimal signal separator. In-
deed, the output of the processor H is essentially the x; component of x, whereas the
output e is essentially the x, component. The separation of x into x; and x; is optimal
in the sense that the x; component of x is removed as much as possible from e.

Next, we discuss the best linear estimator property of the correlation canceler. The
choice H = RyyR;y, which guarantees correlation cancellation, is also the choice that
gives the best estimate of x as a linear function of y in the form X = Hy. It is the best
estimate in the sense that it produces the lowest mean-square estimation error. To see
this, express the covariance matrix of the estimation error in terms of H, as follows:

Ree = E[ee’]= E[(x — Hy) (x’ —yTHT)] = Ryx — HRyx — RyyHT + HR,yHT (1.4.6)
Minimizing this expression with respect to H yields the optimum choice of H:
Hopt = RyyRyy
with the minimum value for R, given by:

RE™ = Ryx — RyyRyy Ryx
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Any other value will result in a larger value for R,.. An alternative way to see this is
to consider a deviation AH of H from its optimal value, that is, in (1.4.5) replace H by

H=Hop + AH = nyR;)} +AH
Then Eq. (1.4.6) may be expressed in terms of AH as follows:
Ree = RE™ + AHRy, AHT

Since Ry is positive definite, the second term always represents a nonnegative con-
tribution above the minimum value RT", so that (Re, — RTUM) is positive semi-definite.
In summary, there are three useful ways to think of the correlation canceler:

1. Optimal estimator of x from y.
2. Optimal canceler of that part of x which is correlated with y.
3. Optimal signal separator

The point of view is determined by the application. The first view is typified by
Kalman filtering, channel equalization, and linear prediction applications. The second
view is taken in echo canceling, noise canceling, and sidelobe canceling applications.
The third view is useful in the adaptive line enhancer, which is a method of adaptively
separating a signal into its broadband and narrowband components. All of these appli-
cations are considered later on.

Example 1.4.1: If x and y are jointly gaussian, show that the linear estimate X = Hy is also
the conditional mean E[x|y] of the vector x given the vector y. The conditional mean is
defined in terms of the conditional density p (x]y) of x given y as follows:

Elxlyl= jxn(x\y) dVx

Instead of computing this integral, we will use the results of Examples 1.3.3 and 1.3.4.
The transformation from the jointly gaussian pair (x,y) to the uncorrelated pair (e,y) is

HEERAH

where Iy and I, are the unit matrices of dimensions N and M, respectively. Therefore,
Example 1.3.3 implies that the transformed pair (e,y) is also jointly gaussian. Further-
more, since e and y are uncorrelated, it follows from Example 1.3.4 that they must be
independent of each other. The conditional mean of x can be computed by writing

Xx=X+e=Hy+e

and noting that if y is given, then Hy is no longer random. Therefore,

E[x|ly]l=E[(Hy +e)|ly] = Hy + E[ely]

Since e and y are independent, the conditional mean E[e|y] is the same as the uncondi-
tional mean E[e], which is zero by the zero-mean assumption. Thus,

E[x|y]l= Hy = nyR;)}y (jointly gaussian x and y) (1.4.7)

Example 1.4.2: Show that the conditional mean E[x]|y] is the best unrestricted (i.e., not neces-
sarily linear) estimate of x in the mean-square sense. The best linear estimate was obtained
by seeking the best linear function of y that minimized the error criterion (1.4.6), that is,
we required a priori that the estimate was to be of the form X = Hy. Here, our task is more
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general: find the most general function of y, X = X(y), which gives the best estimate of x,
in the sense of producing the lowest mean-squared estimation error e = x — X(y),

ce = E[ee"]= E[(x - X(y)) (x" =%(y)")] = min

The functional dependence of X(y) ony is not required to be linear a priori. Using p (x,y) =
p (x|y)p(y), the above expectation may be written as

Ree = [ (x= %) (" =) )p(x y) dVxdy
= [por @y [ [(x-x00) (& - x0T pxly) Vx|
Since p (y) is nonnegative for all y, it follows that R, will be minimized when the quantity
[ =200 (6 -2 M) pxly)

is minimized with respect to X. But we know from Example 1.3.5 that this quantity is
minimized when X is chosen to be the corresponding mean; here, this is the mean with
respect to the density p (x]y). Thus,

X(y)= E[x]y] (1.4.8)

To summarize, we have seen that
X=Hy= RXyR;yly = best linear mean-square estimate of x
X = E[x|y]= best unrestricted mean-square estimate of x

and Example 1.4.1 shows that the two are equal in the case of jointly gaussian vectors
xandy.

The concept of correlation canceling and its application to signal estimation prob-
lems will be discussed in more detail in Chapter 4. The adaptive implementation of
the correlation canceler will be discussed in Chapter 7. In a typical signal processing
application, the processor H would represent a linear filtering operation and the vec-
tors x and y would be blocks of signal samples. The design of such processors requires
knowledge of the quantities Ry, = E[xy’] and Ry, = E[yy”]. How does one determine
these? Basically, applications fall into two classes:

1. Both x and y are available for processing and the objective is to cancel the corre-
lations that may exist between them.

2. Only the signal y is available for processing and the objective is to estimate the
signal x on the basis of y.

In the first class of applications, there exist two basic design approaches:

a. Block processing (off-line) methods. The required correlations Ry, and Ry, are
computed on the basis of two actual blocks of signal samples x and y by replacing
statistical averages by time averages.

b. Adaptive processing (on-line) methods. The quantities Ry, and Ry, are “learned”
gradually as the data x and y become available in real time. The processor H is
continually updated in response to the incoming data, until it reaches its optimal
value.
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Both methods are data adaptive. The first is adaptive on a block-by-block basis,
whereas the second on a sample-by-sample basis. Both methods depend heavily on the
assumption of stationarity. In block processing methods, the replacement of ensemble
averages by time averages is justified by the assumption of ergodicity, which requires
stationarity. The requirement of stationarity can place serious limitations on the allowed
length of the signal blocks x and y.

Similarly, in adaptive processing methods, convergence to the optimal value of the
processor H again requires stationarity. Adaptive methods offer, however, the possibil-
ity of tracking nonstationary changes of the environment, as long as such changes occur
slowly enough to allow convergence between changes. Thus, the issue of the speed of
convergence of adaptation algorithms is an important one.

In the second class of applications where x is not available for processing, one must
have a specific model of the relationship between x and y from which Ry, and Ry, may
be calculated. This is, for example, what is done in Kalman filtering.

Example 1.4.3: As an example of the relationship that might exist between x and vy, let

Yn=XCh+Vy, n=12,....M

where x and v,, are zero-mean, unit-variance, random variables, and c,, are known coef-
ficients. It is further assumed that v, are mutually uncorrelated, and also uncorrelated
with X, so that E[V, V1= Onm, E[xvn]= 0. We would like to determine the optimal linear
estimate (1.4.5) of x, and the corresponding estimation error (1.4.4). In obvious matrix
notation we have y = c¢x + v, with E[xv]= 0 and E[vvI]= I, where I is the MxM unit
matrix. We find

Elxy"] = E[x(xc+v)T] = TE[X*]+E[xvT]= T
Elyy'] = E[(xc+V) (xc +V)T] = ccTE[X*]+E[vvT]=ccT + 1

and therefore, H = E[xyT]E[yy’] != cT (I + ccT)~!. Using the matrix inversion lemma
we may write (I +cc?)"'=T-c(1 +cTc)"'c7, so that

H=c"[I-c1+cfe) "= 1 +c"o) '

The optimal estimate of x is then

X=Hy=(1+clc) Ty (1.4.9)

The corresponding estimation error is computed by

E[e®]=Ree =Ryx—HRyy =1- (1+c"¢)'cTe= (1+cTo)™!

1.5 Gram-Schmidt Orthogonalization

In the previous section, we saw that any random vector x may be decomposed relative to
another vector y into two parts, X = X + e, one part which is correlated with y, and one
which is not. These two parts are uncorrelated with each other since R,z = E [ex']=
EleyTHT]= E[ey”’]HT = 0. In a sense, they are orthogonal to each other. In this
section, we will briefly develop such a geometrical interpretation.

The usefulness of the geometrical approach is threefold: First, it provides a very
simple and intuitive framework in which to formulate and understand signal estimation
problems. Second, through the Gram-Schmidt orthogonalization process, it provides
the basis for making signal models, which find themselves in a variety of signal process-
ing applications, such as speech synthesis, data compression, and modern methods of
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spectrum estimation. Third, again through the Gram-Schmidt construction, by decor-
relating the given set of observations it provides the most convenient basis to work
with, containing no redundancies. Linear estimates expressed in the decorrelated basis
become computationally efficient.

Geometrical ideas may be introduced by thinking of the space of random variables
under consideration as a linear vector space [7]. For example, in the previous section we
dealt with the multicomponent random variables x and y consisting, say, of the random
variables {Xi,Xo,...,Xn} and {y1,y2,...,Yum}, respectively. In this case, the space of
random variables under consideration is the set

{X1,X2,..., XN, Y1, V2, ..., ym} (1.5.1)

Since any linear combination of random variables from this set is itself a random
variable, the above set may be enlarged by adjoining to it all such possible linear combi-
nations. This is the linear vector space generated or spanned by the given set of random
variables. The next step is to convert this vector space into an inner-product space (a
Hilbert space) by defining an inner product between any two random variables u and v
as follows:

(u,v)=E[uv] (1.5.2)

With this definition of an inner product, “orthogonal” means “uncorrelated.” The
distance between u and Vv is defined by the norm |ju — v|| induced by the above inner
product:

lu-vl?=E[(u-v)?] (1.5.3)

Mutually orthogonal (i.e., uncorrelated) random variables may be used to define
orthogonal bases. Consider, for example, M mutually orthogonal random variables
{€1,€2,...,€m}, such that

(Ei,Ej)= E[€i€j]= 0, ifi #J (1.5.4)

and let Y = {€1,€p,...,€nm} be the linear subspace spanned by these M random vari-
ables. Without loss of generality, we may assume that the €;s are linearly independent;
therefore, they form a linearly independent and orthogonal basis for the subspace Y.
One of the standard results on linear vector spaces is the orthogonal decomposition
theorem [8], which in our context may be stated as follows: Any random variable x may
be decomposed uniquely, with respect to a subspace Y, into two mutually orthogonal
parts. One part is parallel to the subspace Y (i.e., it lies in it), and the other is perpen-
dicular to it. That is,
x=X+e with e Yand e L Y (1.5.5)

The component X is called the orthogonal projection of x onto the subspace Y. This
decomposition is depicted in Fig. 1.2. The orthogonality condition e L Y means that e
must be orthogonal to every vector in Y; or equivalently, to every basis vector €;,

(e,€i)= Ele€i]=0, i=1,2,....M (1.5.6)

Since the component X lies in Y, it may be expanded in terms of the orthogonal basis
in the form
M
X= Z a;€j
i=1
The coefficients a; can be determined using the orthogonality equations (1.5.6), as

follows,
(x,€)) = R+e,€)= (R, €)+(e, €)= (R, €;)

M M
= (Z aje;j, e,-) = > aj(ej, €)= aj(€;, €)
=1

J=1



1.5. Gram-Schmidt Orthogonalization 13

€

=>

~

€]

Fig. 1.2 Orthogonal decomposition with respect to Y = {€1,€»}.

where in the last equality we used Eq. (1.5.4). Thus, a; = (x,€;) (€i,€;) L. or, ai =
E[xe;1E[€i€;]7Y, and we can write Eq. (1.5.5) as

M
x=R%+e=> E[xelE[ei€i] e +e (1.5.7)
iz1

Eq. (1.5.7) may also be written in a compact matrix form by introducing the M-vector,

the corresponding cross-correlation M-vector,
E[xeq]
E[xe»]
E[xe]=
Elxen]
and the correlation matrix Rec = E[€€T], which is diagonal because of Eq. (1.5.4):
Ree = E[e€”]= diag{E[€?],E[€3],...,E[€]1}
Then, Eq. (1.5.7) may be written as
x=%+e=FE[xeT]E[eeT] e +e (1.5.8)
The orthogonality equations (1.5.6) can be written as
Rec = Ele€T]=0 (1.5.9)

Equations (1.5.8) and ( 1.5.9) represent the unique orthogonal decomposition of any
random variable x relative to a linear subspace Y of random variables. If one has a
collection of N random variables {Xi,X2,...,Xn}, then each one may be orthogonally
decomposed with respect to the same subspace Y, giving x; = X; + e;, 1 = 1,2,...,N.
These may be grouped together into a compact matrix form as

x=%+e=FE[xe' |E[eeT] e + e (1.5.10)

where x stands for the column N-vector X = [x1,X>,...,xy]7, and so on. This is iden-
tical to the correlation canceler decomposition of the previous section.
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Next, we briefly discuss the orthogonal projection theorem. In Section 1.4, we noted
the best linear estimator property of the correlation canceler decomposition. The same
result may be understood geometrically by means of the orthogonal projection theorem,
which states: The orthogonal projection X of a vector x onto a linear subspace Y is that
vectorin Y that lies closest to x with respect to the distance induced by the inner product
of the vector space.

The theorem is a simple consequence of the orthogonal decomposition theorem and
the Pythagorean theorem. Indeed, let x = X + e be the unique orthogonal decomposition
of x with respect to Y, so that 8 € Y and e L Y and let y be an arbitrary vector in Y;
noting that (8 — y) € Y and therefore e 1 (X — y), we have

Ix=ylI2=1&-y) +ell* = IR —ylI* + llell?
or, in terms of Eq. (1.5.3),

E[(x=y)?] = E[(R = y)?] + E[e?]

€

Xy

=>

€

Since the vector y varies over the subspace Y, it follows that the above quantity
will be minimized when y = X. In summary, X represents the best approximation of
x that can be made as a linear function of the random variables in Y in the minimum
mean-square sense.

Above, we developed the orthogonal decomposition of a random variable relative to
alinear subspace Y which was generated by means of an orthogonal basis €1, €2, ..., €y.
In practice, the subspace Y is almost always defined by means of a nonorthogonal basis,
such as a collection of random variables

Y = {Yl;yzv---:YM}

which may be mutually correlated. The subspace Y is defined again as the linear span
of this basis. The Gram-Schmidt orthogonalization process is a recursive procedure of
generating an orthogonal basis {€1, €2,...,€y} from {y1,y2,...,YMm}.

The basic idea of the method is this: Initialize the procedure by selecting €; = y;.
Next, consider y, and decompose it relative to €;. Then, the component of y, which is
perpendicular to €, is selected as €, so that (€7, €2) = 0. Next, take y3 and decompose it
relative to the subspace spanned by {€;, €2} and take the corresponding perpendicular
component to be €3, and so on. For example, the first three steps of the procedure are

€1 =)1
€ =y, — E[y,1]E[e161] ey
€3 =y3 — E[yse11E[e1€1] 7 er — E[yse21Ee262]1 e
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€3
y3
€3
A N €
Yan AN <
/}N\/f
/ € Y2
€ =)1
At the nth iteration step
n-1
€n=¥n— 2 ElyneilEleiei] e, n=2,3,....,M (1.5.11)
i=1
The basis {€1,€2,...,€m} generated in this way is orthogonal by construction. The

Gram-Schmidt process may be understood in terms of the hierarchy of subspaces:

Yy ={e} = {Hn}
Y, = {e1,€2} = {y1,y2}
Y3 = {€1, 6,63} = {y1,y2,¥3}

Yn={€1,€,....en} = {y1,¥2,...,¥Yn}

forn =1,2,..., M, where each is a subspace of the next one and differs from the next by
the addition of one more basis vector. The second term in Eq. (1.5.11) may be recognized
now as the component of y, parallel to the subspace Y,_;. We may denote this as

n-1
Pnm-1= 2 Elynei]E[€i€i] € (1.5.12)
i=1
Then, Eq. (1.5.11) may be written as
€n=Yn—Ynn-1 OF ¥Yn=Vnn-1+E€n (1.5.13)

which represents the orthogonal decomposition of y, relative to the subspace Y,_;.
Since, the term y,,,-1 already lies in Y,_1, we have the direct sum decomposition

Yn=Yn1®{yn} =Yn_1 0 {€n}
Introducing the notation
bni = E[yneilEl€i€i]l™", 1<i<n-1 (1.5.14)

and b, = 1, we may write Eq. (1.5.13) in the form

n n-1
Yn = Z bni€; = €n + z bni€i = €n + Ynm-1 (1.5.15)
i=1 i=1
for 1 < n < M. And in matrix form,
Y1 €1
Y2 €2

y =B€, where y= . , €= . (1.5.16)

Ym €M



16 1. Random Signals

and B is a lower-triangular matrix with matrix elements given by (1.5.14). Its main
diagonal is unity. For example, for M = 4 we have

V1 1 0 0 0 €1
Y2 | | ba 1 0 O €
y3 | | bt bz 1 0]fe€3
Vi by by byz 1 €4

Both the matrix B and its inverse B~! are unit lower-triangular matrices. The in-
formation contained in the two bases y and € is the same. Going from the basis y to
the basis € removes all the redundant correlations that may exist in y and “distills” the
essential information contained in y to its most basic form. Because the basis € is un-
correlated, every basis vector €;, 1 = 1,2,...,M will represent something different, or
new. Therefore, the random variables €; are sometimes called the innovations, and the
representation (1.5.16) of y in terms of €, the innovations representation.

Since the correlation matrix Rec = E[€€T] is diagonal, the transformation (1.5.16)
corresponds to an LU (lower-upper) Cholesky factorization of the correlation matrix of
v, that is,

Ry, = ElyyT]1= BE[€€T1BT = BR.BT (1.5.17)

We note also the invariance of the projected vector X of Eq. (1.5.10) under such linear
change of basis:
% = F[xeT1E[eeT 1 'e = E[xyT 1E[yy'] 'y (1.5.18)

This shows the equivalence of the orthogonal decompositions (1.5.10) to the corre-
lation canceler decompositions (1.4.1). The computational efficiency of the € basis over
the y basis is evident from the fact that the covariance matrix E[€€”] is diagonal, and
therefore, its inverse is trivially computed. We may also apply the property (1.5.18) to
y itself. Defining the vectors

€1 V1
€2 Y2
€n—1 = . Yn-1 =
€n-1 Yn-1

we may write the projection y,,/,—1 of y,, on the subspace Y,_; given by Eq. (1.5.12) as
follows:

Ynin-1 = E[Ynez_ﬂE[en—legq]71€n—1 = E[YnY£_1]E[Yn—1Y£_1]71Yn—1 (1.5.19)
Eq. (1.5.13) is then written as
€n=Yn—Pnin-1=¥n - Elyny | 1Elyn1yi_1 17 yny (1.5.20)

which provides a construction of €, directly in terms of the y,s. We note that the
quantity Yy,/,-1 is also the best linear estimate of y, that can be made on the basis of
the previous yns, Yn-1 = {¥V1,¥2,...,Yn-1}. If the index n represents the time index, as
it does for random signals, then y,,/,—1 is the best linear prediction of y, on the basis
of its past; and €, is the corresponding prediction error.

The Gram-Schmidt process was started with the first element y; of y and proceeded
forward to yp;. The process can just as well be started with y»; and proceed backward to
¥ (see Problem 1.16). It may be interpreted as backward prediction, or postdiction, and
leads to the UL (rather than LU) factorization of the covariance matrix Ry, . In Section 1.7,
we study the properties of such forward and backward orthogonalization procedures in
some detail.
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Example 1.5.1: Consider the three zero-mean random variables {y1,y>,y3} andletR;; = E[y;y;]
fori,j = 1, 2,3, denote their correlation matrix. Then, the explicit construction indicated
in Eq. (1.5.20) can be carried out as follows. The required vectors y,,_; are:

y1 = bnl, Y2:[§;j|

and hence
Ely.yT1 =Ely:y1]1= R

Ely,yT1 =E[yiyi]=Rn
Elysyi] = Elys[y1,y2]] = [R31,R32]

Y1 Ri1 Rz
Ely,vI1=F B =
[y2y2] [[Yz } [ )’z]] [Rm Ro» }
Therefore, Eq. (1.5.20) becomes

€1 =)1

€ =y, — V21 =y2 — RaRiI»1

-1
. R R
63:)’3*)’3/2:)’3*[R31,R32]|:R; RZ] |:§;:|

Example 1.5.2: The zero-mean random vector y = [y1,¥2,y3]7 has covariance matrix

1 -1 1
Ry=|-1 3 3
13 12

Determine the innovations representation of y in two ways: using the Gram- Schmidt
construction and using the results of Example 1.5.1.

Solution: Starting with €, = y;, we find E[y»€1]= Rz, = —1 and E[e?]= Ry, = 1. Therefore,
€=y, —Ely,€1]E[e]] re1 =y + €1 =y + 11

with a mean-square value E[€3]= E[y3]+2E[y,y1]1+E[y?]=3 — 2 + 1 = 2. Similarly, we
find E[Ygel]: R31 =1 and

Elys€2]=E[ys(2+y1)] =R32+R31=3+1=4
Thus,
€3 = y3 — Elyse1]Elerer] ey — Elyse:]Elez€2] ler = y3 — €1 — 262

or,
€3=y3-yY1 =202 +y1)=y3—2y2 =31

Solving for the ys and writing the answer in matrix form we have

V1 1 0 0 €1
y=1|)Y2 = -1 1 0 €2 = Be
yV3 1 2 1 €3

The last row determines E [eﬁ]. Using the mutual orthogonality of the €;s, we have

E[y3]=E[(e3 + 262 + €1)?] = E[€3]1+4E[e3]1+E[€2] = 12=E[e5]+8+1

which gives E[y3]= 3. Using the results of Example 1.5.1, we have

1 -1
3 Ry1 Ry il I -1 n
53—y3—[R31,R32]|:R21 R22:| |:)/2 =y3—[1,3] ] 3 Vo

The indicated matrix operations are computed easily and lead to the same expression for
€3 found above. O
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The innovations representation Eq. (1.5.16) and the Cholesky factorization (1.5.17)
are also very useful for the purpose of simulating a random vector having a prescribed
covariance matrix. The procedure is as follows: given R = E[yy”], find its Cholesky
factor B and the diagonal matrix Re¢; then, using any standard random number genera-
tor, generate M independent random numbers € = [€1, €2,...,€x]T of mean zero and
variances equal to the diagonal entries of R¢¢, and perform the matrix operationy = B€
to obtain a realization of the random vector y.

Conversely, if anumber of independent realizations of y are available, {y,,y>,...,Yn},
we may form an estimate of the covariance matrix by the following expression, referred
to as the sample covariance matrix

1

N YnYi (1.5.21)

M=

R =

n=1

Example 1.5.3: In typical array processing applications, a linear array of, say, M equally spaced
sensors measures the incident radiation field. This field may consist of a number of plane
waves incident from different angles on the array plus background noise. The objective is
to determine the number, angles of arrival, and strengths of the incident plane waves from
measurements of the field at the sensor elements. At each time instant, the measurements
at the M sensors may be assembled into the M-dimensional random vector y, called an
instantaneous snapshot. Thus, the correlation matrix R = E [ny] measures the correla-
tions that exist among sensors, that is, spatial correlations. In Chapter 6, we will consider
methods of extracting the angle-of-arrival information from the covariance matrix R. Most
of these methods require an estimate of the covariance matrix, which is typically given by
Eg. (1.5.21) on the basis of N snapshots. ]

How good an estimate of R is R? First, note that it is an unbiased estimate:

1

1 1
N

N(NR)=R

Elynynl=

M=

E[R]=

n=1

Second, we show that it is consistent. The correlation between the various matrix
elements of R is obtained as follows:

N N
A 1
E[RjjRk]= N2 Z Z E[YniynjYmkYmil
n=1m=1

where yy; is the ith component of the nth vector y,. To get a simple expression for
the covariance of R, we will assume thaty,, n = 1,2,...,N are independent zero-mean
gaussian random vectors of covariance matrix R. This implies that [4,5]

E[YniynjymkYmi]= RijRii + Onm (RikRji + RiRji)

It follows that 1
E[R;jRi]= RijRjx + N (RikRj1 + RiRjx) (1.5.22)

Writing AR = R — E[R]= R — R, we obtain for the covariance
1
E[AR;jARk] = N(RikRﬂ + RiRjx) (1.5.23)

Thus, R is a consistent estimator. The result of Eq. (1.5.23) is typical of the asymp-
totic results that are available in the statistical literature [4,5]. It will be used in Chapter 6
to obtain asymptotic results for linear prediction parameters and for the eigenstructure
methods of spectrum estimation.
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The sample covariance matrix (1.5.21) may also be written in an adaptive, or recursive
form,

N N-1

N 1 1 X

Ry=—= Y yuvh == | > vavh +ynya | = o [(N =1 Rn_1 + ynyR]
N n=1 N n=1 N

where we wrote Ry to explicitly indicate the dependence on N. A more intuitive way of
writing this recursion is in the “predictor/corrector” form

Ry =Ry-1 + %(YNYIE -Rn-1) (1.5.24)

The term Ry_; may be thought of as a prediction of R based on N — 1 observations,

the Nth observation yNyf, may be thought of as an instantaneous estimate of R, and

the term in the parenthesis as the prediction error that is used to correct the prediction.

The routine sampcov (see Appendix B) takes as input the old matrix Ry_1, and the new
observation yy, and outputs the updated matrix Ry, overwriting the old one.

Example 1.5.4: Consider the 3x3 random vector y defined in Example 1.5.2. Using the inno-
vations representation of y, generate N = 200 independent vectors y,,, n = 1,2,...,N
and then compute the estimated sample covariance matrix (1.5.21) and compare it with
the theoretical R. Compute the sample covariance matrix R recursively and plot its matrix
elements as functions of the iteration number N.

Solution: Generate N independent 3-vectors €,, and compute y, = B€,. The estimated and
theoretical covariance matrices are

0.995 -1.090 0.880 1 -1 1
R =1 -1.090 3.102 2858 |, R=| -1 3 3
0.880 2.858 11.457 1 3 12

Can we claim that this is a good estimate of R? Yes, because the deviations from R are
consistent with the expected deviations given by Eq. (1.5.23). The standard deviation of
the ijth matrix element is

SRy = \E[(ARy)?] = \(RuRy; + R) IN

The estimated values R;; fall within the intervals R;; — 5R;; < R < R;j + 6Ryj, as can be
verified by inspecting the matrices

0.901 -1.146 0.754 1.099 -0.854 1.246
R—-6R =] —-1.146 2.691 2.534 |, R+06R=| —-0.854 3.309 3.466
0.754 2.534 10.857 1.246 3.466 13.143

The recursive computation Eq. (1.5.24), implemented by successive calls to the routine
sampcov, is shown in Fig. 1.3, where only the matrix elements Ry, R;», and R, are plotted
versus N. Such graphs give us a better idea of how fast the sample estimate Ry converges
to the theoretical R. m]

1.6 Partial Correlations

A concept intimately connected to the Gram-Schmidt orthogonalization is that of the
partial correlation. It plays a central role in linear prediction applications.

Consider the Gram-Schmidt orthogonalization of a random vector y in the formy =
Be, where B is a unit lower-triangular matrix, and € is a vector of mutually uncorrelated
components. Inverting, we have
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Sample Covariance Matrix

matrix elements

0 50 100 150 200
iterations N

Fig. 1.3 Recursive computation of the sample covariance matrix.

€= Ay (16.1)

where A = B~!. Now, suppose the vector y is arbitrarily subdivided into three subvec-
tors as follows:
Yo
Yy={"i
Y2
where vy, y;,¥> do not necessarily have the same dimension. Then, the matrix equation
(1.6.1) may also be decomposed in a block-compatible form:

€o Aoo 0 0 Yo
€ |=|Aun A O Y1 (1.6.2)
€ A Az Az || Y2

where Agg, A10, A2 are unit lower-triangular matrices. Since y has components that are
generally correlated with each other, it follows that y, will be correlated with y;, and
y; will be correlated with y,. Thus, through the intermediate action of y;, the vector
yo will be indirectly coupled with the vector y,. The question we would like to ask is
this: Suppose the effect of the intermediate vector y; were to be removed, then what
would be the correlation that is left between y, and y,? This is the partial correlation.
It represents the “true” or “direct” influence of y, on y,, when the indirect influence via
y: is removed. To remove the effect of y;, we project both y, and y, on the subspace
spanned by y; and then subtract these parts from both, that is, let

ey = Yo — (projection of y, on y;)
e, =Y, — (projection of y, on y;)

or,
eo = Yo — RaR1l'y:
(1.6.3)
e =Yy, — RuRily
where we defined R;; = E[y,—ij], for i,j = 0,1,2. We define the partial correlation
(PARCOR) coefficient between y, and y,, with the effect of the intermediate y; removed,

as follows:
I' = E[esel 1E[epel 17! (1.6.4)



1.6. Partial Correlations 21

Then, I’ may be expressed in terms of the entries of the matrix A as follows:
I'=-A3lA2 (1.6.5)
To prove this result, we consider the last equation of (1.6.2):
€2 = Apyy + Any) + AxY> (1.6.6)

By construction, €, is orthogonal to y;, so that E [ezle] = 0. Thus we obtain the
relationship:
El€2yT] = ApElyoyT 1+ A Ely,yT 1+AxE[y,yT]

= A2Ro1 + A21R11 + A2oR21 =0

Using Egs. (1.6.3) and (1.6.7), we may express €, in terms of ey and ey, as follows:

(1.6.7)

€ = Az (eo + RotRil'y)) +A21y; + Az (e2 + RuRily))
= Aprep + Azoer + (A22Ro1 + Ao1Ri1 + A2oR21) Ry, (1.6.8)
= Axeg + Axer

Now, by construction, €; is orthogonal to both y, and y;, and hence also to ey, that
is, E[€2e} 1= 0. Using Eq. (1.6.8) we obtain

Elesell= AnElejel 1+AxE[eel 1= 0
from which (1.6.5) follows. It is interesting also to note that (1.6.8) may be written as
€ = Apoe
where e = e, — I'e( is the orthogonal complement of e; relative to e.

Example 1.6.1: Animportant special case of Eq. (1.6.5) is when y, and y, are selected as the first
and last components of y, and therefore y, consists of all the intermediate components.
For example, suppose v = [Vo,¥1,)2,V3,Y4]7. Then, the decomposition (1.6.2) can be
written as follows:

feo] [ 1 0 0 0 [0 yo]
€1 ai 1 0 0 0 V1
€ = a» an 1 0 0 V2 (169)
€3 as |ax aun 1 |0 V3
| €4 | [ Qaa | Qa3 as2 asn |1 || ya |
where y,,y;,y> are chosen as the vectors
V1
Yo=[Dol, vi=|Y2 |, v2=1[y4l
V3

The matrices A,y and Ay, are in this case the scalars A,y = [1] and A»» = [d44]. There-
fore, the corresponding PARCOR coefficient (1.6.5) is

I'=—-au

Clearly, the first column [1, a1, d»», ass, dss] of A contains all the lower order PARCOR
coefficients, that is, the quantity

Yp=—app, pP=12,3,4

represents the partial correlation coefficient between y, and y,, with the effect of all the
intermediate variables y1,y>,...,Yp-1 removed. [}
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We note the backward indexing of the entries of the matrix A in Egs. (1.6.2) and
(1.6.9). It corresponds to writing €, in a convolutional form

n n
€n = Z aniyYn-i = Z Ann-iYi = Yn t An1Yn-1 + An2yn-2 + -+ * + Ann)o (1.6.10)
i=0 i=0

and conforms to standard notation in linear prediction applications. Comparing (1.6.10)
with (1.5.13), we note that the projection of y, onto the subspace Y,_; may also be
expressed directly in terms of the correlated basis Y,-1 = {0, Y1,---,Vn-1} as follows:

Ynin-1 = _[anl)/n—l +an2Yp-2 + - + anny()] (1.6.11)

An alternative expression was given in Eq. (1.5.19). Writing Eq. (1.6.10) in vector
form, we have

Yo Yn
: Yn-1
€n = [ann,.--,am,1] ' =[1,an1,...,ann] . (1.6.12)
Yn-1 :
Yn Yo

Thus, there are two possible definitions for the data vector y and corresponding
weight vector a. According to the first definition—which is what we used in Egs. (1.6.1)
and (1.6.9)—the vector y is indexed from the lowest to the highest index and the vector a
is indexed in the reverse way. According to the second definition, y and a are exactly the
reverse, or upside-down, versions of the first definition, namely, y is indexed backward
from high to low, whereas a is indexed forward. If we use the second definition and
write Eq. (1.6.12) in matrix form, we obtain the reverse of Eq. (1.6.9), that is

€4 1 asn as as3 dy Va
€3 0 1 axn as ass V3
€ev=|€E |=]0 0 1 a»n ax Y2 | = UYrey (1.6.13)
€1 0 0 0 1 ain V1
€0 0O O 0 0 1 Yo

Thus, the transformation between the correlated and decorrelated bases is now by
means of a unit upper-triangular matrix U. It corresponds to the UL (rather than LU) fac-
torization of the covariance matrix of the reversed vector yye,. Writing Ryey = E [YreerTev]
and Dyey = E[€rev€L, 1, it follows from Eq. (1.6.13) that

Drev = URreVUT (1.6.14)

The precise connection between the original basis and its reverse, and between their
respective Cholesky factorizations, can be seen as follows. The operation of reversing
a vector is equivalent to a linear transformation by the so-called reversing matrix J,
consisting of ones along its antidiagonal and zeros everywhere else; for example, in the
5%5 case of Example 1.6.1,

0 00 0 1
00010
J=l0 010 0
0100 0
1 0000

The reversed vectors will be y,., = Jy and €y = J€. Using the property J = JT, it
follows that Ryey = JRyyJ and Dyey = JReeJ. Comparing Eq. (1.6.9) and Eq. (1.6.13) and
using the property J? = I, we find,

erev:JGZJAY: (JAJ) (JY): (JAJ)YreV| or,
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U=JAJ (1.6.15)

Note that J acting on a matrix from the left reverses each column, whereas acting
from the right, it reverses each row. Thus, U is obtained from A by reversing all its
columns and then all its rows. Regardless of the choice of the vector y, the Gram-
Schmidt construction proceeds from the lowest to the highest index of y, and therefore,
it can be interpreted as predicting the present from the past. But whether this process
leads to LU or UL factorization depends on whether y or its reverse is used as the basis.
Of course, the choice of basis does not affect the computation of linear estimates. As
we saw in Eq. (1.5.18), linear estimates are invariant under any linear change of basis; in
particular,

X=E [XYT]E[WT] _IY =E [XYrTeV]E[YreerTeV] _1YreV

In this book, we use both representations y and y,.,, whichever is the most conve-
nient depending on the context and application. For example, in discussing the classical
Wiener filtering problem and Kalman filtering in Chapter 4, we find the basis y more
natural. On the other hand, the basis y,., is more appropriate for discussing the lattice
and direct-form realizations of FIR Wiener filters.

The ideas discussed in the last three sections are basic in the development of opti-
mum signal processing algorithms, and will be pursued further in subsequent chapters.
However, taking a brief look ahead, we point out how some of these concepts fit into
the signal processing context:

1. The correlation canceling/orthogonal decompositions of Egs. (1.4.1) and (1.5.10)
for the basis of optimum Wiener and Kalman filtering.

2. The Gram-Schmidt process expressed by Egs. (1.5.13) and (1.5.20) forms the basis
of linear prediction and is also used in the development of the Kalman filter.

3. The representation y = B€ may be thought of as a signal model for synthesizing
vy by processing the uncorrelated (white noise) vector € through the linear filter
B. The lower-triangular nature of B is equivalent to causality. Such signal models
have a very broad range of applications, among which are speech synthesis and
modern methods of spectrum estimation.

4. The inverse representation € = Ay of Egs. (1.6.1) and (1.6.10) corresponds to the
analysis filters of linear prediction. The PARCOR coefficients will turn out to be
the reflection coefficients of the lattice filter realizations of linear prediction.

5. The Cholesky factorization (1.5.17) is the matrix analog of the spectral factor-
ization theorem. It not only facilitates the solution of optimum Wiener filtering
problems, but also the making of signal models of the type of Eq. (1.5.16).

1.7 Forward/Backward Prediction and LU/UL Factorization

The Gram-Schmidt orthogonalization procedure discussed in the previous sections was
a forward procedure in the sense that the successive orthogonalization of the compo-
nents of a random vector y proceeded forward from the first component to the last. It
was given a linear prediction interpretation, that is, at each orthogonalization step, a
prediction of the present component of y is made in terms of all the past ones. The
procedure was seen to be mathematically equivalent to the LU Cholesky factorization of
the covariance matrix R = E[yy’] (or, the UL factorization with respect to the reversed
basis). We remarked in Section 1.5 (see also Problem 1.16) that if the Gram-Schmidt con-
struction is started at the other end of the random vector y then the UL factorization of
R is obtained (equivalently, the LU factorization in the reversed basis).

In this section, we discuss in detail such forward and backward Gram-Schmidt con-
structions and their relationship to forward and backward linear prediction and to LU
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and UL Cholesky factorizations, and show how to realize linear estimators in the forward
and backward orthogonal bases.

Our main objective is to gain further insight into the properties of the basis of ob-
servations y and to provide a preliminary introduction to a large number of concepts
and methods that have become standard tools in modern signal processing practice,
namely, Levinson’s and Schur’s algorithms; fast Cholesky factorizations; lattice filters
for linear prediction; lattice realizations of FIR Wiener filters; and fast recursive least
squares adaptive algorithms. Although these concepts are fully developed in Chapters
5 and 7, we would like to show in this preliminary discussion how far one can go to-
ward these goals without making any assumptions about any structural properties of
the covariance matrix R, such as Toeplitz and stationarity properties, or the so-called
shift-invariance property of adaptive least squares problems.

Forward/Backward Normal Equations

Lety = [ya,...,¥p]T be a random vector whose first and last components are y, and
VYp. Let yp, be the best linear estimate of y}, based on the rest of the vector y, that is,

Vb =Elpy" 1E[YyY 17y (1.7.1)
where y is the upper part of y, namely,

Ya

N I R B 4
y=| - [yb } (1.7.2)
Yb

Similarly, let Y, be the best estimate of y, based on the rest of y, namely,
Va = Elyay"1E[y9"17'y (1.7.3)

where ¥ is the lower part of y, that is,

y=|: :[Vf] (1.7.4)
Yb

The decompositions (1.7.2) and (1.7.4) imply analogous decompositions of the co-
variance matrix R = E[yy?] as follows

R 1 Pa I‘z;
R = - a 1.7.5
[rl pb] [ra R (7

R=E[y9"], ra=Elvay], pa=ED?]
R=Elyy"], m=Elwyl, pp=Ely;l

We will refer to y, and y}, as the forward and backward predictors, respectively. Since
we have not yet introduced any notion of time in our discussion of random vectors, we
will employ the terms forward and backward as convenient ways of referring to the
above two estimates. In the present section, the basis y will be chosen according to the
reversed-basis convention. As discussed in Section 1.6, LU becomes UL factorization in
the reversed basis. By the same token, UL becomes LU factorization. Therefore, the term
forward will be associated with UL and the term backward with LU factorization. The
motivation for the choice of basis arises from the time series case, where the consistent
usage of these two terms requires that y be reverse-indexed from high to low indices. For

where

(1.7.6)
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example, a typical choice of y, relevant in the context of Mth order FIR Wiener filtering
problems, is
Yn
Yn-1
Yy = .

Yn-M
where n represents the time index. Therefore, estimating the first element, y,, from
the rest of y will be equivalent to prediction, and estimating the last element, y,_y,
from the rest of y will be equivalent to postdiction. Next, we introduce the forward and
backward prediction coefficients by

a= [ L ] , b= [f] , where «¢=-R7'r,, B=-R7'rp (1.7.7)

In this notation, the predictors (1.7.1) and (1.7.3) are written as
Va=-a'y, yp=-B"y (1.7.8)
The corresponding prediction errors are
ea=Ya—YVa=Ya+&'y=a'y, es=y,-Vp=yp+B'y=0b"y (1.7.9)
with mean square values

E; = E[e2]=E[(@"y) (yTa)] =a'Ra
(1.7.10)
Ep = E[ej]= E[(b"y) (y'b)] =b"Rb

Because the estimation errors are orthogonal to the observations that make up the
estimates, thatis, E[epy]= 0 and E[e, V] = 0, it follows that E[y,e;]= 0 and E[Ypep]=
0. Therefore, we can write E[e2]= E[yze,] and E[ei] = E[ypep]. Thus, the minimized
values of the prediction errors (1.7.10) can be written as

Eq=Elyaeal=E[ya(ya+ &'§)] = pa+ &'rq = pa — 1R '1rq
i (1.7.11)
Ep =Elyper]|=E[yp (b + B"9)] = pp + B'rp = pp — 1L R '1p

By construction, the mean square estimation errors are positive quantities. This
also follows from the positivity of the covariance matrix R. With respect to the block
decompositions (1.7.5), it is easily shown that a necessary and sufficient condition for R
to be positive definite is that R be positive definite and p, — rf R~'r}, > 0; alternatively,
that R be positive definite and p, — r{R"'r, > 0.

Equations (1.7.7) and (1.7.11) may be combined now into the more compact forms,
referred to as the forward and backward normal equations of linear prediction,

Ra=Ezu, Rb=Ev, where u = [(1)], V= [(1)] (1.7.12)

For example,

R r B RB+r 0
w-[ g a0l LR ]

| pa 1} 1| | pa+ria| | Eal|
R""_[r,Z R}[tx]_[rwr}?a =| o |~ Eau

and similarly,
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Backward Prediction and LU Factorization

Next, we discuss the connection of the forward and backward predictors to the Gram-
Schmidt procedure and to the Cholesky factorizations of the covariance matrix R. Con-
sider an arbitrary unit lower triangular matrix L of the same dimension as R and form
the larger unit lower triangular matrix whose bottom row is b” = [BT,1]

L o
L= [BT 1} (1.7.13)
Then, it follows from Eq. (1.7.12) that
LRIT o
T _
LRL' = [ o7 E, } (1.7.14)

Indeed, we have

L O0||R m LR Lry LR Irp
T _ T _ T _ T
vt = ][ 5]kt gt ][ ]
C[LRLT Ir,+LRB] [LRLT o
- o’ Ep B o’ Ey

Defining the transformed random vector e, = Ly, we have

o[ 2t [] e

where &, = Ly. It follows that LRLT is the covariance matrix of the transformed vector
ep. The significance of Eq. (1.7.14) is that by replacing the y basis by e, we have achieved
partial decorrelation of the random vector y. The new basis e}, is better to work with
because it contains less redundancy than y. For example, choosing L to be the identity
matrix, L = I, Egs. (1.7.14) and (1.7.15) become

R o vy
T _ —
LRLT = |:0T E ] ey = [eb] (1.7.16)

This represents the direct sum decomposition of the subspace spanned by y into
the subspace spanned by ¥ and an orthogonal part spanned by ey, that is,

iy} =y} = 1y} @ {ep} Yy &

The advantage of the new basis may be appreciated by considering the estimation
of a random variable x in terms of y. The estimate X may be expressed either in the y
basis, or in the new basis e}, by

X =E[xy"1E[yy"]1 'y = E[xe} ]E[epe] ] "ep
Using the orthogonality between y and ep, or the block-diagonal property of the
covariance matrix of e, given by Eq. (1.7.16), we find

R =ExyT1E[yy"1 'y + Elxep]E[es] tep =X + Rp
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The two terms in X are recognized as the estimates of x based on the two orthogonal
parts of the y basis. The first term still requires the computation of a matrix inverse,
namely, R~! = E[yyT]~!, but the order of the matrix is reduced by one as compared
with the original covariance matrix R. The same order-reduction procedure can now
be applied to R itself, thereby reducing its order by one. And so on, by repeating the
order-reduction procedure, the original matrix R can be completely diagonalized. This
process is equivalent to performing Gram-Schmidt orthogonalization on y starting with
ya and ending with yp. It is also equivalent to choosing L to correspond to the LU
Cholesky factorization of R. Then, the matrix L will correspond to the LU factorization
of R. Indeed, if L is such that LRLT = Dy, that is, a diagonal matrix, then

LRLT o0 D, O
T _ _ —
LRLT = [ of Eb] = [oT Eb:| =Dy (1.7.17)

will itself be diagonal. The basis e, = Ly will be completely decorrelated, having diago-
nal covariance matrix E [ebeg] = Dy. Thus, by successively solving backward prediction
problems of lower and lower order we eventually orthogonalize the original basis y and
obtain the LU factorization of its covariance matrix. By construction, the bottom row
of L is the backward predictor b’. Similarly, the bottom row of L will be the backward
predictor of order one less, and so on. In other words, the rows of L are simply the
backward predictors of successive orders. The overall construction of L is illustrated by
the following example.

Example 1.7.1: The random vector y = [Yq, Y, yp]T has covariance matrix

1 1 0
R=(1 3 2
0 2 3

By successively solving backward prediction problems of lower and lower order construct
the LU factorization of R.

Solution: The backward prediction coefficients for predicting y} are given by Eq. (1.7.7):

O N H S (H R

Thus, b’ = [BT,1]=[1,-1,1]. The estimation error is given by Eq. (1.7.11):

Eb:pb+BTrb:3+[1,—1]|:(2):|:l

_ 1 1
Repeating the procedure on R = { 1 3 ], we find for the corresponding backward pre-

diction coefficients, satisfying Rb = E, v, v = [0,1]7
_ _ T
B=-[11"1]=[-1], b =[B ,1]=[-1,1]

and Ep = pp + BTfh =3 —1x1 = 2. The rows of L are the backward predictor coefficients,
and the diagonal entries of Dy, are the Ejp. Thus,

1 0 0 1 0 0
L=|-1 1 of, Dy=]|0 2 o0
1 -1 1 0 0 1

It is easily verified that LRLT = Dj. Note that the first entry of D}, is always equal to pg.
Next, we obtain the same results by carrying out the Gram-Schmidt construction starting
at y, and ending with yj. Starting with €, = y, and E[€?]= 1, define

€ =yc—Elycei]E[€1]7'e1 =Ye —Ya
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having E[€3]= E[y2]1-2E[ycya]l+E[y2]= 2. Thus, the &, portion of the Gram-Schmidt

construction will be
_ | €| 1 0 Ya | 7.
o[- ]

The last step of the Gram-Schmidt construction is
er =yp — Elyper1E[€]] €1 — Elyp€]El€3] 7 €2 = ¥ — (Ve = Va) = Ya = Ve + Vb
giving for the last row of L, b = [1, -1, 1]. In the above step, we used
Elyve2]=Elyy (Ve = ya) ] = Elvpyc]-Elypyal=2-0=2

and E[yyei]= E[ypyal= 0. u]

Linear Estimation in the Backward Basis
Equation (1.7.17) may be written in the form
R=L"'DyL T (1.7.18)

where L~T is the inverse of the transpose of L. Thus, L~! and L~T correspond to the con-
ventional LU Cholesky factors of R. The computational advantage of this form becomes
immediately obvious when we consider the inverse of R,

R'=L"D,L (1.7.19)

which shows that R~! can be computed without any matrix inversion (the inverse of the
diagonal matrix Dy, is trivial). The design of linear estimators is simplified considerably
in the ey, basis. The estimate of x is

x=nTy (1.7.20)

where h = E[yyT]'E[xy]= R~ 'r. Writingy = L 'e, and defining a new vector of
estimation weights by g = L~Th, we can rewrite Eq. (1.7.20) as

x=hTy=gTe, 1.7.21)
The block diagram representations of the two realizations are shown below:
=X~ x o Ee=X- X
X X
T \ L [ 7|
y h ~ y L g ~
I s I et -

There are three major advantages of the representation of Eq. (1.7.21) over Eq. (1.7.20).
First, to get the estimate X using (1.7.20), the processor has to linearly combine a lot of
redundant information because the y basis is correlated, whereas the processor (1.7.21)
linearly combines only the non-redundant part of the same information. This has im-
portant implications for the adaptive implementations of such processors. An adap-
tive processor that uses the representation (1.7.20) will tend to be slow in learning the
statistics of the data vector y because it has to process all the redundancies in the data.
Moreover, the more the redundancies, or equivalently, the higher the correlations in the
data y, the slower the speed of adaptation. On the other hand, an adaptive processor
based on (1.7.21) should adapt very quickly. The preprocessing operation, e, = Ly,
that decorrelates the data vector y can also be implemented adaptively. In time series
applications, it is conveniently realized by means of a lattice structure. In adaptive array
applications, it gives rise to the so-called Gram-Schmidt preprocessor implementations.
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Second, the computation of g can be done efficiently without any matrix inversion.
Given the LU factors of R as in Eq. (1.7.19) and the cross correlation vector r, we may
compute g by

g=L"Th=L"TR'r=L"T(L"D;'L)r = D} 'Lr (1.7.22)

If so desired, the original weights h may be recovered from g by
h=1L"g (1.7.23)

The third advantage of the form Eq. (1.7.21) is that any lower-order portion of the
weight vector g is already optimal for that order. Thus, the order of the estimator can
be increased without having to redesign the lower-order portions of it. Recognizing that
Lr = LE[xy]= E[xep], we write Eq. (1.7.22) as

H
g

where we used the diagonal nature of D} given in Eq. (1.7.17) and the decomposition
(1.7.15). The estimate (1.7.21) can be written as

-1 _
g= Dl;lE[Xeb]: |:Db E[xép] :|

E,'Elxep]

N _ e T~ - N
X = gTelJ = [gT,g] |: QZ ] = gTeb +gep =X+ Xp (1.7.24)
It is clear that the two terms
o _5Ta _ sT19-1a o _ 271-1
X=g e, =E[x¢e,]D, &, Xp=gep=E[xeplE[e;] "ep (1.7.25)

are the optimal estimates of x based on the two orthogonal parts of the subspace of
observations, namely,

{yt ={yte{ep}, or, {ep}={&} o {ep}

The first term, X, is the same estimate of X based on y that we considered earlier but
now it is expressed in the diagonal basis &, = Ly. The second term, Rp, represents the
improvement in that estimate that arises by taking into account one more observation,
namely, yp. It represents that part of x that cannot be estimated from y. And, it is
computable only from that part of the new observation y}, that cannot be predicted
from y, that is, e,. The degree of improvement of X over X, as measured by the mean-
square estimation errors, can be computed explicitly in this basis. To see this, denote
the estimation errors based on y and y by

e=x—-%=x—-gley,, eé=x—-X=x-§"¢p
Then, Eq. (1.7.24) implies e = x — X = (x — X) —Xp, or
e=¢-—-geyp (1.7.26)
Because e and vy, or ey, are orthogonal, we have E[Xe]= 0, which implies that
E=E[e?]=E[xel=E[x(x—gley)] = E[x*]-gTE[xep]
Similarly, £ = E[é2]= E[x?]-gTE[x&p]. It follows that
E=E—-gE[xepl= & - g°Ep (1.7.27)

where we used g = E[xep]E) 1. The subtracted term represents the improvement ob-
tained by including one more observation in the estimate. It follows from the above
discussion that the lower-order portion g of g is already optimal. This is not so in the y
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basis, that is, the lower-order portion of h is not equal to the lower-order optimal weights
h = R™'¥, where ¥ = E[xy]. The explicit relationship between the two may be found
as follows. Inserting the block decomposition Eq. (1.7.13) of L into Eq. (1.7.19) and us-
ing the lower-order result R™! = LTD, L, we may derive the following order-updating
expression for R~}
RV o 1
-1 _ AT
R = [ o7 0} + Ebbb (1.7.28)
Noting that f is the lower-order part of r, r = [i',7,]17, where r, = E[xyp], we
obtain the following order-updating equation for the optimal h

R o iy 1 h
_p-l._ Typ _
h=R r—[OT 0}[rb]+Eb(bb )T |:0]+Cbb (1.7.29)

where ¢, = (b'r)/Ep = (BTt + rp) /Ep. A block diagram realization that takes into
account the order-recursive construction of the estimate (1.7.24) and estimation error
(1.7.26) is shown below.

X

— A

X X,

ra
€

y— L b
€p

In Chapter 5, we discuss in greater detail the design procedure given by Eq. (1.7.22)
and show how to realize Eqgs. (1.7.21), or (1.7.24) and (1.7.26), by means of a lattice
structure. In Chapter 7, we discuss the corresponding adaptive versions, leading to the
so-called adaptive lattice filters for linear prediction and Wiener filtering, such as the
gradient lattice and RLS lattice.

t
=>

Forward Prediction and UL Factorization

Next, we turn our attention to the forward predictors defined in Eq. (1.7.12). They lead
to UL (rather than LU) factorization of the covariance matrix. Considering an arbitrary
unit upper-triangular matrix U of the same dimension as R, we may form the larger unit
upper-triangular matrix whose top row is the forward predictor a” = [1, ¢ ]

T
U= [(1) % ] (1.7.30)
Then, it follows from Eq. (1.7.12) that
T
URUT — [an URQUT} (1.7.31)

It follows that URUT is the covariance matrix of the transformed vector

oot et va| |[vat+raTy | | ea
e,; = ny |:0 U :||: i’ :| = I: U;’ = ég (1732)

Choosing U to correspond to the UL factor of R, that is, URUT = D,, where D, is
diagonal, then Eq. (1.7.31) implies that U will correspond to the UL factor of R:

E oT
T a VY
URU' = [ 0 Da] =Dy (1.7.33)
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This is equivalent to Eq. (1.6.14). The basis e, = Uy is completely decorrelated,
with covariance matrix E [eaeg] = D,. It is equivalent to Eq. (1.6.13). The rows of U are
the forward predictors of successive orders. And therefore, the UL factorization of R
is equivalent to performing the Gram-Schmidt construction starting at the endpoint y},
and proceeding to y,. The following example illustrates the method.

Example 1.7.2: By successively solving forward prediction problems of lower and lower order,
construct the UL factorization of the covariance matrix R of Example 1.7.1.

Solution: Using Eq. (1.7.7), we find

we i o 3 2] [t 3 2] ¥
= Ta="12 3 o[ sl -2 3||lo|"| 25
Thus, al = [1,&T]=[1,-3/5,2/5]. The estimation error is

Ea=pa+a’r, =1+ [—3/5,2/5][(1)] :é

3

2
5 3 }, we find the corresponding forward prediction

Repeating the procedure on R = [

. . 1
coefficients, satisfying Ra = E;0i, where @ = [ 0 ],
~ -1 2 o7 ~T
& = —[3] [2]:f§, a =[1,&" 1=[1,-2/3]

and E, = Pa + &Tf,z = 3 — (2/3)x2 = 5/3. The rows of U are the forward predictor
coefficients and the diagonal entries of D, are the E;s:

1 -3/5 2/5 2/5 0 0
U=1]0 1 -=2/3 |, Dg=| 0 5/3 0
0

0 1 0 0 3

It is easily verified that URUT = D,. Note that the last entry of D, is always equal to
Pb- ]

Equation (1.7.33) can be used to compute the inverse of R:
Rt =UTD;'U (1.7.34)

Using the lower-order result Rl = UTDgl U and the decomposition (1.7.30), we find
the following order-updating equation for R~!, analogous to Eq. (1.7.28):

0 of 1
-1 _ L T
R = [0 Rl ] + Eaaa (1.7.35)

Denoting ¥ = E[xy] and r, = E[Xy,], we obtain the alternative order-update equa-
tion for h, analogous to Eq. (1.7.29):

T
h=R'r= [g i?—l] [Vfa] +Ei(aTr)a= [1(')1} + Ccqa (1.7.36)
a

where ¢, = (@'r)/E; = (ra + &TF)/Eq, and h = R7'f is the lower-order optimal
estimator for estimating x from y. By analogy with Eq. (1.7.21), we could also choose to
express the estimates in the e; basis

R=hTy=hTU e, = gle, (1.7.37)
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where g, = U~ Th. A realization is shown below.

X

y ‘U‘ ‘g£} A

The most important part of the realizations based on the diagonal bases e; or e,
is the preprocessing part that decorrelates the y basis, namely, e, = Ly, or e; = Uy.
We will see in Chapters 5 and 7 that this part can be done efficiently using the Levinson
recursion and the lattice structures of linear prediction. The LU representation, based on
the backward predictors, e, = Ly, is preferred because it is somewhat more conveniently
realized in terms of the lattice structure than the UL representation e, = Uy.

Order Updates

So far, we studied the problems of forward and backward prediction separately from
each other. Next, we would like to consider the two problems together and show how to
construct the solution of the pair of equations (1.7.12) from the solution of a similar pair
of lower order. This construction is the essence behind Levinson’s algorithm for solving
the linear prediction problem, both in the stationary and in the adaptive least squares
cases. Consider the following pair of lower-order forward and backward predictors,
defined in terms of the block decompositions (1.7.5) of R:

Ra=Eza, Rb=ELE,v (1.7.38)

where @ and ¥ are unit vectors of dimension one less than those of Eq. (1.7.12). They
are related to u and v through the decompositions

a 0
u=[0}, V=[‘~]] (1.7.39)

The basic result we would like to show is that the solution of the pair (1.7.12) may
be constructed from the solution of the pair (1.7.38) by

[3] ]2

(1.7.40)

This result is motivated by Eq. (1.7.39), which shows that the right-hand sides of
Egs. (1.7.38) are already part of the right-hand sides of Eq. (1.7.12), and therefore, the
solutions of Eq. (1.7.38) may appear as part of the solutions of (1.7.12). The prediction
errors are updated by

Ei=Q-yaypEa, Ep=(1- }’aYb)Eb (1.7.41)
where A A
a b

=22 = =7 1.7.42

Yb Ep Ya £, ( )

The ys are known as the reflection or PARCOR coefficients. The quantities A, and
Ap are defined by

Ag=a"r,, Ap=Db'ra4 (1.7.43)
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The two As are equal, A, = Ay, as seen from the following considerations. Using
the decompositions (1.7.5), we find

SHEERAHEEAE
SURERIHRE IR

They may be written more conveniently as

a Eau | a o] .
R[O]_[Aa]_E“[O]+A“[1__Eau+A“V (1.7.44a)

0 Ap 1 _[o] .
R[B]_[Ebv]_Ah[O}-&-Eb[v = Apu+ Epv (1.7.44b)

Noting that dTu and d7v are equal to the first and last components of a vector d, we
have [O,BT]u = 0and [0, BT]V = 1 because the first and last components of [O,BT] are
zero and one, respectively. Similarly, [aT,0]u = 1 and [aT,0]v = 0. Thus, multiplying
Eq. (1.7.44a) from the left by [0, ] and Eq. (1.7.44b) by [a”, 0], we find

. 3 0
[O,bT]R[g] = Aa, [aT,O]R[B] = Ap (1.7.45)
The equality of the As follows now from the fact that R is a symmetric matrix. Thus,

Ag=Ap=A (1.7.46)

An alternative proof, based on partial correlations, will be given later. Equations
(1.7.40) and (1.7.41) follow now in a straightforward fashion from Eq. (1.7.44). Multiply-
ing the first part of Eq. (1.7.40) by R and using Egs. (1.7.12) and (1.7.44), we find

a 0
Eau:Ra:R[o]fbe[B}

Equ = (Equ+ Agv)—yp (Apu + Epv) = (Eq — ypAp)u + (Ap — ypEp)v

or,

which implies the conditions
Eq=Es—ypAp, Aa—ypEp =0 (1.7.47)
Similarly, multiplying the second part of the Eq. (1.7.40) by R, we obtain
Epv = (Apu+ Epv) —ya (Equ + Apv) = (Ap — yaEa)u + (Ep — Yada)V
which implies
Ep =Ep —yala, Ap—yaEa=0 (1.7.48)
Equations (1.7.41) and (1.7.42) follow now from (1.7.47) and (1.7.48). By analogy with
Eq. (1.7.9), we may now define the prediction errors corresponding to the lower-order
predictors a and b by
=aly, é,=by (1.7.49)
Using Egs. (1.7.9) and (1.7.40), we find the following updating equations for the pre-
diction errors

q

|
o~

b[o,BT][y;] —aly—yb'y
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or,
eq =84~ Yplp, ep=~Ep—Yala (1.7.50)
A lattice type realization ofEq. (1.7.50) is shown below. It forms the basis of the
n Chapters 5 and 7.
D e

lattice structures of linear prediction discussed i

a

Ya

¥p

€ IAND b

The order-updating procedure is illustrated by the following example.

Example 1.7.3: Using Eq. (1.7.40), construct the forward and backward predictors a and b found

previously in Examples 1.7.1 and 1.7.2.

Solution: The first part of Eq. (1.7.38), Ra = E,u1 is solved as follows:
1 1 1 _ 1 _ 1 - 2
R R

1 - .
Therefore, a = [ _1/3 } Similarly, Ry = EpV, is solved by

3 2[5 _[o . 2 . 5
EHHEH R

- -2
Hence, b = [ 1/3 ] Next, we determine

. 0] 2 A
= 3! = — = —— =
A=a'r =1, 1/3][2 3

It follows from Eq. (1.7.40) that
- 1 0 1
a=[g]fyb[g]= ~1/3 7(%) —2/3 | =] -3/5
0 1 2/5
0 a 0 1 1
v [2] [ 3] o |- o[ s |- [ 4
1 0 1

and the prediction errors are found from Eq. (1.7.41)
_ 2 2 - 5

Eq =Eqa(1 = Yyayp)= 5(1 -2/5)= o Ep =Ep(1 = yayp)= 5(1 -2/5)=1

Partial Correlation Interpretation

Next, we show that y,; and y; are partial correlation coefficients in the sense of Section

1.6. Let y. denote all the components of y that lie between y,; and yyp, so that

Ya
v=|v]|, ?=[y“], §'=[y“} (1.7.51)
Ye Vb
Vb

The forward predictor a was defined as the best estimator of y,; based on the rest
of the vector y. By the same token, a is the best estimator of y,; based on the rest of y,
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that is, y.. Similarly, the backward predictor b defines the best estimator of y;, based
on the rest of the vector y; again, y.. Decomposing a and b as

. 1 . B
we may write the best estimates of y,; and yj based on y, as

N _ _ A _ ~T
Vare = Elyay 1ElyeyE 1 tye = =&y, Ppc = Elypy! 1Elyeyl 1 lye = =B ve

and the estimation errors
_ ST N . ST . N
éa=a"y=Ya—Yac, €b=bV=yb— Vb (1.7.52)

Thus, é, and é), represent what is left of y,; and y}, after we project out their depen-
dence on the intermediate vector y.. The direct influence of y, on yp, with the effect
of y. removed, is measured by the correlation E[€,6}]. This correlation is equal to the
quantity A defined in Eq. (1.7.46). This follows from Eq. (1.7.43)

Ag=a'ry =a"E[ypy]= E[y»@'y)] = Elypéa]
similarly,
=T ~T . ST .
Ap=b 1 =b E[y.¥]= E[Ya(b Y)] = E[yaép]
Now, because €, is orthogonal to y. and Y. is a linear combination of y,, it follows

that E[yp,-€4]= 0. Similarly, because é}, is orthogonal to y. and Y, is linearly related
to y,, it follows that E[Y4/c6p]= 0. Thus,

Ag = Elypéal= E[ (Vb — Pbsc) €al= E[épé,]
Ap = E[Yaépl=E[(Ya — Vasc) ép]= E[é4q6p]
Therefore, A; and Ay, are equal
Ag = Ap = E[e46p] (1.7.53)
This is an alternative proof of Eq. (1.7.46). It follows that y, and yj are normalized
PARCOR coefficients in the sense of Section 1.6:

Using the Schwarz inequality for the inner product between two random variables,
namely, |E[uv]|® < E[u2]E[v*], we find the inequality
E [éa éb] 2

m = (1.7.55)

0<yayp =

This inequality also follows from Eq. (1.7.41) and the fact that E, and E, are positive
quantities, both being mean square errors.

Example 1.7.4: For Example 1.7.1, compute the estimates Y,,. and Yp,. directly and compare
them with the results of Example 1.7.3.

Solution: From the matrix elements of R we have E[y,yp]1= 1, E[ypyc]= 2, and E[y?]= 3.
Thus,

N _ 1 N _ 2
Vare = E[yay JEIYZ] 'ye = FYer e = Elypyc ElYe] 'ye = e
The corresponding errors will be
_ 1 _ . 2 .
€a=Ya—3Ye=1[1-1/31y, & =yp—3ye=1[-2/31ly

The results are identical to those of Example 1.7.3. 0O
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Conventional Cholesky Factorizations

Equation (1.7.18) shows that the conventional Cholesky factor of R is given by the inverse
matrix L~!. A direct construction of the conventional Cholesky factor that avoids the
computation of this inverse is as follows. Define

Gy = E[ye} ] (1.7.56)
If we use e, = Ly and E[eheg] = Dy, it follows that
LGy = LE [yeg] = E[eheg] =Dy

or,
Gy =L7'Dy (1.7.57)

Thus, Gp is a lower-triangular matrix. Its main diagonal consists of the diagonal
entries of Dy. Solving for L™! = G;,Dg1 and inserting in Eq. (1.7.18), we find the con-
ventional LU factorization of R:

R = (GyDyY) Dy (D, GT) = GyD,* G} (1.7.58)

Similarly, the conventional UL factorization of R is obtained from Eq. (1.7.33) by
defining the upper-triangular matrix

Ga = Elyej] (1.7.59)
Using e; = Uy and E[ezel]= D,, we find
UGa=Dyg = Goa=U"'D, (1.7.60)
which yields the conventional UL factorization of R:
R=U"'D,U T =GuD;'GI

The columns of the matrices G, and G will be referred to as the forward and back-
ward gapped functions. This terminology will be justified in Chapters 2 and 5. The
decomposition of G into its columns can be done order-recursively using the decom-
position (1.7.15). We have

Gy = E[yl&},ep]]= [Gp, 8] (1.7.61)
where Gj, = E[yég] and g, = E[yep]. Similarly, using Eq. (1.7.23) we find
Ga = E[yleq,&;1] = [g4,Gal (1.7.62)

where G, = E[yég] and g, = E[ye,]. Motivated by the lattice recursions (1.7.50), we
are led to define the lower-order gapped functions

g, = Elyép], 8, =Elyéd]

It follows that the gapped functions g, = E[ye,] and g, = E[yep] can be con-
structed order-recursively by the lattice-type equations

8. =84~ }/bgb
) ) (1.7.63)
8y = 8p ~ Ya8a

The proof is straightforward. For example, E[ye,]= E[y(é4 — ¥»€p)]. In Chapter
5 we will see that these equations are equivalent to the celebrated Schur algorithm for
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solving the linear prediction problem. In recent years, the Schur algorithm has emerged
as an important signal processing tool because it admits efficient fixed-point and parallel
processor implementations. Equations (1.7.63) are mathematically equivalent to the
Levinson-type recursions (1.7.40). In fact, Eq. (1.7.40) can be derived from Eq. (1.7.63)
as follows. Using e; = ay and e}, = bTy, it follows that

8, = Elyea]=E[y(y'a)] =Ra, g, =Elyep]=E[y(y'b)] =Rb

_ a . 0

These are easily shown. For example,

Similarly, we have

R [8] = E[yly",»»1] [3] = Elyy"la=Elyéal= g,

Therefore, the first part of Eq. (1.7.63) is equivalent to

o[t

Equation (1.7.40) follows now by canceling out the matrix factor R. One of the es-
sential features of the Schur algorithm is that the reflection coefficients can also be
computed from the knowledge of the lower-order gapped functions g, and g, as fol-
lows. Using Eq. (1.7.64) and dotting Eq. (1.7.44) with the unit vectors u and v, we find

E,=u'g,, E,=v'g,, A=ulg, =vg, (1.7.65)
Thus, Eq. (1.7.42) may be written as

VTga uTgb

=20 yp = 2
vl'g, u’g,

Yb (1.7.66)

Summary

We have argued that the solution of the general linear estimation problem can be made
more efficient by working with the decorrelated bases e, or ey, which contain no re-
dundancies. Linear prediction ideas come into play in this context because the linear
transformations U and L that decorrelate the data vector y are constructible from the
forward and backward linear prediction coefficients a and b. Moreover, linear predic-
tion was seen to be equivalent to the Gram-Schmidt construction and to the Cholesky
factorization of the covariance matrix R. The order-recursive solutions of the linear pre-
diction problem and the linear estimation problem, Egs. (1.7.24) through (1.7.26), give
rise to efficient lattice implementations with many desirable properties, such as robust-
ness under coefficient quantization and modularity of structure admitting parallel VLSI
implementations.

In this section, we intentionally did not make any additional assumptions about
any structural properties of the covariance matrix R. To close the loop and obtain the
efficient computational algorithms mentioned previously, we need to make additional
assumptions on R. The simplest case is to assume that R has a Toeplitz structure. This
case arises when y is a block of successive signal samples from a stationary time series.
The Toeplitz property means that the matrix elements along each diagonal of R are the
same. Equivalently, the matrix element R;; depends only on the difference of the indices,
that is, Rjj = R(i — j). With respect to the subblock decomposition (1.7.5), it is easily
verified that a necessary and sufficient condition for R to be Toeplitz is that

R=R
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This condition implies that the linear prediction solutions for R and R must be the

same, that is,
b=b, a=a

Thus, from the forward and backward linear prediction solutions a and b of the
lower-order Toeplitz submatrix R, we first obtain b = b and then use Eq. (1.7.40) to get
the linear prediction solution of the higher order matrix R. This is the essence behind
Levinson’s algorithm. It will be discussed further in Chapters 2 and 5.

In the nonstationary time series case, the matrix R is not Toeplitz. Even then one can
obtain some useful results by means of the so-called shift-invariance property. In this
case, the data vector y consists of successive signal samples starting at some arbitrary
sampling instant n

Yn
Yn-1 o (n)
_ . _|Y n _ Yn

yim)= : [)M—M:] [?(n)]
Yn-M+1
Yn-Mm

It follows that
Yn Yn-1
y(n)= : , v(n)= : , or, y(n)=y(n-1)
Yn-M+1 Yn-M

This implies that R (n)= R(n — 1), and therefore
a(n)=a(n-1), b(n)=bn-1)

Thus, order updating is coupled with time updating. These results are used in the
development of the fast recursive least-squares adaptive filters, discussed in Chapter 7.

1.8 Random Signals

A random signal (random process, or stochastic process) is defined as a sequence of
random variables {xg, X1,X>,...,Xn, ...} where the index n is taken to be the time. The
statistical description of so many random variables is very complicated since it requires
knowledge of all the joint densities

p(X0,X1,X2,...,Xn), for n=0,1,2,...

If the mean E[x,] of the random signal is not zero, it can be removed by redefining
a new signal x, — E[x,]. From now on, we will assume that this has been done, and
shall work with zero-mean random signals. The autocorrelation function is defined as

Rxx(n,m)= E[xnXm], n,m=0,1,2,...

Sometimes it will be convenient to think of the random signal as a (possibly infinite)
random vector X = [Xg,X1,X2,...,Xn,... ]1, and of the autocorrelation function as a
(possibly infinite) matrix Ryx = E[xxT]. Rxx is positive semi-definite and symmetric.
The autocorrelation function may also be written as

Rxx(n + k,n)= E[Xn+kXn] (1.8.1)
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It provides a measure of the influence of the sample x,, on the sample x,+k, which
lies in the future (if k > 0) by k units of time. The relative time separation k of the two
samples is called the lag.

If the signal x, is stationary (or wide-sense stationary), then the above average is
independent of the absolute time n, and is a function only of the relative lag k; abusing
somewhat the above notation, we may write in the case:

Ryx (k)= E[Xn+xXn)= E[Xn +xXn'] (autocorrelation) (1.8.2)

In other words, the self-correlation properties of a stationary signal x, are same
on the average, regardless of when this average is computed. In a way, the stationary
random signal x, looks the same for all times. In this sense, if we take two different
blocks of data of length N, as shown in Fig. 1.4, we should expect the average propetrties,
such as means and autocorrelations, extracted from these blocks of data to be roughly
the same. The relative time separation of the two blocks as a whole should not matter.

Wbt L ath ol bl Tl
A i

N e N

y)l

<<>

Fig. 1.4 Blocks of data from a stationary signal.

A direct consequence of stationarity is the reflection-invariance of the autocorrela-
tion function Ryy (k) of Eq. (1.8.2):

Rxx (k) = E[Xn+kXn]= Rxx (=k) (1.8.3)

One way to introduce a systematization of the various types of random signals is
the Markov classification into zeroth-order Markov, first-order Markov, and so on. The
simplest possible random signal is the zeroth-order Markov, or purely random signal,
defined by the requirement that all the (zero-mean) random variables x,, be independent
of each other and arise from a common density p (x); this implies

p(X0,X1,X2,...,Xn) = pXo)p(X1)p(X2) - - - p(Xn) - - -

Ry(n,m)= E[xpxm]=0, for n#+m

Such a random signal is stationary. The quantity Ryx (1, n) is independent of n, and
represents the variance of each sample:

R (0)= E[x}]= 0%
In this case, the autocorrelation function Ryx (k) may be expressed compactly as
Ryx (k)= E[Xpikxn]l= 028 (k) (1.8.4)
A purely random signal has no memory, as can be seen from the property
p(Xn,Xn-1)= P (Xn)p(Xn-1) or, p(Xplxn-1)=p(xn)

that is, the occurrence of x,_; at time instant n — 1 does not in any way affect, or
restrict, the values of x, at the next time instant. Successive signal values are entirely
independent of each other. Past values do not influence future values. No memory is
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retained from sample to sample; the next sample will take a value regardless of the
value that the previous sample has already taken. Since successive samples are random,
such a signal will exhibit very rapid time variations. But it will also exhibit slow time
variations. Such time variations are best discussed in the frequency domain. This will
lead directly to frequency concepts, power spectra, periodograms, and the like. It is
expected that a purely random signal will contain all frequencies, from the very low to
the very high, in equal proportions (white noise).

The next least complicated signal is the first-order Markov signal, which has memory
only of one sampling instant. Such a signal remembers only the previous sample. It is
defined by the requirement that

P (XnlXn-1,Xn-1,.--,X0) = p(Xn|Xn-1)

which states that x,, may be influenced directly only by the previous sample value x;_1,
and not by the samples x,,_», ..., Xo that are further in the past. The complete statistical
description of such random signal is considerably simplified. It is sufficient to know
only the marginal densities p (x,;) and the conditional densities p (x,|xn-1). Any other
joint density may be constructed in terms of these. For instance,

p(X3,X2,X1,X0) = p(X3]X2,X1,X0) P (X2,X1,X0)  (by Bayes’ rule)
= p(x31x2) p (X2, X1, X0) (by the Markov property)
= p(x31x2) p (x21x1, X0) P (X1, X0)
= p(x31x2) p (x21x1) p (X1,X0)

= p(x31x2) p (x21x1) p (x11Xx0) P (X0)

1.9 Power Spectrum and Its Interpretation

The power spectral density of a stationary random signal x,, is defined as the double-
sided z-transform of its autocorrelation function

Sw(@)= > Rw(k)z ™k (1.9.1)
k=—c0

where Ry (k)is given by Eq. (1.8.2). If Ryx (k) is strictly stable, the region of convergence
of Sxx(z) will include the unit circle in the complex z-plane. This allows us to define
the power spectrum Sxx (w) of the random signal x, by setting z = e/® in Eq. (1.9.1).
Abusing the notation somewhat, we have in this case

Swx(W)= > Ry (k)e wk (1.9.2)

k=—co0

This quantity conveys very useful information. It is a measure of the frequency
content of the signal x,; and of the distribution of the power of x,, over frequency. To
see this, consider the inverse z-transform

Rux (k) = { Sw(2) 242 (19.3)

2TTjz

where, since Ryy (k) is stable, the integration contour may be taken to be the unit circle.
Using z = e/%, we find for the integration measure

dz _ dw
2mjz 2T
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Thus, Eq. (1.9.3) may also be written as an inverse Fourier transform

™
R (k) = J S (@) efok 40 (1.9.4)
- 21T
In particular, the variance of x,, can be written as
Ru(0)= 0% = E[x ]—j Swlw) 9¢ (1.9.5)

Since the quantity E [x?,] represents the average total power contained in x,, it fol-
lows that Syx () will represent the power per unit frequency interval. A typical power
spectrum is depicted in Fig. 1.5. As suggested by this figure, it is possible for the power
to be mostly concentrated about some frequencies and not about others. The area under
the curve represents the total power of the signal x,,.

Ser(w)

0 W, W, T
Fig. 1.5 Typical power spectrum.
If X, is an uncorrelated (white-noise) random signal with a delta-function autocorre-

lation, given by Eq. (1.8.4), it will have a flat power spectrum with power level equal to
the variance o2:

Sex(w)

o?
Sxx(w) = Oy

0 T w

Another useful concept is that of the cross-correlation and cross-spectrum between
two stationary random sequences X, and y,. These are defined by

Ryx(k)zE[YnJrkxn], Syx(2)= Z Ryx k)Z (1.9.6)

k=—co

Using stationarity, it is easy to show the reflection symmetry property
Ryx (k)= Ryxy (k) (1.9.7)

that is analogous to Eq. (1.8.3). In the z-domain, the reflection symmetry properties
(1.8.3) and (1.9.7) are translated into:

Sxx(z)= Sxx(zil) y Syx(z): Sxy(Zil) (1.9.8)
respectively; and also

Sxx (W)= Sy (—w),  Syx(w)= Sxy(—w) (1.9.9)
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1.10 Sample Autocorrelation and the Periodogram

From now on we will work mostly with stationary random signals. If a block of N signal
samples is available, we will assume that it is a segment from a stationary signal. The
length N of the available data segment is an important consideration. For example, in
computing frequency spectra, we know that high resolution in frequency requires a long
record of data. However, if the record is too long the assumption of stationarity may no
longer be justified. This is the case in many applications, as for example in speech and
EEG signal processing. The speech waveform does not remain stationary for long time
intervals. It may be assumed to be stationary only for short time intervals. Such a signal
may be called piece-wise stationary. If it is divided into short segments of duration of
approximately 20-30 milliseconds, then the portion of speech within each segment may
be assumed to be a segment from a stationary signal. A typical piece-wise stationary
signal is depicted in Fig. 1.6.

Fig. 1.6 Piece-wise stationary signal.

The main reason for assuming stationarity, or piece-wise stationarity, is that most
of our methods of handling random signals depend heavily on this assumption. For
example, the statistical autocorrelations based on the ensemble averages (1.8.2) may
be replaced in practice by time averages. This can be justified only if the signals are
stationary (actually, they must be ergodic). If the underlying signal processes are not
stationary (and therefore definitely are not ergodic) we cannot use time averages. If a
signal is piece-wise stationary and divided into stationary blocks, then for each such
block, ensemble averages may be replaced by time averages. The time average approxi-
mation of an autocorrelation function is called the sample autocorrelation and is defined
as follows: Given a block of length N of measured signal samples

|YO,Y1,)’2,---,)’N—1

define
) 1N
Ryy (k)=

z|

—-1-k
> Ynikyn, for 0<k<N-1 (1.10.1)
n=0

and
Ry (k)= Ryy(-k), for —(N-1)<k=<-1

The subroutine corr (see Appendix B) takes as inputs two length-N signal blocks

Yn,Xn, 1 =0,1,...,N — 1, and computes their sample cross-correlation defined as
| Nk
Ryx(k)=* Yn+kXn, k=0,1,...,N—-1
N 5

This routine may be used to compute either auto-correlations or cross-correlations.
The periodogram is defined as the (double-sided) z-transform of the sample autocorre-
lation

N-1
Sy(@)= > Ry kz* (1.10.2)
k=—(N-1)
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It may be thought of as an approximation (estimate) of the true power spectral den-
sity Syy (z). It is easily shown that the periodogram may be expressed in terms of the
z-transform of the data sequence itself, as

Syy(2)= %Y(z)Y(zfl) (1.10.3)
where
N-1
Y(2)= > ypz " (1.10.4)
n=0

As a concrete example, consider a length-3 signal y = [yo,y1,y217. Then,
Y(2)Y(z7") = (yo+ 127 +y227) (Vo + Y17 + y27%)
= 5+ YT +Y)+ oy +yiy2) (271 + 2) + (voy2) (272 + 2°)
from which we extract the inverse z-transform

1

Rxx (O) = 3

V5 +yi+y3)

~ ~ 1
Rxx(=1)= Rxx (1) = g()’o)ﬁ +y1y2)

ﬁxx(*z) = Rxx(z) = % (YOYZ)

These equations may also be written in a nice matrix form, as follows

Yo 0 0
ﬁxx(o) ﬁxx(l) Rxx(z) Yo Y1 Y2 O 0 Y Yo O
Rw(1) Rux(0) Ru(1) | =50 Yo y1 y2 0 || Y2 Y1 Yo
Rxx(Z) Rxx(l) Rxx(o) 0 0 Yo Y1 Y2 0 Y2 Y1
 CECRD
Y

or,

1
Ry, = §YTY

The matrix Ry, on the left is called the sample autocorrelation matrix. It is a Toeplitz
matrix, that is, it has the same entry in each diagonal. The right hand side also shows
that the autocorrelation matrix is positive definite. In the general case of a length-N
sequence y,, the matrix Y has N columns, each a down-shifted (delayed) version of the
previous one, corresponding to a total of N — 1 delays. This requires the length of each
column to be N + (N — 1), that is, there are 2N — 1 rows. We will encounter again this
matrix factorization in the least-squares design of waveshaping filters.

The sample autocorrelation may also be thought of as ordinary convolution. Note
that Y (z~!) represents the z-transform the original signal y = [yo,V1,...,Yn_1]" re-
flected about the time origin. The reflected signal may be made causal by a delay of
N — 1 units of time. The reflected-delayed signal has some significance, and is known
as the reversed signal. Its z-transform is the reverse polynomial of Y (z)

YR(z)=z WDy (z 1)

[ O 0 - 0 yo Y -+ YN2 YN-1 ] original
[ YyN-1 YN-2 = Y1 Yo o - 0 0 1 = reflected
[ 0 0 oo 0 YNZ1 YN—2 W1 Yo 1 = reversed
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The periodogram is expressed then in the form
Sa(2)= ~Y (DY (D= 2Y(2) YR(2) 2N
XX N N

which implies that Ryy (k) may be obtained by convolving the original data sequence
with the reversed sequence and then advancing the result in time by N — 1 time units.
This is seen by the following convolution table.
| % N »
V| W IR By

VARV S S Y
b /yoyo///yoyl/,//yoyz
The periodogram spectrum is obtained by substituting z = e/®

2

Syy (w) = %)Y(w) |2 = % (1.10.5)

N-1
Z yne—jwn
n=0

The periodogram spectrum (1.10.5) may be computed efficiently using FFT methods.
The digital frequency w in units of [radians/sample] is related to the physical frequency
f in [Hz] by
2mtf

fs

where fs is the sampling rate, and T = 1/fs, the time interval between samples. The
frequency resolution afforded by a length-N sequence is
fs 1 1

or, Af:N:ﬁ:TR [Hz]

w =21fT =

27T
Aw = —,
N

where Tp = NT is the duration of the data record in seconds. The periodogram spec-
trum suffers from two major drawbacks. First, the rectangular windowing of the data
segment introduces significant sidelobe leakage. This can cause misinterpretation of
sidelobe spectral peaks as being part of the true spectrum. And second, it is well-known
that the periodogram spectrum is not a good (consistent) estimator of the true power
spectrum Syy (w).

The development of methods to improve on the periodogram is the subject of clas-
sical spectral analysis [9-19]. We just mention, in passing, one of the most popular of
such methods, namely, Welch’s method [20]. The given data record of length N is subdi-
vided into K shorter segments which may be overlapping or non-overlapping. If they are
non-overlapping then each will have length M = N/K; if they are 50% overlapping then
M = 2N/(K + 1). Each such segment is then windowed by a length-M data window,
such as a Hamming window. The window reduces the sidelobe frequency leakage at the
expense of resolution. The window w(n) is typically normalized to have unit average
energy, thatis, (1/M) z?fgol w2 (n) = 1. The periodogram of each windowed segment is
then computed by FFT methods and the K periodograms are averaged together to obtain
the spectrum estimate

1 K
S(w)= }izzlsxw)

where S;(w) is the periodogram of the ith segment. The above subdivision into seg-
ments imitates ensemble averaging, and therefore, it results in a spectrum estimate of
improved statistical stability. However, since each periodogram is computed from a
length-M sequence, the frequency resolution is reduced from Aw = 277/N to roughly
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Aw = 21t/M (for a well-designed window). Therefore, to maintain high frequency reso-
lution (large M), as well as improved statistical stability of the spectrum estimate (large
K), along data record N = MK is required—a condition that can easily come into con-
flict with stationarity. The so-called “modern methods” of spectrum estimation, which
are based on parametric signal models, can provide high resolution spectrum estimates
from short data records.

1.11 Random Signal Models and Their Uses

Models that provide a characterization of the properties and nature of random signals
are of primary importance in the design of optimum signal processing systems. This
section offers an overview of such models and outlines their major applications. Many
of the ideas presented here will be developed in greater detail in later chapters.

One of the most useful ways to model a random signal [21] is to consider it as
being the output of a causal and stable linear filter B(z) that is driven by a stationary
uncorrelated (white-noise) sequence €y,

€n yn B(z)= i bpz™"
n=0

where Ree (k)= E[€n1k€n]= 026 (k). Assuming a causal input sequence €,, the output
random signal yy, is obtained by convolving €, with the filter's impulse response by:

n
Yn =2 bn_i€i (1.11.1)

i=0

The stability of the filter B(z) is essential as it guarantees the stationarity of the
sequence y,. This point will be discussed later on. By readjusting, if necessary, the
value of 0'3 we may assume that by = 1. Then Eq. (1.11.1) corresponds exactly to the
Gram-Schmidt form of Egs. (1.5.15) and (1.5.16), where the matrix elements b ; are given
in terms of the impulse response of the filter B(z):

bni = bn_i (1.11.2)

In this case, the structure of the matrix B is considerably simplified. Writing the
convolutional equation (1.11.1) in matrix form

Yo 1 0 0 0 0 €p
Y1 b1 1 0 0 0 €1
Yo |l=|ba by 1 0 0 €2 (1.11.3)
3 b3 b, by 1 0 €3
V4 by by b, by 1 €4

we observe that the first column of B is the impulse response b, of the filter. Each
subsequent column is a down-shifted (delayed) version of the previous one, and each
diagonal has the same entry (i.e., B is a Toeplitz matrix). The lower-triangular nature of
B is equivalent to the assumed causality of the filter B(z).

Such signal models are quite general. In fact, there is a general theorem by Wold that
essentially guarantees the existence of such models for any stationary signal y, [22,23].
Wold’s construction of B(z) is none other than the Gram-Schmidt construction of the
orthogonalized basis €,. However, the practical usage of such models requires further
that the transfer function B (z) be rational, that is, the ratio of two polynomials in z~!.
In this case, the I/0 convolutional equation (1.11.1) is most conveniently expressed as
a difference equation.
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Example 1.11.1: Suppose
1+cz7 4+ cz72

B = 1.11.4
(Z) 1+d1271 +d2272 ( )

Then Eq. (1.11.1) is equivalent to the difference equation
Yn = —d1yn-1 — d2Yn-2 + €n + C1€n-1 + C2€n—2 (1.11.5)

which may be realized as follows
€

n

The filter B(z) is called a synthesis filter and may be thought of as a random signal
generator, or a signal model, for the random signal y,,. The numerator and denominator
coefficients of the filter B(z), and the variance o2 of the input white noise, are referred
to as the model parameters. For instance, in Example 1.11.1 the model parameters are
{Cl,Cz,dl,dz, O'g}

Such parametric models have received a lot of attention in recent years. They are
very common in speech and geophysical signal processing, image processing, EEG sig-
nal processing, spectrum estimation, data compression, and other time series analysis
applications.

How are such models used? One of the main objectives in such applications has
been to develop appropriate analysis procedures for extracting the model parameters
on the basis of a given set of samples of the signal y,. This is a system identification
problem. The analysis procedures are designed to provide effectively the best fit of the
data samples to a particular model. The procedures typically begin with a measured
block of signal samples {yo,)1,...,Y~n}—also referred to as an analysis frame—and
through an appropriate analysis algorithm extract estimates of the model parameters.
This is depicted in Fig. 1.7.

filter
block of data analysls coefficients model | to
Yos V1o o VN1 algorithm parameters | memory
variance 02

Fig. 1.7 Analysis procedure.

The given frame of samples {yq,y1,...,YN} is represented now by the set of model
parameters extracted from it. Following the analysis procedure, the resulting model
may be used in a variety of ways. The four major uses of such models are in:

1. Signal synthesis

2. Spectrum estimation
3. Signal classification
4. Data compression

We will discuss each of these briefly. To synthesize a particular realization of the
random signal yy, it is only necessary to recall from memory the appropriate model
parameters, generate a random uncorrelated sequence €, having variance 0'3, and send
it through the filter B (z). Such uncorrelated sequence may be computer-generated using
a standard random number generator routine. The synthetic signal will appear at the
output of the filter. This is shown in Fig. 1.8.
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filter coefficients

from ;
memory model synthesis Y
P filter |———
parameters random B(z) synthesized
number signal
variance 0Z | generator | input
€n

Fig. 1.8 Signal synthesis.

This is the basic principle behind most speech synthesis systems. In speech, the
synthesis filter B (z) represents a model of the transfer characteristics of the vocal tract
considered as an acoustic tube. A typical analysis frame of speech has duration of
20 msec. If sampled at a 10-kHz sampling rate, it will consist of N = 200 samples.
To synthesize a particular frame of 200 samples, the model parameters representing
that frame are recalled from memory, and the synthesis filter is run for 200 sampling
instances generating 200 output speech samples, which may be sent to a D/A converter.
The next frame of 200 samples can be synthesized by recalling from memory its model
parameters, and so on. Entire words or sentences can be synthesized in such a piece-
wise, or frame-wise, manner.

A realistic representation of each speech frame requires the specification of two
additional parameters besides the filter coefficients and 02, namely, the pitch period
and a voiced/unvoiced (V/UV) decision. Unvoiced sounds, such as the “sh” in the word
“should”, have a white-noise sounding nature, and are generated by the turbulent flow
of air through constrictions of the vocal tract. Such sounds may be represented ade-
quately by the above random signal models. On the other hand, voiced sounds, such as
vowels, are pitched sounds, and have a pitch period associated with them. They may be
assumed to be generated by the periodic excitation of the vocal tract by a train of im-
pulses separated by the pitch period. The vocal tract responds to each of these impulses
by producing its impulse response, resulting therefore in a quasi-periodic output which
is characteristic of such sounds. Thus, depending on the type of sound, the nature of
the generator of the excitation input to the synthesis filter will be different, namely, it
will be a random noise generator for unvoiced sounds, and a pulse train generator for
voiced sounds. A typical speech synthesis system that incorporates the above features
is shown in Fig. 1.9.

filter coefficients

. . synthesis [3
memory | Pitch period — Y " pia >0
VUV excitation generator BC)

1. pulse train E—
2. random noise mpu

€n

variance 02

Fig. 1.9 Typical speech synthesis system.

Another major application of parametric models is to spectrum estimation. This is
based on the property that
Syy(w)= 02| B(w)|* (1.11.6)

which will be proved later. It states that the spectral shape of the power spectrum
Syy (w) of the signal y, arises only from the spectral shape of the model filter B (w).
For example, the signal y, generated by the model of Example 1.11.1 will have

s | T+ cre @ 4 cpe 2@
i1+ dle‘J"U + dze—sz

Syy (w) = 0,
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This approach to spectrum estimation is depicted in Fig. 1.10. The parametric ap-
proach to spectrum estimation must be contrasted with the classical approach which is
based on direct computation of the Fourier transform of the available data record, that
is, the periodogram spectrum, or its improvements. The classical periodogram method
is shown in Fig. 1.11. As we mentioned in the previous section, spectrum estimates
based on such parametric models tend to have much better frequency resolution prop-
erties than the classical methods, especially when the length N of the available data
record is short.

from model filter coefficients spectrum
—

memory | parameters - estimate _ 2
variance 02 S(w) = 0 |B(w)|

—

Fig. 1.10 Spectrum estimation with parametric models.

block of data compute FFT periodogram or

| e

Vo> Vi eees Vi Y(w) its improvements A 1 P
oo — Sp(w) = 5 [M(w)|

Fig. 1.11 Classical spectrum estimation.

In signal classification applications, such as speech recognition, speaker verification,
or EEG pattern classification, the basic problem is to compare two available blocks of
data samples and decide whether they belong to the same class or not. One of the two
blocks might be a prestored and preanalyzed reference template against which the other
block is to be compared. Instead of comparing the data records sample by sample, what
are compared are the corresponding model parameters extracted from these blocks.
In pattern recognition nomenclature, the vector of model parameters is the “feature
vector.” The closeness of the two sets of model parameters to each other is decided
on the basis of an appropriate distance measure. We will discuss examples of distance
measures for speech and EEG signals in Chapter 5. This approach to signal classification
is depicted in Fig. 1.12.

block of data analysis model
Yos V1o s Yot algorithm parameters l

compute Yes/No
distance decision

block of data analysis model §
YooYy algorithm parameters

Fig. 1.12 Signal classification with parametric models.

Next, we discuss the application of such models to data compression. The signal
synthesis method described above is a form of data compression because instead of
saving the N data samples y, as such, what are saved are the corresponding model
parameters which are typically much fewer in number than N. For example, in speech
synthesis systems a savings of about a factor of 20 in memory may be achieved with
this approach. Indeed, as we discussed above, a typical frame of speech consists of 200
samples, whereas the number of model parameters typically needed to represent this
frame is about 10 to 15. The main limitation of this approach is that the reproduction
of the original signal segment is not exact but depends on the particular realization of
the computer-generated input sequence €, that drives the model. Speech synthesized
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in such manner is still intelligible, but it has lost some of its naturalness. Such signal
synthesis methods are not necessarily as successful or appropriate in all applications.
For example, in image processing, if one makes a parametric model of an image and
attempts to “synthesize” it by driving the model with a computer-generated uncorrelated
sequence, the reproduced image will bear no resemblance to the original image.

For exact reproduction, both the model parameters and the entire sequence €, must
be stored. This would still provide some form of data compression, as will be explained
below. Such an approach to data compression is widely used in digital data transmission
or digital data storage applications for all types of data, including speech and image
data. The method may be described as follows: the given data record {yo, Y1,...,YN-1}
is subjected to an appropriate analysis algorithm to extract the model parameters, and
then the segment is filtered through the inverse filter,

A(z)= B(IZ) ynen (1.11.7)

to provide the sequence €,. The inverse filter A(z) is also known as the whitening
filter, the prediction-error filter, or the analysis filter. The resulting sequence €, has
a compressed dynamic range relative to y, and therefore it requires fewer number of
bits for the representation of each sample €,. A quantitative measure for the data
compression gain is given by the ratio G = O')Z, /02, which is always greater than one.
This can be seen easily using Eqgs. (1.11.6) and (1.9.5)

™ dw ™ dw >
o3 = | Swiw) o =0t [ 1B P2 =0t 3 b
n=0

Since by = 1, we find
gz 2
G=-%=>bi=1+bi+b3+--- (1.11.8)
Oe n=0

The entire sequence €, and the model parameters are then transmitted over the
data link, or stored in memory. At the receiving end, the original sequence y,, may be
reconstructed exactly using the synthesis filter B(z) driven by €,. This approach to
data compression is depicted in Fig. 1.13. Not shown in Fig. 1.13 are the quantization
and encoding operations that must be performed on €, in order to transmit it over the
digital channel. An example that properly takes into account the quantization effects
will be discussed in more detail in Chapter 2.

analysis | . |digital data| synthesis
Y, — filter U link or U filter |——,
A(2) memory B(z)

Fig. 1.13 Data compression.

Filtering the sequence y, through the inverse filter requires that A (z) be stable and
causal. If we write B(z) as the ratio of two polynomials

N (z)

B(z)= D(2)

(1.11.9)

then the stability and causality of B(z) requires that the zeros of the polynomial D (z)
lie inside the unit circle in the complex z-plane; whereas the stability and causality of
the inverse A (z)= D(z)/N (z) requires the zeros of N (z) to be inside the unit circle.
Thus, both the poles and the zeros of B(z) must be inside the unit circle. Such filters
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are called minimal phase filters and will be discussed further in Chapter 3. When A (z)
is stable and causal it may be expanded in the form

A=Y apz"=1+az ' +az 2 + - -+ (1.11.10)
n=0

and the I/0 equation of Eq. (1.11.7) becomes

n

€n = AiYn-i=Yn+AQ1Yn-1+ Q2Yn2+ " (1.11.11)
i=0
forn =0,1,2,.... It may be written in matrix form € = Ay as
€ 1 0O 0 O Yo
€ a 1 0O 0 O Y1
€ |=|a a 1 0 0 Y2
€3 a da» a; 1 0 Y3
€, a, az a a; 1 Vi

Both this matrix form and Eq. (1.11.11) are recognized as special cases of Egs. (1.6.1)
and (1.6.10). According to Eq. (1.6.11), the quantity

Ynin-1 = _[al)’n—l +dyp-—2+ -+ anYO] (1.11.12)

is the projection of y, on the subspace spanned by Y,-1 = {¥n-1,VYn-2,...,Y0}. There-
fore, it represents the best linear estimate of y, on the basis of (all) its past values Y,,_1,
that is, Yn/n—1 is the best prediction of y,, from its (entire) past. Equation (1.11.11) gives
the corresponding prediction error €, = ¥, — Yn/n—1. We note here an interesting con-
nection between linear prediction concepts and signal modeling concepts [21-25], that
is, that the best linear predictor (1.11.12) determines the whitening filter A (z) which,
in turn, determines the generator model B(z)= 1/A(z) of y,. In other words, solving
the prediction problem also solves the modeling problem.

The above modeling approach to the representation of stationary time series, and
its relationship to the Gram-Schmidt construction and linear prediction was initiate by
Wold and developed further by Kolmogorov [22,24].

The most general model filter B(z) given in Eq. (1.11.9) is called an autoregressive
moving average (ARMA), or a pole-zero model. Two special cases of interest are the
moving average (MA), or all-zero models, and the autoregressive (AR), or all-pole models.
The MA model has a nontrivial numerator only, B(z)= N (z), so that B(z) is a finite
polynomial:

B(z2)=1+biz ' +byz?+---+byz™  (MAmodel
The AR model has a nontrivial denominator only, B(z)= 1/D(z), so that its inverse
A(z)= D(z) is a polynomial:

1
B = AR model
(2) l+azV+ayz2+---+ayz™ : odel)

2 M

AZ)=14+a1z V +ayz?+---+ayz”

Autoregressive models are the most widely used models, because the analysis algo-
rithms for extracting the model parameters {ai, az, ..., dy; UE} are fairly simple. In the
sequel, we will concentrate mainly on such models.
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1.12 Filter Model of First Order Autoregressive Process

To gain some understanding of filter models of the above type, we consider a very simple
example of a first-order recursive filter B(z) driven by a purely random sequence of

variance 0%
1
o B [ B 1o

This serves also as a simple model for generating a first order Markov signal. The
signal y, is generated by the difference equation of the filter:

Yn = adyn-1 t+ €n (1.12.1)
Let the probability of the nth sample €, be f (€,). We would like to show that

PnlYn-1,Yn-2,..,¥1,Y0) = PWnlyn-1)=f(€n) = [ Yn — ayn-1)

which not only shows the Markov property of y,, but also how to compute the related
conditional density. Perhaps the best way to see this is to start at n = 0:

Yo = €9 (assuming zero initial conditions)
Yi=ayo+e€
Y2 =ay; + €z, etc

To compute p (y21y1,Y0), suppose that y; and y, are both given. Since y; is given,
the third equation above shows that the randomness left in y» arises from €, only. Thus,
p(V21y1) = f(€2). From the first two equations it follows that specifying yo and y; is
equivalent to specifying €y and €;. Therefore, p(y2|y1,Y0)= f(€2]€1,€0)= f(€>2), the
last equation following from the purely random nature of the sequence €,. We have
shown that

p(2ly,yo)=paIy1)=f(e)=f(y. — ay1)

Using the results of Section 1.8, we also note

p(y2,y1,y0) = p2lyr) pO1lyo) p(yo)
=f(e2)f (e1)f (€o)
=fy.—ay))f O —ayo)f (yo)

The solution of the difference equation (1.12.1) is obtained by convolving the impulse
response of the filter B(z)

b, = a"u(n), u (n) = unit step

with the input sequence €, as follows:

n n
Yn= > bi€n_i = al€n (1.12.2)
i=0 i=0
forn = 0,1, 2,.... This is the innovations representation of y, given by Egs. (1.5.15),

(1.5.16), and (1.11.1). In matrix form it reads:

Yo 1 0 0 07[e
yw|_|a 1 0 0 €1
ml=le a 1 olle (1.12.3)
V3 a a® a 1 €3
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The inverse equation, € = B~ly = Ay, is obtained by writing Eq. (1.12.1) as €, =
Yn — ayn—1. In matrix form, this reads

€o 1 0 0 0 Yo
al_|[-a 1 0 o0||ln
A e S | (1.12.4)
€3 0 0 —-a 1 Y3

According to the discussion of Example 1.6.1, the partial correlation coefficients
can be read off from the first column of this matrix. We conclude, therefore, that all
partial correlation coefficients of order greater than two are zero. This property is in
accordance with our intuition about first order Markov processes; due to the recursive
nature of Eq. (1.12.1) a given sample, say y,, will have an indirect influence on all future
samples. However, the only direct influence is to the next sample.

Higher order autoregressive random signals can be generated by sending white noise
through higher order filters. For example, the second-order difference equation

Yn = d1Yn-1 t+ d2Yn-2 + €n (1.12.5)

will generate a second-order Markov signal. In this case, the difference equation di-
rectly couples two successive samples, but not more than two. Therefore, all the partial
correlations of order greater than three will be zero. This may be seen also by writing
Eq. (1.12.5) in matrix form and inspecting the first column of the matrix A:

€o 1 0 0 0 0 Yo
€1 —ap 1 0 0 0 Vi
e|l=|-a -a 1 0 0 V2
€3 0 —dp; —d; 1 0 V3
€4 0 0 —dy, —a; 1 Vi

1.13 Stability and Stationarity

In this section we discuss the importance of stability of the signal generator filter B(z).
We demonstrate that the generated signal y, will be stationary only if the generating
filter is stable. And in this case, the sequence y, will become stationary only after the
transient effects introduced by the filter have died out.

To demonstrate these ideas, consider the lag-O autocorrelation of our first order
Markov signal

Ryy(n,n) = E[yal= E[(ayn-1 + €n)?]
, - (1130
= a?E[y%_,1+2aE[yn-1€q] +E[€3]= a’Ryy(n — 1,n — 1) +0?

where we set 02 = E[€2] and E[y,-1€,]= 0, which follows by using Eq. (1.12.2) to get

Vn-1 = €n_1 + A€p_p + -+ + @™

€o
and noting that €, is uncorrelated with all these terms, due to its white-noise nature.
The above difference equation for Ry, (n,n) can now be solved to get

2

g, 1
Ryy(n,m)=Elyzl= 1= ; + 0% (1— 1_a2>a2” (1.13.2)

where the initial condition was taken to be E [y%] =E [6(2)] = ¢2. If the filter is stable and
causal, that is, |a| < 1, then the second term in (1.13.2) tends to zero exponentially, and
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Ryy (n,n) eventually loses its dependence on the absolute time n. For large n, it tends
to the steady-state value
o¢
1-a?
The same result is obtained, of course, by assuming stationarity from the start. The
difference equation (1.13.1) can be written as

Ryy(0)=ED/$1]= O-)i =

(1.13.3)

E[y21= a®E[y2_,]1+0?

If y, is assumed to be already stationary, then E[y2]= E[y2_;]. This implies the
same steady-state solution as Eq. (1.13.3).

If the filter is unstable, that is, |a| > 1, then the second term of Eq. (1.13.2) diverges
exponentially. The marginal case a = 1 is also unacceptable, but is of historical interest
being the famous Wiener process, or random walk. In this case, the signal model is

Yn=Yn-116€n
and the difference equation for the variance becomes
Ryy(n,n)=Ryy(n—1,n-1)+02
with solution
Ryy(n,n)=Ely;l= (n+1)0¢

In summary, for true stationarity to set in, the signal generator filter B (z) must be
strictly stable (all its poles must be strictly inside the unit circle).

1.14 Parameter Estimation by the Maximum Likelihood Method

One of the most important practical questions is how to extract the model parameters,
such as the above filter parameter a, from the actual data values. As an introduction to
the analysis methods used to answer this question, let us suppose that the white noise
input sequence €, is gaussian

2

1 exp(— 1)
V21O, 20¢

and assume that a block of N measured values of the signal y, is available

f(En)=

Y0, Y1,Y25 3 YN-1

Can we extract the filter parameter a from this block of data? Can we also extract
the variance o2 of the driving white noise €,? If so, then instead of saving the N mea-
sured values {yg, ¥1,V2,...,YN-1}, We can save the extracted filter parameter a and the
variance 0'3. Whenever we want to synthesize our original sequence y,, we will simply
generate a white-noise input sequence €, of variance 02, using a pseudorandom num-
ber generator routing, and then drive with it the signal model whose parameter a was
previously extracted from the original data. Somehow, all the significant information
contained in the original samples, has now been packed or compressed into the two
numbers a and 072.

One possible criterion for extracting the filter parameter a is the maximum likelihood
(ML) criterion: The parameter a is selected so as to maximize the joint density

Po,yi,---,¥n-1)=f(€0)f(€1) - - f(en-1)

1 1
— v eXp| T
(vV2moe)N { 20¢

N-1
> n— a)’nl)z} exp[-y5/20¢]
n=1
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that is, the parameter a is selected so as to render the actual measured values {yg, y1, V2,
..,YN-1} most likely. The criterion is equivalent to minimizing the exponent with
respect to a:

N-1 N-1
E@= > (yn—ayn-1)?+yj = > ei=min (1.14.1)
n=1 n=0

where we set e, = y, — ayn-1, and ey = Y. The minimization of Eq. (1.14.1) gives

0&(a) N1

F) =-2 Z (yn —ayn-1)yn-1 =0, or,
a n=1

N-1

Z YnYn-1

= + - + _ _

a="y = YRR, y2lnel (1.14.2)
> Yo+yYi+---+VYNo

Z Yn-1

n-1

There is a potential problem with the above ML criterion for extracting the filter
parameter a, namely, the parameter may turn out to have magnitude greater than one,
which will correspond to an unstable filter generating the sequence y,. This is easily
seen from Eq. (1.14.2); whereas the numerator has dependence on the last sample yny_1,
the denominator does not. Therefore it is possible, for sufficiently large values of yn_1,
for the parameter a to be greater than one. There are other criteria for extracting the
Markov model parameters that guarantee the stability of the resulting synthesis filters,
such as the so-called autocorrelation method, or Burg’s method. These will be discussed
later on.

1.15 Parameter Estimation by the Yule-Walker Method

In this section, we introduce the autocorrelation or Yule-Walker method of extracting the
model parameters from a block of data. We begin by expressing the model parameters
in terms of output statistical quantities and then replace ensemble averages by time
averages. Assuming stationarity has set in, we find

Ryy(l)= Elynyn-1l= E[(QYH—l*'En)yn—ﬂ = aE[yi_1]+EIEHYH—1]=:aRyy(O)

from which
_ Ryy (1)

Ryy (0)

The input parameter 02> can be expressed as
0= (1-a*)oj = (1-a°)Ry,(0)

These two equations may be written in matrix form as

Ryy(0) Ry, (1) 1| | o2
Ryy (1) Ry, (0) —al|l | 0
These are called the normal equations of linear prediction. Their generalization will
be considered later on. These results are important because they allow the extraction
of the signal model parameters directly in terms of output quantities, that is, from
experimentally accessible quantities.

We may obtain estimates of the model parameters by replacing the theoretical auto-
correlations by the corresponding sample autocorrelations, defined by Eq. (1.10.1):
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N

1 -1-1
. N Z Yn+1¥n
4o Ry _ N

Ryy(o) - 1
N

_ Yo tyiys+ -+ YN-2YN-1

1 VE+Yi+ o+ YotV
YnYn

MT|E

n=0

62 = (1-a*R,,(0)

It is easily checked that the parameter 4, defined as above, is always of magnitude
less than one; thus, the stability of the synthesis filter is guaranteed. Note the difference
with the ML expression. The numerators are the same, but the denominators differ by
an extra term. It is also interesting to note that the above expressions may be obtained
by a minimization criterion; known as the autocorrelation method, or the Yule-Walker

method:
N

N
@)= > e2=> (yn—ayn-1)°=min (1.15.1)

n=0 n=0
This differs from the ML criterion (1.14.1) only in the range of summation for n.
Whereas in the ML criterion the summation index n does not run off the ends of the
data block, it does so in the Yule-Walker case. We may think of the block of data as
having been extended to both directions by padding it with zeros

0,...,0,)/(),)/1,...,)/N,I,O,O,...,0

The difference between this and the ML criterion arises from the last term in the sum
N N-1 N-1
Ea)= D ea=> ea+el= > (Yn—ayn1)>+(0—ayn-1)?
n=0 n=1 n=1

The Yule-Walker analysis algorithm for this first order example is summarized in
Fig. 1.14.

Ryy(0)

>

block of data compute samplc 2 () solve npnnal , | memory
Yoo V1o o W1 autocorrelation VY equations O¢

Fig. 1.14 Yule-Walker analysis method.

How good are d and (3'5 as estimates of the model parameters a and 0'5? It can
be shown that they, and the maximum likelihood estimates of the previous section, are
asymptotically unbiased and consistent. The corresponding variances are given for large
N by [4-6]
1-a° _ 20}

N N
where Aa = @ — a and Ag? = §2 — 02. Such asymptotic properties are discussed in
greater detail in Chapter 6. Here, we present some simulation examples showing that
(1.15.2) are adequate even for fairly small N.

E[(Aa)?] =

E[(Ac?)?] (1.15.2)

Example 1.15.1: The following N = 30 signal samples of y, have been generated by passing
zero-mean white noise through the difference equation y, = ay,-1 + €, with a = 0.8 and
ol=1

Yn = {2.583, 2.617, 2.289, 2.783, 2.862, 3.345, 2.704, 1.527, 2.096, 2.050, 2.314,
0.438, 1.276, 0.524, —0.449, —1.736, —2.599, —1.633, 1.096, 0.348, 0.745,
0.797, 1.123, 1.031, —0.219, 0.593, 2.855, 0.890, 0.970, 0.924}
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Using the Yule-Walker method, we obtain the following estimates of the model parameters

a=0.806, o?=1.17

Both estimates are consistent with the theoretically expected fluctuations about their means
given by Eq. (1.15.2), falling within the one-standard deviation intervals a + §a and 0?2 +
802, where Sa and 607 are the square roots of Eqg. (1.15.2). For N = 30, the numerical
values of these intervals are: 0.690 < d < 0.910 and 0.742 < 0? < 1.258. Given the
theoretical and estimated model parameters, we can obtain the theoretical and estimated
power spectral densities of y, by

¢
[1-ae-iw|®’

¢

Sta(w)= m

Syw (W)=

The periodogram spectrum based on the given length-N data block is

2

e _
Seer ()= — | > yue I
N n=0

The three spectra are plotted in Fig. 1.15, in units of decibels; that is, 10log,, S, over
the right half of the Nyquist interval 0 < w < 1. Note the excellent agreement of the
Yule-Walker spectrum with the theoretical spectrum and the several sidelobes of the peri-
odogram spectrum caused by the windowing of y,.

Yule-Walker vs. Periodogram Spectra
20 T T T T

0 0.2 0.4 0.6 0.8 1
digital frequency  in units of 7

Fig. 1.15 Comparison of Yule-Walker and periodogram spectrum estimates.

Example 1.15.2: The purpose of this example is to demonstrate the reasonableness of the

asymptotic variances, Eq. (1.15.2). For the first-order model defined in the previous ex-
ample, we generated 100 different realizations of the length-30 signal block y,. From
each realization, we extracted the Yule-Walker estimates of the model parameters d and
G2. They are shown in Figs. 1.16 and 1.17 versus realization index, together with the corre-
sponding asymptotic one-standard deviation intervals that were computed in the previous
example.

1.16 Linear Prediction and Signal Modeling

Linear prediction ideas are introduced in the context of our simple example by noting
that the least-squares minimization criteria (1.14.1) and (1.15.1)

E(a)= Zef, = minimum (1.16.1)
n
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L2 Estimated Filter Parameter N Estimated Input Variance

variance

0 20 40 60 80 100 0 20 40 60 80 100
realization index realization index

Fig. 1.16 and Fig. 1.17 Model parameters a, 0 estimated from 100 realizations of the length-30
data block y,.

essentially force each e, to be small. Thus, if we reinterpret

Yn = ayn-1

as the linear prediction of the sample y,, made on the basis of just the previous sample
Yn-1, then e,, = y,, — ayn—1 = Yn — Yn may be thought of as the prediction error. The
minimization criterion (1.16.1) essentially minimizes the prediction error in an average
least-squares sense, thus attempting to make the best prediction possible.

As we mentioned in Section 1.11, the solution of the linear prediction problem pro-
vides the corresponding random signal generator model for y,, which can be used, in
turn, in a number of ways as outlined in Section 1.11. This is the main reason for our
interest in linear prediction.

A more intuitive way to understand the connection between linear prediction and
signal models is as follows: Suppose we have a predictor y, of y,, which is not necessarily
the best predictor. The predictor Y, is given as a linear combination of the past values
Wn-1,Yn-2,...}:

)7n = —[alyn_l + dxyn-2 + - ] (1.16.2)

The corresponding prediction error will be
en=Yn—Yn=Yn+a1yn-1+aQyn-o2+--- (1.16.3)

and it may be considered as the output of the prediction-error filter A(z) (which is
assumed to be stable and causal):

J’nﬂ n AZ)=1+az +az7%+- -

Suppose further that A (z) has a stable and causal inverse filter

1 1
e, — B In B = =
(2 A(z) l1+aiz7l+az2+---

so that y,; may be expressed causally in terms of e,, that is,

Yn=en+biep 1 +brepo+--- (1.16.4)

Then, Egs. (1.16.3) and (1.16.4) imply that the linear spaces generated by the random
variables
Wn-1,Yn-2,...} and {ep-1,en—2,...}



58 1. Random Signals

are the same space. One can pass from one set to the other by a causal and causally
invertible linear filtering operation.

Now, if the prediction y, of y,, is the best possible prediction, then what remains after
the prediction is made—namely, the error signal e,—should be entirely unpredictable
on the basis of the past values {y,-1,Yn-2,...}. That is, e, must be uncorrelated with
all of these. But this implies that e, must be uncorrelated with all {e;;—1,e,-2,...}, and
therefore e, must be a white-noise sequence. It follows that A(z) and B(z) are the
analysis and synthesis filters for the sequence y,,.

The least-squares minimization criteria of the type (1.16.1) that are based on time
averages, provide a practical way to solve the linear prediction problem and hence also
the modeling problem. Their generalization to higher order predictors will be discussed
in Chapter 5.

1.17 Cramér-Rao Bound and Maximum Likelihood

The Crameér-Rao inequality [2-5,26] provides a lower bound for the variance of unbi-
ased estimators of parameters. Thus, the best any parameter estimator can do is to
meet its Cramér-Rao bound. Such estimators are called efficient. Parameter estima-
tors based on the principle of maximum likelihood, such as the one presented in Section
1.14, have several nice properties, namely, as the number of observations becomes large,
they are asymptotically unbiased, consistent, efficient, and are asymptotically normally
distributed about the theoretical value of the parameter with covariance given by the
Cramér-Rao bound.

In this section, we present a derivation of the Cramér-Rao inequality using correla-
tion canceling methods and discuss its connection to maximum likelihood. Consider
N observations Y = {y;,¥»,...,¥n}, Where each observation is assumed to be an M-
dimensional random vector. Based on these observations, we would like to estimate a
number of (deterministic) parameters, assembled into a parameter vector A. We will
write p(Y,A) to indicate the dependence of the joint probability density on A. As a
concrete example, consider the case of N independent scalar observations drawn from
a normal distribution with mean m and variance ¢2. The joint density is

N
p(Y,A)= (2mo?) N 2exp {2;2 Z(ynm)z} (1.17.1)
n=1

For the parameter vector we may choose A = [m, 02]7, if we want to estimate both
the mean and variance.

The dependence of p(Y,A) on A may be expressed in terms of the gradient with
respect to A of the log-likelihood function

1op

_0 _1
Y(Y,A)= alnp(Y,z\)— p oA

(1.17.2)
Expectation values with respect to the joint density will, in general, depend on the
parameter A. We have the following result for the expectation value of an arbitrary

function F(Y,A):
iE[F]*E[af}:‘]JrE[F([/] (1.17.3)
oA T loa U
Writing dY = dMy,dMy, - - - dMyy for the volume element over the space of obser-
vations, the proof of Eq. (1.17.3) follows from

2 ) [ OF dlnp
aAJ”FdY’JaA(”F)dY*I”aAdY*J”F a
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Applying this property to F = 1, we find E[@]= 0. Applying it to g itself, that is,
F = ¢, we find

J=ElpyT]=E[Y¥] (1.17.4)
where ow
Y= _ﬁ

Eq. (1.17.4) is known as the Fisher information matrix based on Y. Component-wise,
we have

Jij = Elyip;l= E[¥]

where
_Olnp . oY;  0°Inp

Vi oa o VT oA T T oan,

Next, we derive the Cramér-Rao bound. Let A (Y) be any estimator of A based on Y.
Because A (Y) and @ (Y, A) both depend on Y, they will be correlated with each other.
Using the correlation canceling methods of Section 1.4, we can remove these correlations
by writing

e=A-EAgTIE[wy"] 'y

Then, e will not be correlated with . Because ¢ has zero mean, it follows that
E [X]: E[e]. Working with the deviations about the corresponding means, namely,
AX =A —E[A] and Ae = e — E[e], we have

Ae=AX -MJ g (1.17.5)

where we denoted M = E[f\(pT]. Following Eq. (1.4.4), we obtain for the covariance of
Ae
E[AeAe” = E[AAAAT]-MJ'MT (1.17.6)

Thus, the difference of terms in the right-hand side is a positive semi-definite matrix.
This may be expressed symbolically as E[AeAel ]> 0, or, E[AAAAT]> MJ~'MT. The
quantity M depends on the bias of the estimator. For an unbiased estimator, M is the
identity matrix, M = I, and we obtain the Cramér-Rao inequality

cov(A)= E[AAAAT]> J1 (Cramér-Rao) 1.17.7)

The dependence of M on the bias can be seen as follows. Because A (Y) has no
explicit dependence on A, it follows from property (1.17.3) that

2

aAE[A]

M=E[AgpT]=
Define the bias of the estimator as the deviation of the mean from the true value of
the parameter, thatis, E[A]= A +b(A), where b(A) is the bias
ob
M=I1+_—-=1+B
oA
For an unbiased estimator, B = 0 and M = I. It follows from Eq. (1.17.6) that for
the Crameér-Rao inequality to be satisfied as an equality, it is necessary that Ae = 0
in Eq. (1.17.5), i.e., AA = MJ 'y and in the unbiased case, we obtain the condition
Y = JAA:

%lnp(Y,A)=JA)\ =JIA(Y)-A] (1.17.8)

Estimators that satisfy this condition and thus, meet their Cramér-Rao bound, are
called efficient.
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Example 1.17.1: The log-likelihood function of Eq. (1.17.1) is
N
__N Nipgeo L _m)?
Inp = -2 In@2m->Ino? - = gl(yn m)

The gradients with respect to the parameters m and ¢? are

Oolnp 1 i
=— 2. (yn—m)
om 02 =
N (1.17.9)
omp _ N 1 :
202 = 202 T 2% n%(y" —m)

The second derivatives are the matrix elements of the matrix ¥:

v _ 9mmp N
me e omom - o2
0%Inp 1 Y
Yot =~ 3maor = gnzl(y" -m)
?Inp N 12X )
Vo0 = ~ 552507 = g T go 20—

Taking expectation values, we find the matrix elements of J

N
o2’

Jmm = Jmoz =0, Jg2g2 =

204
Therefore, the Cramér-Rao bound of any unbiased estimator of m and o will be

E[AmAm] E[AmAc?] - 0%/N 0
E[Ac?Am] E[Ac?Ac?] |~ 0 20%/N

Example 1.17.2: We note that the sample mean 1 defined by Eq. (1.2.1) has variance equal to
its Cramér-Rao bound, and therefore, it is an efficient estimator. It also satisfies condition
(1.17.8). Writing Z;Ll Yn = Nm, we obtain from Eq. (1.17.9)

alnp—ii( Ce S o N | = L (Nt = N = Sy G — )
am - O_Z = yn - G_Z n:1y}’l - O'Z - mm

We also note that the sample variance s having variance 204/ (N — 1) meets its Cramér-
Rao bound only asymptotically. The biased definition of the sample variance, Eq. (1.2.3),
has variance given by Eq. (1.2.4). It is easily verified that it is smaller than its Cramér-Rao
bound (1.17.7). But this is no contradiction because Eq. (1.17.7) is valid only for unbiased
estimators. For a biased estimator, the lower bound MJ'MT must be used. Equation

(1.2.4) does satisfy this bound. [}

Next, we discuss the principle of rr}aximum likelihood. The maximum likelihood
estimator of a parameter A is the value A that maximizes the joint density p(Y,A); i.e.,

p(Y,A) | _4 = maximum (1.17.10)
Equivalently,
wA)= Zmprny| =0 (1.17.11)
oA A=A

In general, this equation is difficult to solve. However, the asymptotic properties of
the solution for large N are simple enough to obtain. Assuming that A is near the true
value of the parameter A we may expand the gradient ¢ about the true value:

oY)
oA

YA =y + A-D)=g-¥YA-A)
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where we used the matrix ¥ defined in Eq. (1.17.4). For the maximum likelihood solution,

the left-hand side is zero. Thus, solving for AA = A — A, we obtain
AA=Y"1y (1.17.12)
Assuming that the N observations are independent of each other, the joint density

p(Y,A) factors into the marginal densities H],\,Izl p(Yn,A). Therefore, the gradient @
will be a sum of gradients

2 S S
V= galne = X inptynd) = 3

Similarly,

Individual terms in these sums are mutually independent. Thus, from the law of
large numbers, we can replace ¥ by its mean ¥ ~ E[¥]= J, and Eq. (1.17.12) becomes

AA =]y (1.17.13)

This asymptotic equation contains essentially all the nice properties of the maxi-
mum likelihood estimator. First, from E[¥]= 0, it follows that E[AA]= 0, or that A is
asymptotically unbiased. Second, its asymptotic covariance agrees with the Cramér-Rao
bound

E[AAAANT]=J'Elpy 1) =) gy =T}

Thus, Ais asymptotically efficient. The same conclusion can be reached by noting
that Eq. (1.17.13) is the same as condition (1.17.8). Third, Ais asymptotically consistent,
in the sense that its covariance tends to zero for large N. This follows from the fact
that the information matrix for N independent observations is equal to N times the
information matrix for one observation:

N
J=E[¥]= > E[¥,]=NE[¥1]=NJ

n=1

Therefore, J~! = ]1" /N tends to zero for large N. Fourth, because ¢ is the sum
of N independent terms, it follows from the vector version of the central limit theorem
that @ will be asymptotically normally distributed. Thus, so will be f\, with mean A and
covariance J~!.

Example 1.17.3: Setting the gradients (1.17.9) to zero, we obtain the maximum likelihood esti-
mates of the parameters m and o2. It is easily verified that they coincide with the sample
mean and sample variance defined by Egs. (1.2.1) and (1.2.3). O

Example 1.17.4: In many applications, the mean is known to be zero and only the variance
needs to be estimated. For example, setting m = 0 in Eq. (1.17.1) we obtain the log-

likelihood
N

N N . 1 .
1 = —-— m) — — 2 _ = 2
np > In(21T) > Ino o2 2 Vi

n=1

The maximum likelihood estimate of ¢ is obtained from

dlnp N 1 2 »
= - 4+ — =
002 202 204%)/" 0
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with solution

2
n

Y

M=

z|=

n=1

It is easily verified that this is an unbiased estimate. It is the scalar version of Eq. (1.5.21).
Using E[y2y2,]1= 0* + 26,mo*, which is valid for independent zero-mean gaussian y,s,
we find for the variance of ¢

4
E[AG?A0?] = 2% where Ad? = 62 — o2 (1.17.14)

This agrees with the corresponding Cramér-Rao bound. Thus, 62 is efficient. Equation
(1.17.14) is the scalar version of Eq. (1.5.23). [m]

Example 1.17.5: Show that the multivariate sample covariance matrix, R, given by Eq. (1.5.21)
is the maximum likelihood estimate of R, assuming the mean is zero.

Solution: The log-likelihood function is, up to a constant

N 1< Tp-1
NP (Y1, Yz, ¥n) = = In(detR) — > yaR 'y,

n=1
The second term may be written as the trace:
N N
D VaR 'y, = w[R7 Y yayi] = Nuw[R'R]
n=1 n=1

where we used Zﬁjzl Yk = NR. Using the matrix property In(det R) = tr(InR), we may
write the log-likelihood in the form

Inp = ,g tr[InR + R'R]

The maximum likelihood solution for R satisfies 0 Inp/0R = 0. To solve it, we find it more
convenient to work with differentials. Using the two matrix properties

dtr(nR)=tr(R"'dR), dR'=-R '(dR)R! (1.17.15)
we obtain,

dlinp = 7% tr[R"'dR — R (dR)R™'R] = 7% tr[R(dR)R"'(R-R)] (1.17.16)

Because dR is arbitrary, the vanishing of dInp implies R = R. An alternative proof is
to show that f (R) = f(R), where f(R) = tr(InR + R-'R). This is shown easily using the
inequality x — 1 — Inx > 0, for x > 0, with equality reached at x = 1. ]

In many applications, the desired parameter A to be estimated appears only through
the covariance matrix R of the observations vy, that is, R = R(A). For example, we will
see in Chapter 6 that the covariance matrix of a plane wave incident on an array of two
sensors in the presence of noise is given by

R - P+o0% Ppek
T | Pedk p4o?

where possible parameters to be estimated are the power P and wavenumber k of the
wave, and the variance o2 of the background noise. Thus, A = [P, k, o2]7.

In such cases, we have the following general expression for the Fisher information
matrix J, valid for independent zero-mean gaussian observations:

N g1 R g1 OR
Jij = 2tr[R R aAJ} (1.17.17)
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Writing 0; = 0/0A; for brevity, we have from Eq. (1.17.16)

Oilnp = f%tr[R‘la,-RR"l(R -R)]

Differentiating once more, we find

Vi =—0i0jlnp = gtr[aj(R_laiRR_l) (R—R)+R7'9;RR™10;R]

Equation (1.17.17) follows now by taking expectation values J;; = E[¥;;] and noting

that the expectation value of the first term vanishes. This follows from the fact that R
is an unbiased estimator of R and therefore, E[tr(F(R — R))] = 0, for any matrix F.

1.18 Problems

1.1

1.2

1.3

1.4

Two dice are available for throwing. One is fair, but the other bears only sixes. One die is
selected as follows: A coin is tossed. If the outcome is tails then the fair die is selected, but if
the outcome is heads, the biased die is selected. The coin itself is not fair, and the probability
of bearing heads or tails is 1/3 or 2/3, respectively. A die is now selected according to this
procedure and tossed twice and the number of sixes is noted.

Let X be a random variable that takes on the value 0 when the fair die is selected or 1 if the
biased die is selected. Let y be a random variable denoting the number of sixes obtained in
the two tosses; thus, the possible values of y are 0, 1, 2.

(a) For all possible values of x and y, compute p(y|x), that is, the probability that the
number of sixes will be y, given that the x die was selected.

(b) For each y, compute p(y), that is, the probability that the number of sixes will be y,
regardless of which die was selected.

(c) Compute the mean number of sixes E[y].

(d) For all values of x and y, compute p(x|y), that is, the probability that we selected die
X, given that we already observed a y number of sixes.

Inversion Method. Let F(x) be the cumulative distribution of a probability density p(x).
Suppose u is a uniform random number in the interval [0, 1). Show that the solution of the
equation F (x) = u, or equivalently, x = F~! (u), generates a random number x distributed
according to p(x). This is the inversion method of generating random numbers from uni-
form random numbers (see Appendix A).

Computer Experiment. Let x be a random variable with the exponential probability density

1
p(x)= —e XK
u

Show that x has mean y and variance p?. Determine the cumulative distribution function
F(x) of x. Determine the inverse formula x = F~!(u) for generating x from a uniform
u. Take y = 2. Using the inversion formula and a uniform random number generator
routine, such as ran of Appendix A, generate a block of 200 random numbers x distributed
according to p (x). Compute their sample mean and sample variance, Egs. (1.2.1) and (1.2.3),
and compare them with their theoretical values. Do the estimated values fall within the
standard deviation intervals defined by Egs. (1.2.2) and (1.2.4)?

The Rayleigh probability density finds application in fading communication channels

r 2 192
p(r):;e” 1205 =0

Using the inversion method, ¥ = F~! (u), show how to generate a Rayleigh-distributed ran-
dom variable ¥ from a uniform u.
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1.5

1.6

1.7

1.8

1.9

1.10
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Computer Experiment. To see the effects of using a poor random number generator, replace
the routine ran of Appendix A by a poor version defined by means of the following linear
congruential generator parameters: a = 111, ¢ = 11, and m = 151. Use this version of ran
in the gaussian generator gran.

(a) Generate 100 zero-mean unit-variance random numbers x,, n = 0, 1,...,99 using the
routine gran and plot them versus n. Do you observe periodicities arising from the
poor choice of ran?

(b) Repeat part (a) using the shuffled versions gran2 and ran2. Do you still observe peri-
odicities?

(a) Following the notation of Section 1.4, show the matrix identity, where H = R,Q,R;yl

v | =H ][ R | R [ In | =H]" [ R = RyRyiRyx | 0 ]
LO | In J[Ru|Ry [[ O] D] [ 0 | Ry |

(b) Rederive the correlation canceling results of Egs. (1.4.3) and (1.4.4) using this identity.

Using the matrix identity of Problem 1.6, derive directly the result of Example 1.4.1, that
is, E[x|y]= nyR;)}y. Work directly with probability densities; do not use the results of
Examples 1.3.3 and 1.3.4.

Show that the orthogonal projection X of a vector x onto another vector y, defined by
Eq. (1.4.5) or Eq. (1.5.18), is a linear function of x, that is, show

A1X71 + A2X2 = A1X1 + AxXp

Suppose x consists of two components x = s + n;, a desired component s, and a noise
component n;. Suppose that y is a related noise component n; to which we have access,
Y = np. The relationship between n; and n; is assumed to be linear, n; = Fn,. For exam-
ple, s might represent an electrocardiogram signal which is contaminated by 60 Hz power
frequency pick-up noise n;; then, a reference 60 Hz noise y = n,, can be obtained from the
wall outlet.

(a) Show that the correlation canceler is H = F, and that complete cancellation of n; takes
place.

(b) If ny = Fny + v, where v is uncorrelated with n, and s, show that H = F still, and n;
is canceled completely. The part v remains unaffected.

Signal Cancellation Effects. In the previous problem, we assumed that the reference signal y
did not contain any part related to the desired component s. There are applications, however,
where both the signal and the noise components contribute to both x and y, as for example in
antenna sidelobe cancellation. Since the reference signal y contains part of s, the correlation
canceler will act also to cancel part of the useful signal s from the output. To see this effect,
consider a simple one-dimensional example

signal | S X L e
source [~ A /

€s Ny

=N, +e€s PN A
y 2 noise |/ Y H X
source n, L

with n; = Fny, where we assume that y contains a small part proportional to the desired
signal s. Assume that n, and s are uncorrelated. Show that the output e of the correlation
canceler will contain a reduced noise component n; as well as a partially canceled signal s,
as follows:

X=S+m

Fe(1 + FeG)
=as+bn;, wh =1-——F-5-—, b=-€FG
e=as+bn;, where a L+ FeG €FGa
and G is a signal to noise ratio G = E[s?]/E[n?]. Note that when € = 0, then a = 1 and
b = 0, as it should.
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1.11

1.12

1.13

Consider a special case of Example 1.4.3 defined by ¢, = 1, so that y, = X+ vy, h =
1,2,...,M. This represents the noisy measurement of a constant x. By comparing the
corresponding mean-square estimation errors E[e?], show that the optimal estimate of x
given in Eq. (1.4.9) is indeed better than the straight average estimate:

2 _Ntyot -t Yu
av M

Recursive Estimation. Consider the subspace Y, = {y1,V2,...,Vn} forn = 1,2,...,M, as
defined in Section 1.5. Eq. (1.5.18) defines the estimate X of a random vector x based on the
largest one of these subspaces, namely, Y};.

(a) Show that this estimate can also be generated recursively as follows:
Xn = f(n—l + Gn (yn - )A/n/n—l)

for n = 1,2,...,M, and initialized by Xy = 0 and y;,0 = 0, where X, denotes the
best estimate of x based on the subspace Y, and G, is a gain coefficient given by
Gn = E[x€,]E[€n€,] 1. (Hint: Note %, = >, E[x€;1E[€:€;]171€;.)

Show that the innovations €, = y,, — Yn/n—1 is orthogonal to X,_1, that is, show that
E[X,-1€x]=0forn=1,2,...,M.

(b

(c) Lete, = x—X, be the corresponding estimation error of x with respect to the subspace
Y. Using Eq. (1.4.4), show that its covariance matrix can be expressed in the e-basis
as follows ;

Rene, = Rxx — D Elx€i1E[€i€i] 'Eex"]
i=1

(d) The above recursive construction represents a successive improvement of the estimate
of x, as more and more y,s are taken into account; that is, as the subspaces Y, are
successively enlarged. Verify that X, is indeed a better estimate than X,,—; by showing
that the mean-square estimation error Re,, is smaller than the mean-square error
Re,_1en_,- This is a very intuitive result; the more information we use the better the
estimate.

Such recursive updating schemes are the essence of Kalman filtering. In that context,
G, is referred to as the “Kalman gain.”

The recursive updating procedure given in Problem 1.12 is useful only if the gain coefficient
Gy, can be computed at each iteration n. For that, a knowledge of the relationship between
x and y, is required. Consider the case of Example 1.4.3 where y,, = cyX + vp; define the
vectors

cn=le,e,eycnl”, Y= ve,.o,vnl”, for n=1,2,...,M

and let X, and e, = x — X, be the estimate of x on the basis of Y}, and the corresponding
estimation error.

(a) Using Eq. (1.4.9), show that

1 T 2 1
——=C and E[ey]= E[xep]l= ———
1+ chen n¥n len]= Elxen] 1+ chen

Xp =
(b) Using Eq. (1.5.19), compute Y,,,—1 and show that it may be expressed in the form
Cn

j}n/n—l = Cnﬁn—l =7 _
1+c¢) e

T
Cn-1Yn-1

(c) Let ep—; = X — X1 be the estimation error based on Y,_;. Writing
€n = Yn _)A/n/n—l = (Cnx + Vn)_cn)zn—] = Cp€ln-1+ Vn

show that
Elenen] = (1 +cley) (1 +cl_jcpy) !

E[xen] = cn(1+ck_jcp) !
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1.14

1.16

1.18

1.19
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(d) Show that the estimate X,, of X can be computed recursively by
Xn = Rn-1+Gn(Yn —Yn/mn-1), where G, =cn(l+ C,T;Cn)71

Rederive the recursive updating equation given in Problem 1.13(d), without any reference to
innovations or projections, by simply manipulating Eq. (1.4.9) algebraically, and writing it in
recursive form.

Computer Experiment. A three-component random vector y has autocorrelation matrix

1 2 3 V1
R=E[yy"]=|2 6 14|, y=|»
3 14 42 V3

Carry out the Gram-Schmidt orthogonalization procedure to determine the innovations rep-
resentation y = Be, where € = [€1,€,,€3]7 is a vector of uncorrelated components. The
vector y can be simulated by generating a zero-mean gaussian vector of uncorrelated com-
ponents € of the appropriate variances and constructing y = Be. Generate N = 50 such
vectors y,, h = 1,2,...,N and compute the corresponding sample covariance matrix R
given by Eq. (1.5.21). Compare it with the theoretical R. Is R consistent with the standard
deviation intervals (1.5.23)? Repeat for N = 100.

The Gram-Schmidt orthogonalization procedure for a subspace Y = {y1,y»,...,yn} is ini-
tialized at the leftmost random variable y; by €; = y; and progresses to the right by suc-
cessively orthogonalizing y», y3, and so on. It results in the lower triangular representation
y = Be. The procedure can just as well be started at the rightmost variable y) and proceed
backwards as follows:

nM =Ym
Nm-1 = Ym-1 — (projection of yy—; on ny)

nNm-2 = Ym-2 — (projection of yy—» on {nm, Nm-1})

and so on. Show that the resulting uncorrelated vector n = [n1,n2,...,nm]7 is related to
v=1[,Y VMl T by a linear transformation
y=Un

where U is a unit upper-triangular matrix. Show also that this corresponds to a UL (rather
than LU) Cholesky factorization of the covariance matrix Ry, .

Since “orthogonal” means “uncorrelated,” the Gram-Schmidt orthogonalization procedure
can also be understood as a correlation canceling operation. Explain how Eq. (1.5.20) may
be thought of as a special case of the correlation canceler defined by Egs. (1.4.1) and (1.4.2).
What are x,y, e, and H, in this case? Draw the correlation canceler diagram of Fig. 1.1 as it
applies here, showing explicitly the components of all the vectors.

Using Eq. (1.6.11), show that the vector of coefficients [dy1, dn2, - .., dnn]’ can be expressed
explicitly in terms of the y-basis as follows:

dan Yn-1
Aan? T L Yn-2
= —E[yn-1Yn-1]" Elynyn-1], where y, ;=
dnn Yo
Show that the mean-square estimation error of y,, on the basis of Y,,_;—thatis, E[€ f,] , where

€n = Yn — Yn/n—1—Ccan be expressed as

E[€2]=Elenynl= Ey2]1-Elynyl | 1ElYn1yh 1] "ElYnyn_1]
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1.20 Leta, = [1,dn1,an2,..-,ann]? for n = 1,2,..., M. Show that the results of the last two
problems can be combined into one enlarged matrix equation

E[Ynﬁ{]ﬂn = E[eﬁ]un

where u, is the unit-vector u, = [1,0,0,...,0]” consisting of one followed by n zeros, and
Yn = Wn Vo1, v Y0l "= yn, vh_117.

1.21 The quantity y,,;,—1 of Eq. (1.5.19) is the best estimate of y, based on all the previous ys,
namely, Y,—1 = {¥0,Y1,...,Yn-1}. This can be understood in three ways: First, in terms
of the orthogonal projection theorem as we demonstrated in the text. Second, in terms of
the correlation canceler interpretation as suggested in Problem 1.17. And third, it may be
proved directly as follows. Let Y,,,,—1 be given as a linear combination of the previous ys as
in Eq. (1.6.11); the coefficients [@n1, dn2,...,dnn] T are to be chosen optimally to minimize
the estimation error €, given by Eq. (1.6.10) in the mean-square sense. In terms of the
notation of Problem 1.20, Eq. (1.6.10) and the mean-square error E[€2] can be written in the
compact vectorial form

en=any,, E(an)=Eleal=a Ely,y,lan

The quantity £(a,) is to be minimized with respect to a,. The minimization must be sub-
ject to the constraint that the first entry of the vector a, be unity. This constraint can be
expressed in vector form as

alu, =1
where u, is the unit vector defined in Problem 1.20. Incorporate this constraint with a
Lagrange multiplier A and minimize the performance index

E(an)=ajEly,yplan + A(1 - ajuy)
with respect to a,, then fix A by enforcing the constraint, and finally show that the resulting

solution of the minimization problem is identical to that given in Problem 1.20.

1.22 Show that the normal equations (1.7.12) can also be obtained by minimizing the performance
indices (1.7.10) with respect to a and b, subject to the constraints that the first element of
a and the last element of b be unity. (Hint: These constraints are expressible in the form
u’a=1landv’b=1)

1.23 Using Eq. (1.7.16), show that E}, can be expressed as the ratio of the two determinants Ej, =
detR/ detR.

1.24 Show Egs. (1.7.28) and (1.7.35).

1.25 A random signal x(n) is defined as a linear function of time by
x(n)=an+b

where a and b are independent zero-mean gaussian random variables of variances o and
a'f,, respectively.

a) Compute E[x(n)?].

(
(b
(c

d

Is x(n) a stationary process? Is it ergodic? Explain.

For each fixed n, compute the probability density p (x(n)).

For each fixed n and m (n # m), compute the conditional probability density function
p(x(n)|x(m)) of x(n) given x(m). (Hint: x(n)—x(m)= (n —m)b.)

1.26 Compute the sample autocorrelation of the sequences
(@ yn=1,for0<n<10.
(b) yn=(-1)" for0 <n < 10.

in two ways: First in the time domain, using Eq. (1.10.1), and then in the z-domain, using
Eg. (1.10.3) and computing its inverse z-transform.
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1.27

1.28

1.29

1.30
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FFT Computation of Autocorrelations. In many applications, a fast computation of sample
autocorrelations or cross-correlations is required, as in the matched filtering operations in
radar data processors. A fast way to compute the sample autocorrelation Ryy (k) of alength-
N data segment y = [Yo,y1,...,yn-1]1" is based on Eq. (1.10.5) which can be computed
using FFTs. Performing an inverse FFT on Eq. (1.10.5), we find the computationally efficient
formula

Ryy (k)= %IFFT[ |FET(y) |*] (P.1)

To avoid wrap-around errors introduced by the IFFT, the length N’ of the FFT must be se-
lected to be greater than the length of the function Ry, (k). Since Ry, (k) is double-sided with
an extent — (N — 1)< k < (N — 1), it will have length equal to 2N — 1. Thus, we must select
N’ = 2N — 1. To see the wrap-around effects, consider the length-4 signaly = [1,2,2,1]7.

(a) Compute Ryy (k) using the time-domain definition.
(b) Compute Ryy (k) according to Eq. (P.1) using 4-point FFTs.
(c) Repeat using 8-point FFTs.
Computer Experiment.
(a) Generate 1000 samples x(n), n = 0,1,...,999, of a zero-mean, unit-variance, white
gaussian noise sequence.

(b) Compute and plot the first 100 lags of its sample autocorrelation, that is, ﬁyy (k), for
k=0,1,...,99. Does ﬁyy(k) look like a delta function 6 (k)?

(c) Generate 10 different realizations of the length-1000 sequence x (n), and compute 100
lags of the corresponding sample autocorrelations. Define an average autocorrelation
by

Ri(k), k=0,1,...,99,

M=

- 1
Rio=5 3.

where R,- (k) is the sample autocorrelation of the ith realization of x(n). Plot R(k)
versus k. Do you notice any improvement?

A 500-millisecond record of a stationary random signal is sampled at a rate of 2 kHz and
the resulting N samples are recorded for further processing. What is N? The record of N
samples is then divided into K contiguous segments, each of length M, so that M = N/K.
The periodograms from each segment are computed and averaged together to obtain an
estimate of the power spectrum of the signal. A frequency resolution of Af = 20 Hz is
required. What is the shortest length M that will guarantee such resolution? (Larger Ms will
have better resolution than required but will result in a poorer power spectrum estimate
because K will be smaller.) What is K in this case?

A random signal y,, is generated by sending unit-variance zero-mean white noise €, through
the filters defined by the following difference equations:

Yn=-0.9yn_1 +€n

Yn =0.9Yn_1 + €n + €n

Yn = €n + 2€n-1 + €n—2

Yn =—0.81lyn_2 + €n

Yn=0.1yn1 +0.72yn_2 + €y — 2€p_1 + €n—2

Ul ok W N

(a) For each case, determine the transfer function B (z) of the filter and draw its canonical
implementation form, identify the set of model parameters, and decide whether the
model is ARMA, MA, or AR.

(b) Write explicitly the power spectrum Sy, (w) using Eq. (1.11.6).

(c) Based on the pole/zero pattern of the filter B(z), draw a rough sketch of the power
spectrum Sy, (w) for each case.
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1.31

1.32

1.33

Computer Experiment.
Two different realizations of a stationary random signal n|ymn | yn
y(n), n = 0,1,...,19 are given. It is known that this 0 3.848 | 5.431
signal has been generated by a model of the form 1| 3.025 | 5.550
2 | 5.055 | 4.873
y(n)=ay(n—1)+e(n) 3| 4.976 | 5.122
4| 6.599 | 5.722
where € (n) is gaussian zero-mean white noise of variance 51 6.217 | 5.860
oe. 6 | 6.572 | 6.133
(a) Estimate the model parameters a and o? using the 7| 6.388 | 5.628
maximum likelihood criterion for both realizations. 8 | 6.500 | 6.479
9 | 5.564 | 4.321

(The exact values were a = 0.95 and 0?2 = 1.)
10 | 5.683 | 5.181

(b) Repeat using the Yule-Walker method. 11 | 5.255 | 4.279

This type of problem might, for example, arise in speech 12 | 4.523 | 5.469
processing where y (n) might represent a short segment 13 | 3.952 | 5.087
of sampled unvoiced speech from which the filter parame- 14 | 3.668 | 3.819
ters (model parameters) are to be extracted and stored for 15 | 3.668 | 2.968
future regeneration of that segment. A realistic speech 16 | 3.602 | 2.751
model would of course require a higher-order filter, typi- 17 | 1.945 | 3.306
cally, of order 10 to 15. 18 | 2.420 | 3.103

19 | 2.104 | 3.694
Computer Experiment.

(a) Using the Yule-Walker estimates {d, 6?} of the model parameters extracted from the
first realization of y (n) given in Problem 1.31, make a plot of the estimate of the power
spectrum following Eq. (1.11.6), that is,

R 3 o2
Syy(w)= m

versus frequency w in the interval 0 < w < .

g

Also, plot the true power spectrum

¢

Syy (@)= 1 - aeJo|?

defined by the true model parameters {a, 02} = {0.95,1}.

e

Using the given data values y (n) for the first realization, compute and plot the corre-
sponding periodogram spectrum of Eq. (1.10.5). Preferably, plot all three spectra on
the same graph. Compute the spectra at 100 or 200 equally spaced frequency points
in the interval [0, 77]. Plot all spectra in decibels.

(d) Repeat parts (a) through (c) using the second realization of y (n).

Better agreement between estimated and true spectra can be obtained using Burg’s analysis
procedure instead of the Yule-Walker method. Burg’s method performs remarkably well
on the basis of very short data records. The Yule-Walker method also performs well but it
requires somewhat longer records. These methods will be compared in Chapter 6.

In addition to the asymptotic results (1.15.2) for the model parameters, we will show in
Chapter 6 that the estimates of filter parameter and the input variance are asymptotically
uncorrelated, E[Aa AU?] = 0. Using this result and Eq. (1.15.2), show that the variance of
the spectrum estimate is given asymptotically by

28 (w)? 1 2(1 —a®) (cosw —a)?
N (1 -2acosw + a?)?

E[AS(w) AS(w)] =

where AS(w) = S(w)—S(w), with the theoretical and estimated spectra given in terms of
the theoretical and estimated model parameters by

G2
[1—de-Jjw|2

¢

- aeiop’ S(w)=

S(w)=
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1.34 For any positive semi-definite matrix B show the inequality tr (B — I —InB) > 0 with equality

achieved for B = I. Using this property, show the inequality f(R)> f(R), where f(R)=
tr(InR + R~'R). This implies the maximum likelihood property of R, discussed in Section
1.17.

1.35 Show the following three matrix properties used in Section 1.17:

In(detR)=tr(InR), dtr(InR)=tr(R"'dR), dR'=-R 'dRR’!

(Hints: for the first two, use the eigenvalue decomposition of R; for the third, start with
R'R=1)
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Some Signal Processing Applications

In the next few sections, we shall present some applications of the random signal con-
cepts that we introduced in the previous chapter. We shall discuss system identification
by cross-correlation techniques, design simple filters to remove noise from noisy mea-
surements, apply these concepts to the problem of quantization effects in digital filter
structures, introduce the problem of linear prediction and its iterative solution through
Levinson’s algorithm, and discuss a data compression example.

2.1 Filtering of Stationary Random Signals

In this section, we discuss the effect of linear filtering on random signals. The results are
very basic and of importance in suggesting guidelines for the design of signal processing
systems for many applications of random signals [1-3].

Suppose a stationary random signal x,, is sent into a linear filter defined by a transfer
function H (z). Let y, be the output random signal. Our objective is to derive relation-
ships between the autocorrelation functions of the input and output signals, and also
between the corresponding power spectra

Xn yn H(z)= ngoh,,z’”

Using the input/output filtering equation in the z-domain
Y(z)=H(z)X(2) (2.1.1)

we determine first a relationship between the periodograms of the input and output
signals. Using the factorization (1.10.3) and dropping the factor 1/N for convenience,
we find

Syy(z) =Y (2)Y(z ")
=H((2)X(2)H(z )X(z)=H@2)H((Zz HX(2)X(z ") (2.1.2)
= H(2)H(z7")8xx(2) = Shn (2) Sxx ()
where we used the notation Sy, (z) = H (z) H(z™!). This quantity is the z-transform of

the sample autocorrelation of the filter, that is,

Swn(z)=H(z)H(z"")= > Rpn(k)z* (2.1.3)

k=—00
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where Rpp (k) is the filter’s autocorrelation function
R (k)= > hn.xhk (2.1.4)
n
Equation (2.1.3) is easily verified by writing:
Rpn (k)= > hih;s(k — (i—j))
i,j=0

Taking inverse z-transforms of Eq. (2.1.2), we find the time-domain equivalent relation-
ships between input and output sample autocorrelations

ﬁyy(k) = Z Rup (K) Ry (k — m) = convolution of Ry, with Ry (2.1.5)

m=—oo

Similarly, we find for the cross-periodograms
Sx(2)=Y(2)X(z7)= H(2) X(2) X (z7") = H(2) Sxx (2) (2.1.6)
and also, replacing z by z 71,
Swy(2)= S (2)H(z™") (2.1.7)

The same relationships hold for the statistical autocorrelations and power spectra.
In the z-domain the power spectral densities are related by

Syy(z) = H(Z)H(Zil)sxx(z)
Syx (z) = H(z)Sxx (2) (2.1.8)
Sxy(2) = Sxx(z)H(z™")

Setting z = e/%, we may also write Eq. (2.1.8) in terms of the corresponding power
spectra:
Syy(w) = |H(w) ‘stx(w)

Syx(w) ZH(w)Sxx(w) (219)

Sxy (W) = Sxx (W)H (—w) = Sxx (w) H(w) *
In the time domain, the correlation functions are related by
Ryy (k) = Z Rnn (m)Rxx(k -m)

m=-—oo

. (2.1.10)
Ryx (k) = Z hymRxx (k — m)

m=—oo

The proof of these is straightforward; for example, to prove Eq. (2.1.10), use stationarity
and the I/0 convolutional equation

to find

Ryy(k) = E[Ynikynl=E [Z hixnik—i Z hjxnj}
i=0 j=0

= Z hihjE[Xpk-ixn-j1= Z hihjRyx (k — (i—j))

ij=0 ij=0

= D hihis(m — (i = j)) Rue(k = m)= 3" Rpn (m) Rux (k — m)

ij,m
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An important special case is when the input signal is white with variance o2:
Rxx (k) = E[Xn+kXn]= 0')%5(]() , Sw(z)= 0')% (2.1.11)
Then, Egs. (2.1.8) through (2.1.10) simplify into

Syy(z) =H(2)H(z" ") o

(2.1.12)
Syx(z) = H(z)03
and
Syy(w) = |H(w) |*02
. (2.1.13)
Syx(w) = H(w) o3
and

Ryy(k) = 0'5 Z hnikhn
n=0 (2.1.14)

Ryx (k) = O')% hy

These results show how the filtering operation reshapes the flat white-noise spec-
trum of the input signal into a shape defined by the magnitude response |H (w) |? of the
filter, and how the filtering operation introduces self-correlations in the output signal.
Equation (2.1.13) is also the proof of the previously stated result (1.11.6).

As an example, consider the first-order Markov signal y, defined previously as the

output of the filter
1

=ayn-1+€n, H(z)=
Yn Yn-1 n (z) 1 —az1

driven by white noise €, of variance 0'3. The impulse response of the filter is
hp =a"u(n), u(n)= unit step

The output autocorrelation Ry, (k) may be computed in two ways. First, in the time
domain (assuming first that k > 0):

Ryy (k)= 02 > hpikhp = 02
n=0

=
M

an+kan _ 0.2 ak i aZn _ O-Sak
€ 1-a?
n=0

And second, in the z-domain using power spectral densities and inverse z-transforms
(again take k > 0):

2
=H(Zz)H(z Yol = L
Syy(2) (2)H(z"") o (I-az=1)(1-az)
dz oiz* dz
_ k _ € P
Ryy (k) = j(u.c Syy(z)z 2z ﬁc_ (z—a)(1-az) 2mj
2 1k
= (Residue at z = a) = ged 2
1—-a

In particular, we verify the results of Section 1.14:

o? ola
Ryy(o): 1_7;2, Ryy(l): 1 _eaz = aRyy(O)
(1)
a= RL(m’ 02 = (1-a*R,,(0)
vy

It is interesting to note the exponentially decaying nature of Ry, (k) with increasing
lag k, as shown in Fig. 2.1. We noted earlier that direct correlations exist only between
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samples separated by lag one; and that indirect correlations also exist due to the indirect
influence of a given sample y, on all future samples, as propagated by the difference
equation. In going from one sampling instant to the next, the difference equation scales
yn by a factor a; therefore, we expect these indirect correlations to decrease fast (expo-
nentially) with increasing lag.

Fig. 2.1 Exponentially decaying autocorrelation.

Whenever the autocorrelation drops off very fast with increasing lag, this can be
taken as an indication that there exists a stable difference equation model for the random
signal.

However, not all random signals have exponentially decaying autocorrelations. For
example, a pure sinusoid with random phase

Yn = Acos(won + ¢p)

where ¢ is a uniformly-distributed random phase, has autocorrelation
1
Ry, (k)= EAZ cos (wok)

which never dies out. A particular realization of the random variable ¢ defines the
entire realization of the time series y,. Thus, as soon as ¢ is fixed, the entire y, is
fixed. Such random signals are called deterministic, since a few past values—e.g., three
samples—of y, are sufficient to determine all future values of y,.

2.2 System Identification by Cross-Correlation Methods

The filtering results derived in Section 2.1 suggest a system identification procedure to
identify an unknown system H (z) on the basis of input/output measurements: Generate
pseudorandom white noise x;;, send it through the unknown linear system, and compute
the cross-correlation of the resulting output sequence y, with the known sequence x,.
According to Eq. (2.1.14), this cross-correlation is proportional to the impulse response
of the unknown system. This identification scheme is shown in Fig. 2.2.

1
hy= ;szyx(k)

random X unknown y
. n n Ccross
noise system .
correlation
generator H(z)
fx,

Fig. 2.2 System identification.

A simulated example is shown in Fig. 2.3. The system H (z) was defined by a sinu-
soidally damped impulse response of length 50, given by

hi = (0.95)%cos(0.17tk), 0 <k <50 (2.2.1)
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System Identification

1 — estimated
- --exact

0 5 10 15 20 25 30 35 40 45 50
time &

Fig. 2.3 System identification by cross-correlation.

Using a random number generator routine, 1500 samples of a unit-variance zero-
mean white-noise sequence x, were generated and filtered through the filter H to obtain
the output sequence y,. Then, the first 50 lags of the sample cross-correlation were
computed according to

1 N-1-k
Ryx (k)= N Z Yn+kXn
n=0

with N = 1500 and k = 0,1,...,50. Figure 2.3 shows the impulse response identi-
fied according to hx = Ryx (k)/o2 = fiyx (k), plotted together with the exact response
defined by Eq. (2.2.1).

Other system identification techniques exist that are based on least-squares error
criteria. They can be formulated off-line or on-line using adaptive methods [4-10]. Such
identification techniques are intimately connected to the analysis procedures of extract-
ing the model parameters of signal models, as we discussed in Section 1.11.

2.3 Noise Reduction and Signal Enhancement Filters

In signal processing applications for noise removal, or signal enhancement, the ratio
0')2,/ 02 plays an important role. We have
2 dw

2T

o2 = J_nsyy(w) gi - j _|H(w) 12Syx () ‘;—‘T‘r’ = o2 J_N|H(w) |

provided X, is white noise. The ratio 0'5 /02 determines whether the input noise is
amplified or attenuated as it is filtered through H (z). It will be referred to as the noise
reduction ratio. Using Parseval’s identity, we find the alternative expressions for it

- 2 2Mjz

oy T dw < _ dz
o2 = J H () P50 = golhnwz = ﬁ.c.H‘Z)H(Z " (2.3.1)

We may denote any one of these as ||H||?, that is, the quadratic norm of H. Com-
putationally, the most recommended procedure is by the contour integral, and the least
recommended, by the frequency integral. Use the contour formula for IIR filters and the
sum of impulse response squared for FIR filters.

Example 2.3.1: Compute the noise reduction ratio of white noise sent through the first order
recursive filter

2 o )
1 o ; 1

H@)= 1o, =Y hl=Ya"=1"

—az A— o 1-a
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The alternative derivation using contour integration has already been done. m]
Consider now the problem of extracting a signal x, from the noisy measurements y,
Yn =XntVn

where the measurement noise v, is typically white noise. We wish to design a filter
H (z) to process the available measurements y, to remove the noise component without
affecting the signal component. (Our notation throughout uses the symbol y, to denote
the available noisy measurements, and x, to denote the desired signal to be extracted.)
These two requirements are illustrated in Fig. 2.4.

. A A A
Yn = % + Vi Slgnal Yo = + Vi
——————* processor /\4’
H(z) fn =X

Vv =0

Fig. 2.4 Signal processor requirements.

Often, the separation of signal from noise can be done on the basis of bandwidth.
If the power spectra of the signal and noise components occupy separate frequency
bands, then their separation is easy: Simply design a filter whose frequency response is
zero over the entire band over which there is significant noise power, and equal to unity
over the band of the signal. An example of this situation arises in Doppler radar, which
is designed to detect moving objects; the returned echo signal includes a considerable
amount of clutter noise arising from the radar pulses bouncing off stationary objects
such as trees, buildings, and the like. The frequency spectrum of the clutter noise is
mainly concentrated near DC, whereas the spectrum of the desired signal from moving
targets occupies a higher frequency band, not overlapping with the clutter.

On the other hand, if the noise is white, its power spectrum will extend over all
frequencies, and therefore it will overlap with the signal band. For example, suppose
the signal and noise have power spectra as shown in Fig. 2.5.

Sxx(w) Syp(w)

o7

0 T
Fig. 2.5 Signal and noise spectra before processing.

If we design an ideal bandpass filter H (ww) whose passband includes the signal band,
then after filtering, the output power spectra will look as in Fig. 2.6. A lot of noise energy
is removed by the filter, thus tending to reduce the overall output noise variance

™
03 = J—nSW(w) %fr)
At the same time, the signal spectrum is left undistorted. Some knowledge of the fre-
quency spectra for the desired signal and the interfering noise was required in order to
design the filter. The basic idea was to design a filter whose passband coincided with
the spectral band of the desired signal, and whose stopband coincided with the spectral
band of the noise. Clearly, if noise and signal have highly overlapping spectra, such
simple signal processing design techniques will not be successful. Thus, an important
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question arises: For a given signal spectrum and noise spectrum, what is the best linear
filter to separate noise from signal? The answer will lead to the methods of Wiener or
optimal filtering to be discussed later on. In the remainder of this section, we present
four examples illustrating the above ideas.

Six(w) Spp(w)
|H(w)|?

0 T w 0 T w
Fig. 2.6 Signal and noise spectra after processing.

Example 2.3.2: Clutter Rejection Filters in Coherent MTI Radar. By taking advantage of the
Doppler effect, moving target indicator (MTI) radar systems [11] can distinguish between
weak echo returns from small moving objects and strong echo returns from stationary
objects (clutter), such as trees, buildings, the sea, the weather, and so on. An MTI radar
sends out short-duration sinusoidal pulses of some carrier frequency, say f,. The pulses
are sent out every T seconds (the pulse repetition interval). A pulse reflected from a target
moving with velocity v will suffer a Doppler frequency shift to fo + f , where f is the

Doppler shift given by
2v

2v
f N C fo
The receiver maintains a phase-coherent reference carrier signal, so that the target echo
signal and the reference signal can be heterodyned to leave only the relative frequency
shift; that is, the Doppler shift. Thus, after the removal of the carrier, the returned echo
pulses will have a basic sinusoidal dependence

exp (21Tjft)

Clutter returns from truly stationary objects (v = 0) will correspond to the DC component
(f = 0) of the returned signal. But, clutter returns from slightly nonstationary objects such
as trees or the weather, will not be exactly DC and will be characterized by a small frequency
spread about DC. Thus, a typical clutter spectrum will occupy a narrow frequency band
about DC as shown:

: S

_f c 0 f c
Subsequent processing with a clutter rejection filter can remove the clutter frequency com-
ponents. According to the previous discussion, such a filter must essentially be an ideal
high pass filter with a low frequency stopband that coincides with the clutter spectral band.

Since the MTI system is a pulsed system with period T, such a filter can be designed
as simple tapped delay line using delays of T seconds, as shown in Fig. 2.7, where z!
represents a delay by T seconds. The I/0 equation of this filter is

M
y(©= > amx(t—mT)

m=0

with transfer function

H(z)=ap+az ' +az%+---+ayz™
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> receiver]

W)

Fig. 2.7 Tapped delay line clutter rejection filter.

Its frequency response is obtained by setting z = e/® = ¢2™fT  Due to the sampled-data
nature of this problem, the frequency response of the filter is periodic in f with period
fs = 1/T, that is, the pulse repetition frequency. An ideally designed clutter filter would
vanish over the clutter passband, as shown in Fig. 2.8.

H(f)

| | | g
0 1 fn fs 2fs /

Fig. 2.8 Frequency response of clutter rejection filter.

Because of the periodic nature of the frequency response, the filter will also reject the
frequency bands around multiples of the sampling frequency f;. If a target is moving at
speeds that correspond to such frequencies, that is,

2
nfs= o, n=1,23,...

then such a target cannot be seen; it also gets canceled by the filter. Such speeds are known
as “blind speeds.” In practice, the single and double delay high-pass filters

H(z)=1-2z"
Hz) =0-zYHY=1-2z"1+277?
are commonly used. Nonrecursive tapped delay-line filters are preferred over recursive

ones, since the former have short transient response; that is, MT seconds for a filter with
M delays. 0

Example 2.3.3: Radar measurements of the Earth-Moon distance D are taken of the form

Yn=D+vy

where v, is zero-mean white noise of variance 0'3 representing measurement errors. Two
signal processing schemes are to be compared as to their noise reduction and signal en-
hancing capability:

a recursive filter and a nonrecursive filter
Yn = aYn-1 + byn Yn =ayn +byn_1

Discuss the selection of the filter parameters so that on the one hand they do not distort
the desired signal, and on the other they tend to reduce the noise. Discuss any tradeoffs
and compare the two cases. The transfer functions of the two filters are

b

H(z)=———— and H(z)=a+bz*!
1—-az!
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The desired signal x, = D must be able to go through these filters entirely undistorted.
Since it is a DC signal, we require the frequency response H (w) to be unity at zero fre-
quency w = 0, or equivalently, at z = e/® = 1

b
1-a

H()= =1 and HQ)=a+b=1

In both cases, we find the constraint b = 1 — a, so that

H(z)= 1;({1 and Hz)=a+(1-a)z!
1-az

Both of these filters will allow the DC constant signal x,, = D to pass through undistorted.
There is still freedom in selecting the parameter a. The effectiveness of the filter in reduc-
ing the noise is decided on the basis of the noise reduction ratio

2 2 2
U—ﬁ:%zli—a and U—Z:a2+b2:a2+(a—1)2
Ox 1-a 1+a Ox
These are easily derived using either the contour integral formula, or the sum of the im-
pulse responses squared. Effective noise reduction will be achieved if these ratios are
made as small as possible. For the recursive case, stability of the filter requires a to be
—1 < a < 1. The requirement that the noise ratio be less than one further implies that
0 < a < 1. And it becomes smaller the closer a is selected to one. For the nonrecursive
case, the minimum value of the noise ratio is obtained when a = 0.5. The graphical com-
parison of the noise reduction ratios in the two cases suggests that the recursive filter will
do a much better job than the nonrecursive one.

02/ 0y
1
Nonrecursive
0.5
Recursive
0 0.5 I “

But there is a price to be paid for that. The closer a is to unity—that is, the closer the pole
is moved to the unit circle—the slower the response of the filter will be, as can be seen by
inspecting the impulse response of the filter

h,=ba", n=0

The effectiveness of the recursive filter may also be seen by plotting its magnitude response
versus frequency for various values of a, as in Fig. 2.9.

IH(w)|

| a=0

Fig. 2.9 Magnitude response for various values of a.

As the parameter a tends to one, the filter’s response becomes more and more narrow
around the frequency w = 0 (this is the signal band in this case). Therefore, the filter is
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able to remove more power from the noise. Finally, we should not leave the impression
that nonrecursive filters are always bad. For example, if we allow a filter with, say, M taps

N 1
Yn=3p OntYnoi+ oo+ Ynou)
the noise ratio is easily found to be

o2 1 M 1
y 2

77_§h7_71+1+...+1_7 —
[’% n=0n 2( ) :

which can be made as small as desired by increasing the number of taps M.

Figures 2.10 through 2.16 demonstrate the various ideas behind this example. Figure
2.10 shows 100 samples of a zero-mean white gaussian noise v, of variance cr%, = 100,
generated by means of a standard gaussian random number generator subroutine. Next,
these samples were filtered by the first order recursive filter v,, = av,-, + (1 — a) vy, with
the parameter a chosen as a = 0.95. Figure 2.11 shows the lowpass filtering effect as
well as the noise-reducing property of this filter. The output signal v, has been plotted
together with the white noise input v,

Zero-mean white gaussian noise Filtered white noise, a = 0.95
utput noise
40 1 401 - nput noise
20 20¢ i 1
Lo N o I
H W, b o |
T Loh ‘,.,,un:‘ vy )‘ " i ,'|
0 of |:l' IR o e LR IR LR IR 4
" Ty v R I TR
|""\' X i I_l\l::r{vlv oy
-20 -20f ! " ,
\
y
!
—40F —-40r 1
0 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100
time samples time samples
Fig. 2.10 Zero-mean white noise. Fig. 2.11 Filtered white noise.
Sample autocorrelation of white noise Filtered autocorrelation, a = 0.95
1
0.8
0.6
0.4
0.2
0
-0.2 -0.2r 1
0 20 40 60 80 100 0 20 40 60 80 100
lag k lag &
Fig. 2.12 Autocorrelation of white noise. Fig. 2.13 Autocorrelation of filtered noise.

Figures 2.12 and 2.13 show a comparison of the theoretically expected autocorrelations
and the experimentally computed sample autocorrelations from the actual sample values,
both for the input and the output signals. The theoretical autocorrelations are

Ry (k)= 036(k), Ry (k)= Ryp(0)alX!



82 2. Some Signal Processing Applications

Figures 2.14 through 2.16 show the interplay between noise reduction and speed of re-
sponse of the filter as the filter parameter a is gradually selected closer and closer to
unity. The values a = 0.8, 0.9, and 0.95 were tried. The input to the filter was the noisy
measurement signal y, = D + v,; and the output y,, was computed by iterating the differ-
ence equation of the filter starting with zero initial conditions. O

Filtered measurements, a = 0.8 Filtered measurements, a = 0.9 Filtered measurements, a = 0.95

— filtered output — filtered output — filtered output
desired signal 100 desired signal 100 desired signal
80l - - signal plus noise - - - signal plus noise - - - signal plus noise

80|

60|
40|

20|

0 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 8 90 100
time samples time samples time samples

Fig. 2.14 a = 0.80. Fig. 2.15 a = 0.90. Fig. 2.16 a = 0.95.

Example 2.3.4: A digital AM receiver is to lock onto a carrier signal of frequency of 10 kHz.
The available signal consists of the carrier signal plus white noise. If the available signal
is sampled at a rate of 40 kHz, show that its samples will be of the form

Yn = Xp + Vp = cos(TTN/2) +vy

where the first term represents the sampled carrier and the second the noise. To separate
the signal from the noise, a 2nd order filter is used of the form

Pn=—a*Pn>+ (1—a*)yn

Discuss the noise reduction properties of this filter. Again, this filter has been chosen
so that the desired signal which is a sinusoid of frequency wq = 71/2 will pass through
unchanged. That is, at z = e/“0 = ¢/™/2 = j, the frequency response must be unity

1-a?

with H(Z))Z:j: ﬁ =1

1—-a
H(z)= —
(2) 1+a2z2

The noise reduction ratio is most easily computed by the contour integral

o2 dz (1-a®?z dz
9y _ -1 _ az
2 J;u.c.H(Z)H(Z ) 2mjz ﬁl,c, (z —ja)(z +ja) (1 + a?z?) 2mj

1-a*?* 1-a?
1-a*  1+a?

= (sum of residues at z = tja) =

Selecting the poles +ja to be near the unit circle (from inside) will result in a slow but
efficient filter in reducing the noise component. [m]

Example 2.3.5: Signal Enhancement by Digital Averaging. Signal averaging computers are rou-
tinely used to improve the signal to noise ratio of signals that are corrupted by noise and
can be measured repeatedly—for example, in measuring evoked action potentials using
scalp electrodes, or in integrating successive returns in pulsed radar. A similar concept
is also used in the so-called “beamforming” operation in sonar and radar arrays. The ob-
jective is to measure a signal x(n) of duration of N samples, n = 0,1,...,N — 1. The
measurement can be performed (evoked) repeatedly. A total of M such measurements are
performed and the results are averaged by the signal averaging computer. Let the results
of the mth measurement, for m = 1,2,..., M, be the samples

Ym(n)=xn)+vm(n), n=0,1,...,.N-1
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A signal averaging computer averages (integrates) the results of the M measurements

M
ﬁ(”)=$ Zym(n) for n=0,1,...,N—-1

m=1

by accumulating (integrating) the M measurements, as shown in the following diagram

t n s (n after M measurements
ymH() A/D V() @ (™) memory .
+ + Q(i’l): 1 s (I’l)
T Sm-l(n) M M

The result of the averaging operation may be expressed as
1 Y 1 Y
RM=— > ym(n)=— > [x(n)+vm(n)] = x(n)+V(n)
M < M =
m=1 m=1
where

Vi (1)
1

v(n)=

X[~
ﬁMz

Assuming vy, (n) to be mutually uncorrelated; that is, E[ vy, (1) v (n) ] = 028 mi, we com-
pute the variance of the averaged noise V(n):

M M
; N 1 1
o =E[P* ] =15 3 Elvmmvin] = 155 3 038m
m,i=1 m,i=1
1 1 1
= W(0'12,+0"2,+'-'+0"2,): wM(T\Z,: MU‘Z,

Therefore, the signal to noise ratio (SNR) is improved by a factor of M.

The routine sigav (Appendix B) performs signal averaging. Its inputs are the file containing
the data points to be averaged, the period N, and the number M of periods to be averaged.
Its output is the averaged signal X(n), n =0,1,...,N — 1. O

2.4 Quantization Noise

In digital filtering operations, such as the one shown in the following diagram, one must
deal with the following types of quantization errors [2,3,12]:

1. Quantization of the input samples X, due to the A/D conversion
2. Quantization of the filter coefficients a;, b;
3. Roundoff errors from the internal multiplications

A typical uniform quantization operation of a sampled signal is shown in Fig. 2.17.

The spacing between levels is denoted by Q and the overall range of variation of the
signal by R. If b bits are assigned to represent each sample value, then the total number
of representable signal values is 27, and therefore the number of levels that can fit within
the range R is

b - R

Q
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Xn

f— = —f
v
Q

Fig. 2.17 Uniform quantizer.
which also leads to the so-called “6 dB per bit” rule for the dynamic range of the quantizer

2
dB = 10log;q (g) = b20log,((2) = 6b decibels

The quantization operation may be represented as

Xn Q [xn]

where [x, ] denotes the quantized value of x,; that is, the nearest level. The quantization
error is 0, = [X,]—Xn. The quantization operation may be replaced by an equivalent
additive source of noise d,, as shown in Fig. 2.18.

Sn
Xn (0] [x,] Xn 4’%9—’ [xx]

Fig. 2.18 Equivalent noise model for a quantizer.

In the case of large-amplitude wideband signals; that is, signals that vary rapidly
through the entire range R, it may be assumed that the quantization error is a uniformly
distributed white-noise signal. It is further assumed that the quantization noise &, is
uncorrelated with the input signal x,. In such a case, the quantization noise lends itself
to simple statistical treatment. Namely, the quantization operation may be replaced by
an equivalent additive white-noise source, acting where the quantization operation is
occurring. Since 8, is assumed to be uniformly distributed in the range —Q/2 < §, <
Q /2, it follows that it has zero mean and variance

QZ

o= (2.4.1)

2.5 Statistical Treatment of Multiplier Roundoff Error

Here, we would like to use the results of the previous section in the computation of
the roundoff noise arising from the internal multiplications in digital filters. Consider
a typical multiplier in a digital filter

a
Xn %>—> axy

The result of the multiplication requires double precision to be represented fully. If
this result is subsequently rounded to single precision, then the overall operation, and
its noise-equivalent model, will be of the form
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a A
Xn {> axn 0 [axn]
1"
a ax,
Xn {> L } [ax,]

For example, the second order section shown above will be replaced by

by
xn //T\ [~ ? M yn
1
, z-1 é \J/{\
€n a - b ! €n
Fan 1/\ =L
0 < >
f54 1 ts2 | e,=5)+52 +63
o
T4 <5
pany az/\ !&2 pany €n=06n+0p
0 < >
75}51 75,31

with five elementary noise sources acting independently of each other at the locations
shown. In placing these noise sources at those locations, we are implicitly assuming that
a quantization operation is being performed immediately after each multiplication. This
may not always be true, especially in the newer hardware configurations which employ
special purpose chips, such as the TMS320, or the TRW multiplier-accumulators. Such
chips perform the multiplication operation with full double precision. Depending on
the specific digital filter implementation, it is possible for such full-precision products
to accumulate somewhat before the result is finally rounded back to single precision.
The methods presented here can easily be extended to such a situation. For illustrative
purposes, we shall assume that the quantizing operations occur just after each multi-
plication.

To find the output noise power resulting from each noise source we must identify
the transfer function from each noise source to the output of the filter. For example,
the three elementary noises at the forward multipliers may be combined into one acting
at the output adder and having combined variance

0% =302 =3Q%/12

and the two noises at the two feedback multipliers may be replaced by one acting at the
input adder and having variance

0% =20% =2Q%/12

The transfer function from e;, to the output is H (z) itself, and from e, to the output,
it is unity. Adding the output noise variances due to e, and e, we find the total output
roundoff noise power

o2 =0 |H|?+ o2

Example 2.5.1: Suppose H(z)= H, (z) H»(z), where

1
H](Z): P—
1-az

n and H,(z)= I

1
———, with a>b
_bz1
Determine the output roundoff noise powers when the filter is realized in the following
three forms:

1. H,(z) cascaded by H, (z)
2. H,(z) cascaded by H, (2)
3. H(z) realized in its canonical form
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In case 1, the roundoff noises are as shown. The transfer functions of e, and e}, to the
output are H(z) and H, (z), respectively.

Xn )\ ! 7 Yn
T
“ 1 s 1 5, 1
a
Oo—< Oo—< 1
6"26’1
| H,(2) | Hy(2) | en=0;

Adding the output noise power from each we find

2 2
2 _ 212 4 o2 2_Q L+ab Q 1
e = o5IHI"+ o3Il 1" = 55 o a—ay b)) T 12 1- b2

Interchanging the role of H, and H>, we find for case 2,

Q? 1+ab L 1
12 (1 -ab) (1 —a?) (1 -b?) 12 1 -a?

0% = o3llHI? + o3|l H, |1* =

And finally in case 3, the canonical realization has two elementary noise sources as shown.

yﬂ

They may be combined into one acting at the input adder. Its variance will be 02 = 2Q?/12.
The transfer function to the output is H (z) itself; thus,

Q? 1+ab

12 (1 —ab) (1 —a?)(1-b?)

o2 =02||H|? =2

It can be seen from the above example that the output roundoff power depends on the
particular realization of the digital filter. A great deal of research has gone into developing
realization structures that minimize the roundoff noise [13-21]. [m}

2.6 Introduction to Linear Prediction

In this section, we present a preliminary introduction to the concepts and methods of
linear prediction based on the finite past. We have already mentioned how prediction
ideas come into play by reinterpreting

Yn = ayn-1 = prediction of y, based on one past sample
en =Y¥Yn—Yn=Yn— ayn-1 = prediction error

and have indicated how to determine the prediction coefficient a by a least-squares
minimization criterion. Here, we would like to replace that criterion, based on time
averages, with a least-squares criterion based on statistical averages:

E(a)=E[e?]= E[(yn — ayn-1)?] = min

We will no longer assume that y, is a first-order autoregressive Markov process;
thus, the prediction error e, will not quite be white noise. The problem we are posing



2.6. Introduction to Linear Prediction 87

is to find the best linear predictor based on the previous sample alone, regardless of
whether y, is a first-order autoregressive process or not. That is, we seek the projection
of y, on the subspace Y,_; = {y,—1} spanned only by the previous sample y,_;; this
projection is the best linear estimate of y, based on y,_; only. If, accidentally, the signal
vn happened to be first-order autoregressive, then e, would turn out to be white and
our methods would determine the proper value for the Markov model parameter a.

The best value for the prediction coefficient a is obtained by differentiating £ with
respect to a, and setting the derivative to zero.

8en]
oa

— = ZE[en

2a = —2E[enyn-11=0

Thus, we obtain the orthogonality equation

Elenyn-11=0

which states that the prediction error e, is decorrelated from y,_;. An equivalent way
of writing this condition is the normal equation

Elenyn-1]1=E[(Yn — aVn-1)¥n-1] = E[YnYn-1]1—-aE[y5_ ;1= 0
or, in terms of the autocorrelations Ry, (k) = E[yn+k¥Ynl,

Ryy (1)

Ryy (1) = aRy, (0) or a=Ryy(0)

The minimum value of the prediction error £(a) for the above optimal value of a may
be written as

min€ = E[ei]: E[en()/n - a)’n—l)] = E[enyn]—aE[enyn-1]1= El[enyn]
:E[(Yn *a)/n—l)Yn] :E[Y%]*aE[)’n—l)’n]:Ryy(o)*aRyy(l)
=Ry, (0)—Ryy (1)2/Ryy (0)= (1 — a*) Ry, (0)

The resulting prediction-error filter has transfer function

Yn —* en en=Yn—ayn-1, Az)=1-az!

A realization of the prediction filter is drawn in Fig. 2.19. The upper output is the
prediction error, whose average power has been minimized, and the lower output is the
predicted waveform. The original signal may be written as a sum of two terms:

Yn=Yn+en

The first term Y, = ay,-1 is highly correlated with the secondary signal y,_1, which
in turn is input to the multiplier. The second term e,, by virtue of the orthogonality
relations, is completely uncorrelated with y,—;. In Fig. 2.19 we have indicated a dividing
line between the input part and the correlation canceler part. The latter may be recog-
nized as a special case of the correlation canceler configuration of Fig. 1.1. The input
part simply provides the two inputs to the correlation canceler. Since these two inputs
are y, and yn-1, the canceler tries to cancel any correlations that may exist between
these two signals; in other words, it tries to remove any serial correlations that might
be present in y,,.

Next, we discuss higher order predictors and find their connection to lower order
predictors. First, we change to a more standard notation by replacing the parameter a
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zl Yn =AYy

Yn-1 ~a
L

. input correlation |
i
part canceler part

Fig. 2.19 First-order linear predictor.

by a; = —a. That is, we take
Yn = —a1Yn-1 = prediction of y, based on one past sample
en =Yn—Yn=Yn+ayn—1 = prediction error (2.6.1)
&(ay) = E[e2]=E[(yn + a1¥n-1)*] = minimum

It will prove instructive to discuss, in parallel, the second-order case of predicting
Vi on the basis of two past samples y,—; and y,-»

YV = —laiyn-1 + a>yn—2]= prediction of y, based on two past samples
€n=¥n—Vn=V¥n+Aai¥n-1+ asyn—» = prediction error
&£'(ay,ay) = Ele;!]1= E[(yn + @iyn-1 + @hyn-2)*] = minimum

The second-order predictor y;, of y, is the orthogonal projection of y, onto the
subspace spanned by the past two samples Y,,_; = {¥n-1,Vn-2}. A realization of the
second-order predictor is shown in Fig. 2.20.

Yn + ’
yﬂ ‘ el‘l
— AY
z ! yn
!
Yol T4 g
L |
z-1
!
Yn2 42
input correlation
= art |

P
part canceler part

Fig. 2.20 Second-order linear predictor.

Again, it may be recognized as a special case of the correlation canceler. The input
part provides the necessary inputs to the canceler. The main input to the canceler
Yn-1

n-2
any correlations between y, and y,-; and y,-». That is, it tries to remove even more
sequential correlations than the first-order predictor did. The corresponding prediction-
error filters are for the two cases

is y, and the secondary input is the 2-vector [ ] The canceler tries to remove

AZ)=1+a1z7! and A'(2)=1+ajz"' +asz ™

Our objective is to determine the best choice of the prediction-error filters (1,a;)
and (1,aj,a5) such that the corresponding mean-square prediction errors are mini-
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mized. The minimization conditions in the two cases become

o€ _ aen:I _ _
75611 =2E [en day ) = 2E[enyn-11=0
& ,0en | _ / _
o " 2E [en aa’l] = 2E[eyyn-11=0

o0&’ ,oep | , B
2d] 2F [en an =2E[e,Yyn-21=0

Inserting

1
en= > amyn-m  (Wesetay=1)
m=0
2

e, Z Ay Yn-m (again, ay = 1)
m=0

into these orthogonality equations, we obtain the two sets of normal equations
R(1)+a;R(0)=0 (first-order predictor) (2.6.2)

R(1)+ajR(0)+a5R(1) =0
(second-order predictor) (2.6.3)
R(2)+aiR(1)+a3R(0) =0
which determine the best prediction coefficients. We have also simplified our previous
notation and set R(k)= E[Yn+k¥n]. The corresponding minimal values for the mean-
squared errors are expressed as

& =EFE[e2]= Elenynl=R(0)+a;R(1) (2.6.4)
&' =E[e}?]1= Ele,yn]l=R(0)+aiR (1) +a5R (2) (2.6.5)

We have already shown the first of these. The second is derived by a similar procedure
&' =Ele}]=Ele,(Yn + aiyn-1 + asyn-2)] = Elepynl+aiElenyn-1]1+asE[epyn-]
= Elepynl=E[(yn + @Yn-1 + a3yn—2)yn] = R(0) +ajR (1) +ayR (2)

The orthogonality equations, together with the equations for the prediction errors,
can be put into a matrix form as follows

RO) R |[1] [¢€
R(1) RO [[ai | |0

R(0) R(1) R(2) 1 o (2.6.6)
R(1) R(0) R(1) ay =10
R(2) R(1) R(0) a, 0

Example 2.6.1: Rederive the results (2.6.3) and (2.6.5) for the second-order predictor using the
correlation canceler formulation of Section 1.4. In the notation of Section 1.4, the primary
input to the canceler is the 1-vector x = [y,] and the secondary input is the 2-vector

Yn-1
= . Then,
Y [ Yn-2 ]

ny :E[Yn[)’n—l,)’n—z]] = [E[YnYn—l]yE[YHYn—Z]] =[R(1),R(2)]

Yn-1 R0 R(1)
Ryy :E[[y”_z ] [Yn—laYﬂ*Z]] = [R(l) R(0) ]
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Therefore,

R(O) R |
R(1) R(0)

H=RyR,) = [R(l),R(Z)][

If we denote this row vector by H = —[a}, a;], we find

RO) R ]
R(1) R(0)

~la},a31= [R(l),R(Z)][
which is the solution of Eq. (2.6.3). The corresponding estimate X = Hy is then
Vo = —[aﬁ,a’z][y"’1 ] = —[a@\yn-1 + abyn2]
Yn-2

and the minimum value of the mean-square estimation error is

R(1)

E =Ele}?]1=Rw — HRy, = E[yﬁ]+[a;,a;][R(2)

} =R(0)+a}R(1)+a5R(2)

which agrees with Eq. (2.6.5). m]

Example 2.6.2: Using the results of Section 1.7, determine the forward and backward predictors

of first and second orders. In the notation of Section 1,7, that data vector y and the
subvectors y and ¥ are

Yn
y=| v |, v:{y" ] ?:{y’“],
Yn-1 Yn-2
Yn-2

The corresponding covariance matrix R = E[yy’] and its subblocks are

R=|R(1) R(O) RQA)|, R=R-=
R(2) R(1) R(0)

R(1) R(2)
Iy = [R(Z) } , Ip = [R(l) ], Pa = pyr =R(0)

We note that r, and 1, are the reverse of each other. Formally, r, = Jrp, where J is the

R(0) R(1) R(2)
[R(l) R(0)

R(0) R(l)]

Similarly,

order-2 reversing matrix J=

be

1 ol The first and second order forward predictors will

1

-~ 1 ,
a=a= , a=| a
a /

a,

Noting that R and hence R~! both commute with the reversing matrix J, we obtain the
backward prediction vector, given by (1.7.7)

B=-R'ry=-R"Jra=—JR 'ra = Jox

It follows that the backward predictors are the reverse of the forward ones:

a a
B:B:[ 1], b=|da
1 1
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The corresponding matrices L and U whose rows are the backward and forward predictors,
Egs. (1.7.14) and (1.7.30), are

1 0 0 1 a, a,
L= ay 1 0 , U= 0 1 ay
a, a; 1 0 0 1

It follows from the reversing symmetry of R that they are reverses of each other, i.e.,
U = JLJ, where J is the order-3 reversing matrix. Similarly, the diagonal matrices D, and
Dy, are reverses of each other; namely,

Dy = diag{R(0),&,E'}, D, = diag{E’,E,R(0)}

2.7 Gapped Functions, Levinson and Schur Recursions

Instead of solving the matrix equations (2.6.6) directly, or independently, of each other,
we would like to develop an iterative procedure for constructing the solution [1, aj, a)]
in terms of the solution [1, a; ]. The procedure is known as Levinson’s algorithm. To this
end, it proves convenient to work with the elegant concept of the “gapped” functions,
first introduced into this context by Robinson and Treitel [22]. Gapped functions are
also used in the development of the Schur algorithm [23]. The gapped functions for the
first and second order predictors are defined by

g(k) = Elenyn-«k] (for first-order predictor)
g’ (k) = E[eyYn-k] (for second-order predictor)

They are the cross-correlations between the prediction-error sequences and the se-
quence y,. These definitions are motivated by the orthogonality equations, which are
the determining equations for the prediction coefficients. That is, if the best coefficients
[1,a:] and [1,a7,a5] are used, then the gapped functions must vanish at lags k = 1
for the first-order case, and k = 1, 2 for the second-order one; that is,

g(1) = Elenyn-11=0
g’ (1) = Elepyn-11=0, g'(2)=El[epyn-—21=0

Thus, the functions g (k) and g’ (k) develop gaps of lengths one and two, respec-
tively, as seen in Fig. 2.21.

g(k) g'(k)

Fig. 2.21 Gapped functions of orders one and two.

A special role is played by the value of the gapped functions at k = 0. It follows
from the expressions (2.6.4) for the minimized prediction errors that

E=g(0)=E[enyn] and &' =g (0)= E[e,yn] (2.7.1)

The gapped functions may also be expressed as the convolution of the prediction-
error filters [1,a;] and [1, a}, a;] with the autocorrelation function R (k) = E[yn+kYnl,
as can be seen from the definition
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1
g(k) = Elenyn-k1=E |:( Z am)’nm)ynk}

m=0
(2.7.2)

1 1
= Z amE[yn-myn-k1= Z amR (k —m)

m=0 m=0

and similarly
2

g (k)= E[epynil= > apR(k—m) (2.7.3)

m=0
Thus, they are the outputs of the prediction-error filters, when the input is the autocor-
relation function R (k).

The Levinson recursion, which iteratively constructs the best linear predictor of order
two from the best predictor of order one, can be derived with the help of the gapped
functions. The basic idea is to use the gapped function of order one, which already has
a gap of length one, and construct from it a new gapped function with gap of length
two.

Starting with g (k), first reflect it about the origin, then delay it sufficiently until the
gap of the reflected function is aligned with the gap of g (k). In the present case, the
required delay is only two units, as can be seen from Fig. 2.22.

g (0) g(z)

Fig. 2.22 Reflected and delayed gapped functions.

Any linear combination of the two gapped functions g (k) and g (2 — k) will have
gap of at least length one. Now, select the coefficients in the linear combination so that
the gap becomes of length two

g (k)= g(k)—y2g(2 - k) (2.7.4)
with the extra gap condition g’ (2)= 0

g'(2)=9g(2)~y2g(0)=0
which determines the coefficient y, as

_9(@2) _ R@)+aiR()
g(0)  R(0)+a1R(1)

Y2 (2.7.5)
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The coefficient y, is called the reflection coefficient or PARCOR coefficient and if
selected as above, it will ensure that the new gapped function g’ (k) has a gap of length
two. To find the new prediction-error filter, we write Eq. (2.7.4) in the z-domain, noting
that the z-transform of g (—k) is G(z7!), and that of g (2 — k) is z72G (z71)

G'(2)=G(2)-y,z°G(z ")
Using the convolutional equations (2.7.2) and (2.7.3), expressed in the z-domain, we find
A'(2)Syy(2)= A(2)Syy(2)—y22 2 Az 1) Sy (z71)

Since Sy (z71) = Sy, (2), it can be canceled from both sides, giving the desired rela-
tionship between the new and the old prediction-error filters

A'(z)=A(2) —yzz’zA (z7') (Levinson recursion) (2.7.6)

and equating coefficients

1 1 0

/ ay =a — y:a
a, |=|a |—Yy2| a1 = ah = —
a, 0 1 2= 72

Introducing the reverse polynomials

AR(z) =z7'A(z YHY=a; +z7}
AR(z) =z7%A(z VY)=a) +ajz " + z72

and taking the reverse of Eq. (2.7.6), we obtain a more convenient recursion that involves
both the forward and the reverse polynomials:

A'(2) = A(2)-y2z 'AR(2)
(2.7.7)
AR(z) =27 1AR(2)-y»A(2)

Itis of interest also to express the new prediction error in terms of the old one. Using
&£’ =g’ (0) and the above recursions, we find

£ =g (0)=9(0)-y29(2)=g(0)-y3g(0)= (1 -y} E

or,
E=0-yd)E (2.7.8)

Since both £" and £ are positive quantities, it follows that y, must have magnitude
less than one. Using Eq. (2.6.4), we also obtain

E=E[e2]1=g(0)=R(0)+a1R(1)= (1 - y})R(0)= (1 - y}) 0 (2.7.9)

where, by convention, the reflection coefficient y; for the first-order predictor was de-
fined as y; = —a;. Equation (2.7.9) implies that y; also has magnitude less than one.
Combining Egs. (2.7.8) and (2.7.9), we find

E=0-y))E=10-y3)(1-y]oy (2.7.10)

The Levinson recursion (2.7.7) leads directly to the so-called lattice filters of linear
prediction. Instead of realizing just the filter A’ (z), the lattice realizations simultane-
ously realize both A’ (z) and its reverse AR (z). The input to both filters is the sequence
Yn being predicted. Since A’ (z) is related to A (z), first a lattice realization of A (z) will
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n

Fig. 2.23 Lattice realizations of first-order prediction-error filter.

be constructed. Writing A(z)= 1+ a;z7! =1 - y;z7! and AR(z)= —y; + z71, a si-
multaneous realization of both, with a common input y,, is shown in Fig. 2.23, where a
common multiplier y; is indicated for both branches.

The transfer functions from y, to e, and rp, are A(z) and AR (z), respectively.
Using Eq. (2.7.7), it should be evident that a simultaneous realization of both A’ (z)
and A’R(z) can be obtained by simply adding one more lattice section involving the
coefficient y», as shown in Fig. 2.24.

Again, the transfer functions from the common input y, to e, and r;, are A’ (z) and
A'R(z), respectively. The I/O equations for the lattice filter, Fig. 2.24, with overall input
Vi, are

€n =Yn—¥Y1Vn-1, 'n =Yn-1 —¥1Vn,
, , (2.7.11)
e, =€n—Yotn-1, Fn="rn-1— Y2€n,
e
Yn \ +® = +® e,
Y1 2
—1 /T_\ n —1 /T_\ r
z +V z + n

Fig. 2.24 Lattice realization of second-order prediction-error filter.

We observe that the Levinson recursion (2.7.6) is identical to the order-updating
equation (1.7.40). Because b is the reverse of a, the second of Eqgs. (1.7.40) is simply
the upside-down version of the first. The lattice recursions (1.7.50) are identical to Eq.
(2.7.11). Indeed,

Vn Vn
eq=aly=1[1,a),a51| yn-1 | =e,, ep=bly=[asa}, 11| yn1 | =71,
Yn-2 Yn-2

and using the definitions (1.7.49), we find

- T - ~T . —
ea:aTy=[1,a1][y” ]:en, p=Dh y=[a1,1][y”1]=rn_1
Yn-1 Yn-2

[

Next, we develop the Schur algorithm for first and second order predictors. Moti-
vated by the appearance of the reversed polynomials in the Levinson recursion (2.7.7),
we are led to define the backward gapped functions of orders one and two by their
z-transforms

G- (2)=z71G(zH)= AR(2)Syy (2), G (2)=27%G' (z7V)=AR(2)S),(2) (2.7.12)

In the time domain,
g-(k)=g1-k), g.(k)=g'(2-k) (2.7.13)

Thus, they are reflected and appropriately delayed versions of the forward gapped
functions (the delay being one less than required to align the gaps). They satisfy the
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following gap conditions: Because g (k) and g’ (k) vanish at k = 1 and k = 1,2, it
follows from Eq. (2.7.13) that g— (k) and g_ (k) will vanish at k = 0 and k = 0, 1, respec-
tively. The lattice recursions satisfied by the forward and backward gapped functions
are obtained as follows. For the first-order case, we write

G(2)=A2)Syy (2)= (1-y127 Sy (2), G_(2)=AR(2)S,y(2)= (=y1+271)Syy(2)

Multiplying Eq. (2.7.7) by Sy, (z) and using the definition (2.7.12), we have for the second-
order case,

G (2)=G(2)-y:z7'G_(2), G (2)=2"'G_(2)-y2G(2)
Writing the above equations in the time domain we obtain the Schur algorithm:

R(1)
R(0)

2. Compute the first-order gapped functions:

1. Compute y; =

g(k)=R(k)-yR(k-1), g_(k)=R(k—1)—y R(k) (2.7.14)

3. Compute the first-order prediction error £ =g_(1)=g(0)

g _g(@)
g-(1) g(0)

5. Compute the second-order gapped functions:

4. Compute y, =

g K =gk -yg-(k-1), g (k)=g-(k—1)-y29(Kk) (2.7.15)

6. Compute the second-order prediction error £’ = g’ (2)= g’ (0)

The Schur algorithm is an alternative to Levinson’s algorithm for computing the
reflection coefficients y; and y». The difference between the two is that although Levin-
son’s algorithm works with the polynomial recursions (2.7.6), Schur’s algorithm works
with the gapped functions themselves. Note that Egs. (2.7.14) and (2.7.15) generate the
output signals from the first and second segments of the lattice filter, Fig. 2.24, when
the overall input is the sequence R (k). Also, note that y; is computed as the ratio of
the two inputs (past the first delay) to the first lattice section at time k = 1, and y»
as the ratio of the two inputs (past the second delay) to the second lattice section at
time k = 2. This lattice filter representation of the Schur algorithm generalizes easily
to higher order predictors by simply adding more lattice sections [23]. In the present
case, we only go up to order two, and thus, it is necessary to know only the first three
autocorrelation lags {R (0),R(1),R (2)}. The pair of gapped functions (2.7.14) needs to
be evaluated only at k = 1, 2, and the pair (2.7.15) only at k = 2.

Example 2.7.1: Given {R(0),R(1),R(2)} = {8,4,—1}, compute the reflection coefficients and
prediction errors up to order two, and determine the resulting LU factorization of R.

Solution: We will use the Schur algorithm. First, we compute y; = 4/8 = 0.5. Then, evaluate
2.714)atk =1and k = 2:

g(1) =R(1)-y;R(0)=4-0.5x8=0 (the first gap)
g-(1) =R(0)-y1R(1)=8-05%x4=6=C

g(2) =R(2)-y1R(1)=-1-0.5x4=-3
g-(2) =R(1)=y1R(2)= 4 - 0.5 x (—1)= 4.5
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Then, compute y, = g(2)/g-(1)= —3/6 = —0.5, and evaluate (2.7.15) at k = 2:

g’ (2) =g(2)—y29-(1)= (-3)-(-0.5)x6 =0  (the second gap)

g-(2) =g-(1)~y29(2)=6~ (-0.5)x(-3)=4.5=&’
It is evident from the above computations that, because of the gap conditions, we did not
need to compute g(k) at k = 1 and g’ (k) at k = 2. We did so, however, to maintain

the symmetry of the forward/backward pair of gapped function equations. The predictor
polynomials are obtained from the ys by Eq. (2.7.6)

1 1 0 1
1 1 1 ,
[a ] - [ B ] - [ o 5] . |ay|=]-05|-(-05]|-05]|=|-075
! ni : d 0 1 0.5

Next, we construct the LU factorization of R according to Egs. (1.7.18) and (1.7.58). The
matrix L was constructed in Example 2.6.2:

1 0 0 1 0 0
L=|a 1 o|=|-05 1 0
a, a; 1 0.5 -0.75 1

It is easily verified that LRLT = D, = diag{8, 6,4.5}. The matrix G, has as columns the
backward gapped functions of successive orders. The first column is the order-0 backward
gapped function, namely, the given autocorrelation function R (k). Thus,

R(0) g-(0) g~(0) 8 0 0
Gp=| R(1) g-(1) g_-(1) |= 4 6 0
R(22) g-(2) g-(2) -1 4.5 45

It is lower triangular because of the gap conditions for the backward gapped functions,
namely, g_ (0)= 0 and g” (0)= g” (1)= 0. Equations LG, = D, and R = GhD;IGg are
easily verified. [m]

Example 2.7.2: For the above example, compute the inverse of the matrices R and R using the

order recursive constructions (1.7.28) and (1.7.35).

Solution: First we apply Eq. 1.7.28) to R. Noting that the backward predictor b is the reverse of

the forward one, a, we find

- [RO ROT] [ROT 0], 1[a
R]_[R(l) R(O)] ‘[ 0 o]+2[1][“1’”
178 0] 1[-05 1[ 1 -05
:[ 0 0]+6[ 1 ][70'5’1]_6[ -05 1 ]

Then, apply Eq. (1.7.28) to R, using b = [0.5,-0.75,1]7

-1 _ AT
R = [ 0 ] + 5 bb
1/6 -0.5/6 0 1 0.5
=] -0. 5/6 1/6 0|+-—| —-0.75 |[0.5,-0.75,1]
4.5
0 1
1 -1.5 1
== —1.5 2.625 -1.5
1 -1.5 2

Note that the inverse of the Toeplitz matrix R is not Toeplitz. It still satisfies, however,
the symmetry property of commuting with the reversing matrix J, JR™'J = R~!, which
implies that R~! remains invariant under reversal of its rows and then its columns. The
application of Eq. (1.7.35) can be done directly, or, it can be derived from the above result
by noting that Eq. (1.7.28) gets mapped into Eq. (1.7.35) under the reversal operation, that
is, by multiplying both sides of Eq. (1.7.28) by the reversing matrix J. m]
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Lattice realizations are alternatives to the direct form realizations given in Figs. 2.19
and 2.20. One of the nicest properties of lattice realizations is that higher-order predic-
tors can be easily obtained by simply adding more lattice sections. Another important
property is that lattice filters are better behaved (less sensitive) under quantization of
the multiplier coefficients than the direct-form realizations.

The linear prediction problem solved here was to find the best predictor based on
just one or two past samples. It must be contrasted with the full linear prediction
problem mentioned in Sections 1.11 and 1.16, which was based on the entire past of y,,.
It is, of course, the latter that whitens the error e, and provides the signal model of y,.
However, in practice, the full prediction problem is difficult to solve because it requires
the determination of an infinite number of prediction coefficients {ai, a,,...}. Thus,
the problem of linear prediction based on the finite past is of more practical interest. A
more complete discussion of linear prediction, Levinson’s and Schur’s algorithms, and
lattice filters, will be presented in Chapter 5.

2.8 Introduction to Data Compression and DPCM

In this section, we discuss the application of linear prediction ideas to the problem
of data compression by differential PCM (DPCM) methods. For illustrative purposes, we
work with a second-order predictor. The predictor is to be used to compress the dynamic
range of a signal y, so that it may be transmitted more efficiently. Suppose we have
already found the best predictor coefficients (1,a;,a») that minimize the prediction
error by solving Eq. (2.6.3) (for simplicity, the primes have been dropped):

& =E[e?]=min
e=Yn—VYn=Yn+a1Yn-1+ d2Yn-2

The basic idea in data compression is that if the predictor is good, then the prediction
error e, will be small, or rather it will have a compressed dynamic range compared to
the original signal. If we were to code and transmit e, rather than y,, we would need
fewer bits to represent each sample e, than we would need for y,. At the receiving end,
the original waveform y, can be reconstructed by processing e, through the inverse of
the prediction-error filter. The overall system is represented as follows

Y H‘ A@) }ﬁ{ data link }ﬁ» 1/A(2) }—» Vi

For meaningful reconstruction, it is necessary that the inverse filter 1/A (z) be stable
(and causal). This requires that the zeros of the prediction-error filter A (z) lie inside the
unit circle in the z-plane. Two proofs of this fact will be presented later on, in Sections
3.7 and 5.8. The gain in the dynamic ratio that we expect to achieve with this method
of data compression is given by the ratio

2 2
o _ o !

G =

0 & U-yHU-yd

where we used Eq. (2.7.10). This is always greater than one, since both y; and y» have
magnitude less than one. Even without this result, we could have concluded that the
above ratio is greater than one. Indeed, the quantity 0'5 = R (0) is the prediction error for
the trivial choice of the prediction-error coefficients a = [1,a;,a»]= [1,0,0], whereas
& = 0 corresponds to the choice that minimizes the prediction error; thus, 03 > 072.

Next, we discuss the question of quantizing the prediction-error sequence e, for the
purpose of transmission or storage. First, we note that any prediction-error filter A (z)
may be realized as
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+ e,
Yn )~ L €y
A
Yn | predictor | Yn T €n
b (Z) + A
Yn

where P(z) = 1-A (z) is the corresponding predictor filter; for example, P(z) = —[a;z" '+
a»z~?] for the second-order case. The conventional differential PCM encoder is a predic-
tor realized in this manner with a quantizer inserted as shown in Fig. 2.25. The presence
of the quantizer introduces a quantization error &, such that

én=en+0n (2.8.1)
e e -
g i |t
A . - ey
Yn | predictor | Vn *
P2 A
yl‘l

Fig. 2.25 DPCM encoder.

where 6, may be assumed to be zero-mean uniform white noise of variance (r(25 =Q?%/12,
where Q is the step size of the quantizer. This particular realization ensures that, at
the reconstructing end, the quantization errors do not accumulate. This follows from
the property that

Yn—Yn= (€n+Yn)—yn=8€1—en=0n (2.8.2)
which states that y, differs from y, only by the quantization error 6, suffered by the
current input e, to the quantizer. The complete DPCM system is shown in Fig. 2.26.

Yn + ey ; ey data link | €n + ‘ Yn Yn
— g quantizer or memory D
A ~ e N
Vn | predictor | Fn tr. " In predictor
P(z) RN P@) | 3,
Yn

Fig. 2.26 DPCM system for digital data transmission or storage.

It is evident from this figure that y,, — y, given by Eq. (2.8.2) is the reconstruction
error, resulting only from the (irreversible) quantization error 6,. The data compression
gain afforded by such a system is conveniently expressed in terms of the following SNRs:

o2
SNR(DPCM) = U—g = signal-to-quantization noise of the DPCM signal e,
5

o2
SNR(PCM) = U—)Z' = signal-to-quantization noise of the PCM signal y,

2

o

G = 42} = gain of the predictor system
O¢

These three quantities are related by

SNR(DPCM) = SNR(PCM)/ G
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or, expressed in dB,
10log;q SNR(DPCM) = 10log;, SNR(PCM) — 10log,( G (2.8.3)

Therefore, the quantity 10log, G is the data compression gain afforded by the DPCM
system over PCM. The best DPCM coder is thus the one maximizing the predictor gain
G or equivalently, minimizing the mean-squared prediction error

£ =02 = E[e2]= min (2.8.4)

The presence of the quantizer makes this minimization problem somewhat different
from the ordinary prediction problem. However, it can be handled easily using the stan-
dard assumptions regarding the quantization noise §,; namely, that §, is white noise
and that it is uncorrelated with the input sequence y;,. First, we note that minimizing £
is equivalent to minimizing

E=E[é2]=E[(en+ 6n)%1= E[e2]1+E[82]=E+ 02, or,

€ = E[é2]= min (2.8.5)

Replacing the quantizer by the equivalent noise source (2.8.1), we may redraw the
DPCM coder with &, acting at the input adder:

611

+ 1+ én >
Yn €n

A ey

v, +
* 9
+1 A

Yn

It is evident from this figure that the minimization problem (2.8.5) is equivalent to
an effective linear prediction problem of predicting the noisy sequence y, = y, + 0.
Since y, and &, are mutually uncorrelated, the autocorrelation function of y,,, R (k) =
E[VnixVnl, is expressible as the sum of the individual autocorrelations of y, and &y,

EVnk¥nl= E[ Vnsk + Onsk) Wn + 6n) | = E[YnskyYn]+E[6nsk6n], or,
R(k)=R(k)+0365(k) (2.8.6)

where we used E[§,+k0n]= 0'356 (k). Only the diagonal entries of the autocorrelation
matrix R are different from those of R, and are shifted by an amount

R(0)=R(0)+0% =R(0)[1 + €] (2.8.7)

where € = 0(25/0'; = 1/SNR(PCM). The optimal prediction coefficients are obtained by
solving the corresponding normal equations (2.6.3) or (2.6.6), but with R (0) replaced
by R (0). Typically, SNR(PCM) is fairly large, and therefore € is only a small correction
which may be ignored without degrading much the performance of the system.

We also point out that a similar change in the autocorrelation matrix, given by (2.8.7),
occurs in a different context in the least-squares design of waveshaping filters from
noisy data. In that context, € is referred to as the Backus-Gilbert parameter. This will
be discussed in Chapter 5.

DPCM encoding methods have been applied successfully to speech and image data
compression [24-26]. In speech, a compression gain of 4 to 12 dB over PCM can be
obtained. The gain can be increased even further using adaptive quantizers and/or
adaptive predictors. For images, using 3d order predictors, the gain is typically 20 dB
over PCM.
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Finally, we remark that DPCM transmission systems are susceptible to channel er-
rors. Unlike quantization errors which do not accumulate at the reconstructing end,
channel errors do accumulate and get amplified.

This may be seen as follows: Let the received sequence é, be corrupted by white
gaussian channel noise v,, as shown in Fig. 2.27.

V;; = channel noise

~ + 1+ + en
€n U A
€ntVn

[

Fig. 2.27 Channel noise in a DPCM receiver.

~ A
YntVn

Then, both é, and the channel noise v, get filtered through the reconstructing in-
verse filter B(z)= 1/A(z). This filter is designed to decompress é, back to y, and
thus, it has a gain which is greater than one. This will also cause the channel noise v, to
be amplified as it goes through B(z). The output to input noise power is given by the
quadratic norm || B||?:

U‘%ZHB”Z:Hl 2_ ;ﬂ
0'\2; A we. A(2)A(z7)) 2mjz

which is always greater than one. For example, for the second-order predictor it can be
shown that
2 1
1=y -y)
where y; and y» are the reflection coefficients of the prediction problem (2.8.5).
To combat against channel errors, some channel encoding with error-protection
must be done prior to transmission [27,28].

1
BZ:H—
1Bl A

2.9 Problems

2.1 Let x(n) be a zero-mean white-noise sequence of unit variance. For each of the following
filters compute the output autocorrelation Ry, (k) for all k, using z-transforms:

1. y(n)=x(n)-x(n-1)
2. y(n)=x(n)-2x(n—1)+x(n-2)
3. y(n)=-0.5y(n—-1)+x(n)
4. y(n)=0.25y(n —2)+x(n)
Also, sketch the output power spectrum Sy, (w) versus frequency w.

2.2 Let yy, be the output of a (stable and causal) filter H (z) driven by the signal x,, and let w,
be another unrelated signal. Assume all signals are stationary random signals. Show the
following relationships between power spectral densities:

() SyW(Z): H(z)Syw(2)
(b) Swy (z) = Swx (Z)H(Zil)

2.3 A stationary random signal y;, is sent through a finite filter A (z) = ag+a,z ' +- - - +ayz ™
to obtain the output signal e, :

M
Yn €n ep = Z AmYn-m

m=0
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Show that the average power of the output e, can be expressed in the two alternative forms:
™ dw
Eleil= [ Sy A@)]*5E = a'Rypa
-1

where a = [ag, d1,...,au]T and Ryy is the (M + 1) x (M + 1) autocorrelation matrix of y,
having matrix elements Ry, (i,j) = E[yi¥j1= Ryy (i — j).

2.4 Consider the two autoregressive random signals y, and y,, generated by the two signal
models:

1 M M

AZ)=1+a1z”

e W e iAo

(@) Suppose yp is filtered through the analysis filter A’ (z) of y;, producing the output

signal ey; that is,
p M
yn" €n e, = Z A Yn-m

m=0

+---+ayz™ and A'(z)=1+ajz7t+---+ayz”

If y, were to be filtered through its own analysis filter A(z), it would produce the
innovations sequence €,. Show that the average power of e, compared to the average
power of €, is given by

A’(w) 2

A(w)

o2 aTR,a J"
o2  aTRya

Zdﬂ_"i
2 |l A

=TT

where a,a” and Ry, have the same meaning as in Problem 2.3. This ratio can be taken
as a measure of similarity between the two signal models. The log of this ratio is
Itakura’s LPC distance measure used in speech recognition.

g

Alternatively, show that if y;, were to be filtered through y,’s analysis filter A(z)
resulting in e}, = >M_0 amy,_,, then

A(w) 2
A’ (w)

2 TR i
Oy _ @ R} a _J
o2 aTRpa

Zdﬂ_"é
2w A

=TT
2.5 The autocorrelation function of a complex-valued signal is defined by
Ryy (k)= E[erky:]

(a) Show that stationarity implies Ry, (—k)= Ry, (k)*.

(b) If yy, is filtered through a (possibly complex-valued) filter A(z)= ag + a,z™* + - - - +
ayz M, show that the average power of the output signal e, can be expressed as

Elefen]=a'R,ya
where a' denotes the hermitian conjugate of a and Ry, has matrix elements
Ryy (l’J) = Ryy (1 7])

2.6 (a) Let y, = Ajexp[j(win + ¢1)] be a complex sinusoid of amplitude A; and frequency
1. The randomness of y, arises only from the phase ¢; which is assumed to be a random
variable uniformly distributed over the interval 0 < ¢»; < 271. Show that the autocorrelation
function of y, is

Ryy (k) = |A1 ‘2 exp (.]wlk)

(b) Let y, be the sum of two sinusoids
VYn = A1 expLj(wln + (]51)] + A2 expLj(wzn + d)z)]

with uniformly distributed random phases ¢, and ¢, which are also assumed to be inde-
pendent of each other. Show that the autocorrelation function of y, is

Ryy (k)= |A1]° exp (jew1k) +] A2 |2 exp (jwzk)
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2.7 Sinusoids in Noise. Suppose y, is the sum of L complex sinusoids with random phases, in
the presence of uncorrelated noise:

L
Yn=Vn+ > Ajexp[j(win + ¢)]

i=1

where ¢, i = 1,2,...,L are uniformly distributed random phases which are assumed to be
mutually independent, and vy, is zero-mean white noise of variance 02. Also, assume that
v, is independent of ¢;.

(@) Show that E[e/®ie~/x]= §y, forik =1,2,...,L.

(b) Show that the autocorrelation of y, is

L
Ryy (k)= 025 (k) + > |A;|* exp (jowik)

i=1

(c) Suppose yy is filtered through a filter A (z)= ag + a;z~' + - - - + ayz~™ of order M,
producing the output signal e,,. Show that the average output power is expressible as

L
E=Ele}en]=atRya=oc2ala+ > |42 A(w;) |2

i=1

where a,at, Ryy have the same meaning as in Problem 2.5, and A (w);) is the frequency
response of the filter evaluated at the sinusoid frequency wj, that is,

M
A(w)= D ame™®m, j=1,2,...,M

m=0

(d) If the noise v, is correlated with autocorrelation Q (k), so that E[v,.kVii]= Q (k),
show that in this case

L
E=Elejen]=a'Rya=atQa+ > |A;*|A(w)) |2
i-1

where Q is the noise covariance matrix, Q (i,j)= Q (i — j).

2.8 Computer Experiment. Consider the linear system defined by Eq. (2.2.1). Generate 1500
samples of a unit-variance, zero-mean, white-noise sequence x,, n = 0,1,...,1499 and
filter them through the filter H to obtain the output sequence y,. Compute the sample
cross-correlation I?yx (k) for k = 0,1,...,50 to obtain estimates of the impulse response
hk. On the same graph, plot the estimated impulse response versus time, together with the
simulated response (2.2.1). Repeat, using a different realization of x,,.

2.9 A filter is defined by y (n)= —0.64y (n — 2) +0.36x(n).
(a) Suppose the input is zero-mean, unit-variance, white noise. Compute the output spec-
tral density Sy) (z) and power spectrum Sy, (w) and plot it roughly versus frequency.
(b) Compute the output autocorrelation Ry, (k) for all lags k.
(c) Compute the noise reduction ratio of this filter.

(d) What signal s(n) can pass through this filter and remain entirely unaffected (at least
in the steady-state regime)?

(e) How can the filter coefficients be changed so that (i) the noise reduction capability
of the filter is improved, while at the same time (ii) the above signal s(n) still goes
through unchanged? Explain any tradeoffs.
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Computer Experiment. (a) Generate 1000 samples of a zero-mean, unit-variance, white gaus-
sian noise sequence x(n), n = 0,1,...,999, and filter them through the filter defined by the
difference equation:

y(n)=ay(n-1)+(1 -a)x(n)

with a = 0.95. To avoid the transient effects introduced by the filter, discard the first 900
output samples and save the last 100 samples of y (n). Compute the sample autocorrelation
of y(n) from this length-100 block of samples.

(b) Determine the theoretical autocorrelation Ry, (k), and on the same graph, plot the
theoretical and sample autocorrelations versus k. Do they agree?

Following the procedure of Example (2.6.1), rederive the results of Egs. (2.6.2) and (2.6.4) for
the first-order predictor using the correlation canceling formulation of Sect. 1.4.

Lety(n)= (1,1,1,1) forn = 0, 1, 2, 3. We want to “predict” the fifth sample in this sequence,
that is, the value of y (4).

(a) Compute the sample autocorrelation of this sequence.

(b) Using the Yule-Walker method, determine the best first order predictor of the form
y(n)=-ay(n-1)

What is the predicted value of the fifth sample? What is the mean-square prediction
error?

(c) Since we only have sample autocorrelations to work with, let us define the gapped
function g (k) as the convolution of the prediction-error filter (1, a;) with the sample
autocorrelation Ryy (k), in accordance with Eq. (2.7.2). Verify that g(k) has a gap of
length one.

(d) It is desired next, to determine the best second-order predictor. Using the gapped
function g (k), construct a new gapped function g’ (k) having a gap of length two.
Determine the prediction-error filter (1, aj, a3).

(e) Compute the predicted value of the fifth sample in this case, and the mean-square
prediction error. Is the predicted fifth value what you expected? Is the value predicted
by the second-order predictor “better” than that predicted by the first-order predictor?

(f) Determine the zeros of the prediction filter (1,a},a,) and verify that they lie inside
the unit circle in the z-plane.

Repeat parts (a) and (b) of Problem 2.12 for the sequence y, = (—1,1,—1,1). Repeat for
yn=(1,2,3,4).

Show that the inverse lattice filter of Fig. 2.23 is realized as

yn \ +®‘ en
+
Y
z-1 U "

Show that the transfer function from e, to y, is the synthesis filter 1/A(z). (Note the
different sign conventions at the upper adder.)

The second-order synthesis lattice filter is realized as follows:

e
n ’
In P~ e
+ +
%P %
T, ' ’;‘ T r,
+\1V +U n

Show that the transfer function from e, to y, is the synthesis filter 1/A’ (z).
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2.16 Consider the second-order prediction-error filter A’ (z) given in Eq. (2.7.6). Show that the
quadratic norm of the synthesis filter 1/A’ (z) is given by

fr v dz 1
we A (2)A(z7Y) 2mjz (1—-y3) (1—y3)

1
A
where y; and y» are the corresponding reflection coefficients. (Hint: factor A’ (z) into its
zeros, which are both inside the unit circle, perform the indicated contour integration, and

rewrite the result in terms of y; and y».) This result was used in Section 2.8 in the discussion
of the channel errors in DPCM systems.
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Spectral Factorization

In this chapter, we discuss the concept of minimum-phase signals and filters, state the
spectral factorization theorem, and demonstrate its importance in making signal mod-
els, and present a proof of the minimum-phase property of the prediction-error filter of
linear prediction.

3.1 Minimum-Phase Signals and Filters

A minimum-phase sequence a = [do,dy,...,dy] has a z-transform with all its zeros
inside the unit circle in the complex z-plane

1

AZ)=ap+a1z '+ +auzM=a0(1-21zY)Y Q1 -2oz7Y)- - (1—zyz™") (3.1.1)

with |z;| < 1,i=1,2,...,M. Such a polynomial is also called a minimum-delay polyno-
mial. Define the following related polynomials:

A*(z) =af +afz ' +--- +aj;z ™ = complex-conjugated coefficients
A(z) =a¥ +afz+---+ajz™ = conjugated and reflected
AR(z) =a}; +a};_,z7' + - - - + alz™ = reversed and conjugated
We note the relationships:
A(z)=A*(z7Y) and AR(2)=zMA(z)=zMA*(z7)) (3.1.2)

We also note that when we set z = e/ to obtain the corresponding frequency re-
sponses, A (w) becomes the complex conjugate of A (w)

A(w)=A(w)* (3.1.3)
It is easily verified that all these polynomials have the same magnitude spectrum:
JA(w)* = JA(w) > = [A* (w) |* = [AR (w) |? (3.1.4)

For example, in the case of a doublet a = (ao, a;) and its reverse af = (af, ay), we
verify explicitly

|A(w)|° = A(w)A(w)* = (ap + are™®) (af + afe/®)
= (af + afe™®) (a) + ape’™®)

= AR () AR (w)* = |AR () |2



3.2. Partial Energy and Minimal Delay 107

Thus, on the basis the magnitude spectrum, one cannot distinguish the doublet
a = (ap,a;) from its reverse ak = (af,af). In the more general case of a polynomial
of degree M, factored into doublets as in Eq. (3.1.1), we note that each doublet can be
replaced by its reverse

(1,-z))— (-=zf,1) or (1-ziz Y- (~-zf +z71)

without affecting the overall magnitude spectrum |A (w)|?. Since there are M such
factors, there will be a total of 2 different Mth degree polynomials, or equivalently,
2M different length- (M + 1) sequences, all having the same magnitude spectrum. Every
time a factor (1 — z;z~!) is reversed to become (—Z,?|< + z~1), the corresponding zero
changes from z = z; to z = I/Z;k. If z; is inside the unit circle, the l/Z,?k is outside, as
shown

1z}

Zi

unit circle

To enumerate all these sequences, start by taking all zeros z; to be inside the unit
circle and successively keep reversing each factor until all 2 possibilities have been
exhausted. At the last step, all the factors will have been flipped, corresponding to
all the zeros being outside the unit circle. The resulting polynomial and sequence are
referred to as having maximal phase, or maximal delay. As an example consider the two
doublets

a=(2,1) and b= (3,2)

and form the four different sequences, where * denotes convolution:
co=axb =(2,1)%(3,2)=(6,7,2), Co(z)=A(z)B(2)
a=af*xb =(1,2)%(3,2) = (3,8,4), Ci(z)= AR(2)B(z2)
c=axbf =(2,1)%(2,3) = (4,8,3), Ca(2)=A(2)BR(2)
c;=af xb®=(1,2)%(2,3) = (2,7,6), C3(2)=A(2)B(2)

All four sequences have the same magnitude spectrum.

3.2 Partial Energy and Minimal Delay

Since the total energy of a sequence a = (ap, a,...,dy) is given by Parseval’s equality

M ™

dw
S Jaml? =j A2 52
m=0 - m

it follows that all of the above 2™ sequences, having the same magnitude spectrum, will
also have the same total energy. However, the distribution of the total energy over time
may be different. And this will allow an alternative characterization of the minimum
phase sequences, first given by Robinson. Define the partial energy by

n
Pa(n)= > laml® = laol* +|lai/*+ -+ lanl*, n=0,1,....M
m=0
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then, for the above example, the partial energies for the four different sequences are
given in the table

C | C | C | C

P) 36| 9 |16]| 4

P(1) |8 | 73|80 53

P(2) | 8989|8989

We note that ¢y which has both its zeros inside the unit circle (i.e., minimal phase) is
also the sequence that has most of its energy concentrated at the earlier times, that is,
it makes its impact as early as possible, with minimal delay. In contrast, the maximal-
phase sequence c3 has most of its energy concentrated at its tail thus, making most of
its impact at the end, with maximal delay.

3.3 Invariance of the Autocorrelation Function

This section presents yet another characterization of the above class of sequences. It
will be important in proving the minimum-phase property of the linear prediction filters.
The sample autocorrelation of a (possibly complex-valued) sequencea = (ag, dy,...,dy)

is defined by
M-k

Raa (k) = Z amkaﬁ, for 0<k<M
n=0 (3.3.1)

Raa(k) = Raa(=k)*, for —-M<k<-1
It is easily verified that the corresponding power spectral density is factored as
M -
Saa(z)= > Raa(k)z™* = A(2)A(2) (3.3.2)
k=—M
The magnitude response is obtained by setting z = e/®
Saa(w) = |A(w)|? (3.3.3)

with an inversion formula

Raak)= [ 14 () [Feret dw
™

(3.3.4)

It follows from Eq. (3.3.4) that the above 2M different sequences having the same
magnitude spectrum, also have the same sample autocorrelation. They cannot be distin-
guished on the basis of their autocorrelation. Therefore, there are 2™ different spectral
factorizations of S;,(z) of the form

Saa(z)=A(2)A(z) (3.3.5)

but there is only one with minimum-phase factors. The procedure for obtaining it is
straightforward: Find the zeros of S, (z), which come in pairs z; and 1/z}", thus, there
are 2M such zeros. And, group those that lie inside the unit circle into a common factor.
This defines A (z) as a minimum phase polynomial.

3.4 Minimum-Delay Property

Here, we discuss the effect of flipping a zero from the inside to the outside of the unit
circle, on the minimum-delay and minimum-phase properties of the signal. Suppose
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A (z) is of degree M and has a zero z; inside the unit circle. Let B(z) be the polynomial
that results by flipping this zero to the outside; that is, z; — 1/zF

A(z) = (1 -2z,z"Y)F(2)
(3.4.1)
B(z) = (—zf +z71)F(2)

where F(z) is a polynomial of degree M — 1. Both A(z) and B(z) have the same mag-
nitude spectrum. We may think of this operation as sending A (z) through an allpass
filter

—z¥+z71
1-2z1z71

In terms of the polynomial coefficients, Eq. (3.4.1) becomes

B(z)= A(z)

an = fn— Z1fn1

(3.4.2)
by = ~z{fn+ fn
forn=0,1,...,M, from which we obtain
lan|® = 1bnl* = (1= 1211%) (Ifal® = [fn-11%) (34.3)
Summing to get the partial energies, P, (n) = >, _ lam|?, we find
Pa(n)-Py(n)= (1 —1z,1%)Ifnl?, n=0,1,...,.M (3.4.4)

Thus, the partial energy of the sequence a remains greater than that of b for all times
n; that is, A(z) is of earlier delay than B(z). The total energy is, of course, the same
as follows from the fact that F(z) is of degree M — 1, thus, missing the Mth term or
fuv = 0. We have then
P,(n)>Py(n), n=0,1,...,.M

and in particular
P,(M)=P,(M) and P,(0)= Py(0)

The last inequality can also be stated as |ag| > |by|, and will be important in our
proof of the minimum-phase property of the prediction-error filter of linear prediction.

3.5 Minimum-Phase Property

The effect of reversing the zero z; on the phase responses of A (z) and B(z) of Eq. (3.4.1)
can be seen as follows. For z = /%, define the phase lag as the negative of the phase
response

A(w) = |A(w)]|e/Arsl@

04 (w) = —Arg(w) = phase-lag response

and similarly for B (z). Since A (w) and B (w) have the same magnitude, they will differ
only by a phase

— —jw Jjw
1-2ze e Z i (w)

A(w) el (08=04) _ — — o

B(w) —zf +ejw 1 - zfelw

where ¢ (w) is the phase-response of the all-pass factor (e/® —z;) /(1 -z} e/®), so that
O0p(w)—04(w)= ¢ (w). By taking derivatives with respect to w in the above definition
of ¢ (w), it can be easily shown that

dp(w)  1-1z]?

= >0
dw |ejwle|2
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which shows that ¢ (w) is an increasing function of w. Thus, over the frequency interval
0 < w < 1, we have ¢ (w) = ¢ (0). It can be verified easily that ¢ (0) = —2¢(, where
¢o is the angle with the x-axis of the line between the points z; and 1, as shown in the
figure below.

1/zf
Z]
® dop |1
0 ~by
zf
unit circle 1/z,

Thus, we have 0 — 04 > ¢ > —2¢¢. The angle ¢y is positive, if z; lies within the
upper half semi-circle, and negative, if it lies in the lower semi-circle; and, ¢ is zero
if z; lies on the real axis. If z; is real-valued, then 0 > 04 for 0 < w < m. If z;
is complex valued and we consider the combined effect of flipping the zero z; and its
conjugate z7, that is, A(z) and B(z) are given by

A(z) = (1-z1z7H (A -zFz Y)F(2)
B(z) = (—zf +z7 V) (~z1 + z7H)F(2)

then, for the phase of the combined factor

elw —z,  eJ®—zF
1-zfelw 1-zje/w

el (w) —

we will have ¢ (w)= (—2¢o)+(2¢9) = 0, so that O (w)—-04 (w)= P (w)= 0.

Thus, the phase lag of A (z) remains smaller than that of B(z). The phase-lag curve
for the case when A (z) has all its zeros inside the unit circle will remain below all the
other phase-lag curves. The term minimum-phase strictly speaking means minimum
phase lag (over 0 < w < ).

3.6 Spectral Factorization Theorem

We finish our digression on minimum-phase sequences by quoting the spectral factor-
ization theorem [5].

Any rational power spectral density Sy, (z) of a (real-valued) stationary signal y,
can be factored in a minimum-phase form

Syy(2)=0?B(z)B(z™)) (3.6.1)
where N )
zZ

B(z)= D& (3.6.2)

with both D (z) and N (z) being minimum-phase polynomials; that is, having all their
zeros inside the unit circle. By adjusting the overall constant g2, both D (z) and N (z)
may be taken to be monic polynomials. Then, they are unique.

This theorem guarantees the existence of a causal and stable random signal generator
filter B (z) for the signal y,, of the type discussed in Section 1.11:

o] o
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with €, white noise of variance ¢2. The minimum-phase property of B(z) also guaran-
tees the stability and causality of the inverse filter 1/B(z), that is, the whitening filter

Vn 1/B(z) €, = white noise

The proof of the spectral factorization theorem is straightforward. Since Sy, (z) is
the power spectral density of a (real-valued) stationary process y,, it will satisfy the
symmetry conditions Syy (z)= Sy, (z7!). Therefore, if z; is a zero then 1/z; is also
a zero, and if z; is complex then the reality of R, (k) implies that z; will also be a
zero. Thus, both z; and 1/z;" are zeros. Therefore, the numerator polynomial of Syy (2)
is of the type of Eq. (3.3.5) and can be factored into its minimum phase polynomials
N (z)N(z™1). This is also true of the denominator of Syy (2).

All sequential correlations in the original signal y, arise from the filtering action of
B(z) on the white-noise input €,. This follows from Eq. (2.1.14):

Ryy (k)= 02> bpikbn, B(2)= Y byz™" (3.6.3)
n n=0

Effectively, we have modeled the statistical autocorrelation Ry, (k) by the sample au-
tocorrelation of the impulse response of the synthesis filter B(z). Since B(z) is causal,
such factorization corresponds to an LU, or Cholesky, factorization of the autocorrela-
tion matrix.

This matrix representation can be seen as follows: Let B be the lower triangular
Toeplitz matrix defined exactly as in Eq. (1.11.2)

bpi = bn-i
and let the autocorrelation matrix of y, be
Ryy(ivj) = Ryy(i -J
Then, the transposed matrix B will have matrix elements
(B") ni= bi-n
and Eq. (3.6.3) can be written in the form

Ryy(iaj) = Ryy(i _.j)= O_E zbnﬂ'—jbn = O_E zbi—kbj—k
n k

= 02> (B)ix(BT)ij= 02(BBT)
K

Thus, in matrix notation
R,y = o?BBT (3.6.4)

This equation is a special case of the more general LU factorization of the Gram-
Schmidt construction given by Eq. (1.5.17). Indeed, the assumption of stationarity im-
plies that the quantity

02 = E[€2]

is independent of the time n, and therefore, the diagonal matrix Rec of Eq. (1.5.17)
becomes a multiple of the identity matrix.
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3.7 Minimum-Phase Property of the Prediction-Error Filter

As mentioned in Section 2.8, the minimum-phase property of the prediction-error filter
A (z) of linear prediction is an important property because it guarantees the stability
of the causal inverse synthesis filter 1/A(z). There are many proofs of this property
in the literature [6-10]. Here, we would like to present a simple proof [11] which is
based directly on the fact that the optimal prediction coefficients minimize the mean-
square prediction error. Although we have only discussed first and second order linear
predictors, for the purposes of this proof we will work with the more general case of an
Mth order predictor defined by

Yn=—laiyn-1 + a2yn-—2+ -+ +auyn-ml

which is taken to represent the best prediction of y, based on the past M samples
Yn = 1{Vn-1,Yn-2,...,¥n-m}. The corresponding prediction error is

en=Yn—Yn=Yn+Q1Yn-1 +A2Yn-2+ "+ +aMYyn-M

The best set of prediction coefficients {a, az,...apy} is found by minimizing the
mean-square prediction error

M
Elar,az,...an) = Elefienl= > anElVi_pyn-rlax
m,k=0
(3.7.1)
M M
= > aiRy(k—-m)ax= > a}Ryy(m—k)ax
m,k=0 m,k=0

where we set ap = 1. For the proof of the minimum phase property, we do not need
the explicit solution of this minimization problem; we only use the fact that the optimal
coefficients minimize Eq. (3.7.1). The key to the proof is based on the observation that
(3.7.1) can be written in the alternative form

M
£@= > Ryy(K)Raa(k) (3.7.2)
k=—-M

where R, (k) is the sample autocorrelation of the prediction-error filter sequence a =
[1,a1,as,...,am]T as defined in Eq. (3.3.1). The equivalence of Egs. (3.7.1) and (3.7.2)
can be seen easily, either by rearranging the summation indices of (3.7.1), or by using
the results of Problems 2.3 and 2.5.

Example 3.7.1: We demonstrate this explicitly for the M = 2 case. Using the definition (3.3.1)

we have ) ) ) ) )
Raa(0) = lagl” + |a11° + |az|” = 1 + |a1|° + |az|

Raa(1) = Raa(—1)*= alag Jrazai< =a +a2ai*
Raa(2) = Raa(-2)*= azai = ax

Since yy, is real-valued stationary, we have Ry, (k) = Ry, (=k). Then, Eq. (3.7.1) becomes

explicitly
M Ryy(0) Ry, (1) Ryy(2) 1
E@= > ahRy(m-Kax=I[1,a}f,a;]| Ryy(1) Ry (0) Ry (1) a
m,k=0 Ryy(0) Ry, (1) Ryy(2) a

=Ry, (0)[1 +afa; +afa1+Ryy (1) [(a1 + azai)+ (af + afai)] + Ry, (2) [az + a}]

= Ryy(O)Raa (O) +Ryy(1) [Raa(1)+Raa(_1)] + Ryy(z) [Raa (2)+Raa(_2)] O
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Leta = [1,a1,d>,...,am]T be the optimal set of coefficients that minimizes £(a)
and let z;,i = 1,2...,M, be the zeros of the corresponding prediction-error filter:

2hiitayuz M=(1-z1zHA =2z - 1 —2zyz™Y) (3.7.3)

1+ a1271 +dxz-
Reversing any one of the zero factors in this equation, that is, replacing (1-z;z~') by
its reverse (—z + z71), results in a sequence that has the same sample autocorrelation
as a. As we have seen, there are 2M such sequences, all with the same sample autocorre-
lation. We would like to show that among these, a is the one having the minimum-phase
property.
To this end, let b = [bg, b1,...bym]T be any one of these 2M sequences, and define
the normalized sequence

c=b/by = [l,bl/bo,bz/bo,...bM/bo]T (3.7.4)

Using the fact that b has the same sample autocorrelation as a, we find for the sample
autocorrelation of c:

Rec (k)= Rpp (K) /1bo|* = Raq (k) / |bol? (3.7.5)

The performance index (3.7.2) evaluated at c is then

M M
@)= > Ry (K)Rec(k)= > Ryy(k)Raq(k)/|bol? (3.7.6)
k=-M k=—-M
or,
E(c)= E(a)/|bol? (3.7.7)

Since a minimizes &, it follows that £(c) > £(a). Therefore, Eq. (3.7.7) implies that
[bol <1 (3.7.8)

This must be true of all bs in the above class. Eq. (3.7.8) then, immediately implies the
minimum-phase property of a. Indeed, choosing b to be that sequence obtained from
(3.7.3) by reversing only the ith zero factor (1 — z;z~!) and not the other zero factors,
it follows that

bo = —Zj

and therefore Eq. (3.7.8) implies that
lzil <1 (3.7.9)

which shows that all the zeros of A(z) are inside the unit circle and thus, A(z) has
minimum phase. An alternative proof based on the Levinson recursion and Rouche’s
theorem of complex analysis will be presented in Chapter 5.

3.8 Problems

3.1 Prove Eq. (3.3.2).
3.2 Using Eq. (3.4.1), show Egs. (3.4.3) and (3.4.4).

3.3 A random signal y, has autocorrelation function
Ryy (k)= (0.5)%, for all k

Find a random signal generator model for y,,.
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3.4 Repeat Problem 3.3 when
Ryy (k)= (0.5)%14(~0.5)K | for all k

3.5 The autocorrelation function of a stationary random signal y (n) is

1-R?
1+R2

Ry, (k)= Rl cos(mk/2), forallk, where0 <R <1

(a) Compute the power spectrum Sy, (w) of y(n) and sketch it versus frequency for
various values of R.

(b) Find the signal generator filter for y (n) and determine its difference equation and its
poles and zeros.

3.6 A stationary random signal y, has a rational power spectral density given by

2.18-0.6(z+2z71)

S @)= s 05z 20)

Determine the signal model filter B (z) and the parameter o2, Write the difference equation
generating yy.

3.7 Lety, = cx, + vp. Itis given that

Q

S = M a1 -az)

, Sw(@)=R, Sw(z)=0
where a, ¢, Q, R are known constants (assume |a| < 1) for the stability of x,.)

(a) Show that the filter model for y, is of the form

1-fz7!

B(z)=
(2) 1-—az!

where f has magnitude less than one and is the solution of the algebraic quadratic
equation

aR(1+f?)=[c*Q+R1+a®>]f

and show that the other solution has magnitude greater than one.

(b) Show that f can alternatively be expressed as
Ra
f= R+ c2P

where P is the positive solution of the quadratic equation

PRa?
Q=P- 5
R +c?pP
known as the algebraic Riccati equation. Show that the other solution is negative.
Show that the positivity of P is essential to guarantee that f has magnitude less than
one.

e

Show that the scale factor g2 that appears in the spectral factorization (3.6.1) can also
be expressed in terms of P as

02 =R+ P
The above method of solution of the spectral factorization problem by reducing it to the

solution of an algebraic Riccati equation is quite general and can be extended to the multi-
channel case.
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Consider a stable (but not necessarily causal) sequence b, —c < n < oo with a z-transform
B(z)

B(z)= Z bpz "

n=—o0

Define an infinite Toeplitz matrix B by
Bpi =by-i, for —co <n,i <o

This establishes a correspondence between stable z-transforms or stable sequences and
infinite Toeplitz matrices.

(a) Show that if the sequence b, is causal, then B is lower triangular, as shown here

i

n

In the literature of integral operators and kernels, such matrices are rotated by 90°
degrees as shown:

n

so that the n axis is the horizontal axis. For this reason, in that context they are called
“right Volterra kernel,” or “causal kernels.”

g

Show that the transposed BT corresponds to the reflected (about the origin) sequence
b_p and to the z-transform B(z1).

e

Show that the convolution of two sequences a, and b,
ch=ap*b, or C(z)=A(z)B(z)
corresponds to the commutative matrix product

C=AB=BA

3.9 Prove Eq. (3.7.2) for any M.

3.9

References

E. Robinson and S. Treitel, Geophysical Signal Analysis, Englewood Cliffs, NJ, Prentice-Hall,
1980.

. E. A. Robinson, Statistical Communication and Detection, New York, Hafner, 1967.

. E. A. Robinson, Multichannel Time-Series Analysis with Digital Computer Programs, (2nd

ed.), Houston, TX, Goose Pond Press, 1983.

. A.V.Oppenheim and R. W. Schafer, Digital Signal Processing, Englewood Cliffs, NJ, Prentice-

Hall, 1975.

. P. Whittle, Prediction and Regulation, New York, Van Nostrand Reinhold, 1963.
. J. D. Markel and A. H. Gray, Jr., Linear Prediction of Speech, New York, Springer-Verlag,

1976.

. E. A. Robinson and S. Treitel, Digital Signal Processing in Geophysics, in A. V. Oppenheim,

Ed., Applications of Digital Signal Processing, Englewood Cliffs, NJ, Prentice-Hall, 1978.

. S. Lang and J. McClellan, A Simple Proof of Stability for All-Pole Linear Prediction Models,

Proc. IEEE, 67, 860-861 (1979).



116 3. Spectral Factorization

9. S.Kay and L. Pakula, Simple Proofs of the Minimum Phase Property of the Prediction Error
Filter, IEEE Trans. Acoust., Speech, Signal Process., ASSP-31, 501 (1983).

10. P. Stoica and A. Nehorai, On Stability and Root Location of Linear Prediction Models, IEEE
Trans. Acoust., Speech, Signal Process., ASSP-35, 582 (1987).

11. S. J. Orfanidis, A Proof of the Minimal Phase Property of the Prediction Error Filter, Proc.
IEEE, 71, 905 (1983).



4

Linear Estimation of Signals

The problem of estimating one signal from another is one of the most important in
signal processing. In many applications, the desired signal is not available or observable
directly. Instead, the observable signal is a degraded or distorted version of the original
signal. The signal estimation problem is to recover, in the best way possible, the desired
signal from its degraded replica.

We mention some typical examples: (1) The desired signal may be corrupted by
strong additive noise, such as weak evoked brain potentials measured against the strong
background of ongoing EEGs; or weak radar returns from a target in the presence of
strong clutter. (2) An antenna array designed to be sensitive towards a particular “look”
direction may be vulnerable to strong jammers from other directions due to sidelobe
leakage; the signal processing task here is to null the jammers while at the same time
maintaining the sensitivity of the array towards the desired look direction. (3) A signal
transmitted over a communications channel can suffer phase and amplitude distortions
and can be subject to additive channel noise; the problem is to recover the transmitted
signal from the distorted received signal. (4) A Doppler radar processor tracking a
moving target must take into account dynamical noise—such as small purely random
accelerations—affecting the dynamics of the target, as well as measurement errors. (5)
Animage recorded by an imaging system is subject to distortions such as blurring due to
motion or to the finite aperture of the system, or other geometric distortions; the prob-
lem here is to undo the distortions introduced by the imaging system and restore the
original image. A related problem, of interest in medical image processing, is that of re-
constructing an image from its projections. (6) In remote sensing and inverse scattering
applications, the basic problem is, again, to infer one signal from another; for example,
to infer the temperature profile of the atmosphere from measurements of the spectral
distribution of infrared energy; or to deduce the structure of a dielectric medium, such
as the ionosphere, by studying its response to electromagnetic wave scattering; or, in
oil exploration to infer the layered structure of the earth by measuring its response to
an impulsive input near its surface.

In this chapter, we pose the signal estimation problem and discuss some of the
criteria used in the design of signal estimation algorithms.

We do not present a complete discussion of all methods of signal recovery and es-
timation that have been invented for applications as diverse as those mentioned above.
Our emphasis is on traditional linear least-squares estimation methods, not only be-
cause they are widely used, but also because they have served as the motivating force
for the development of other estimation techniques and as the yardstick for evaluating
them.

We develop the theoretical solution of the Wiener filter both in the stationary and
nonstationary cases, and discuss its connection to the orthogonal projection, Gram-
Schmidt constructions, and correlation canceling ideas of Chapter 1. By means of an
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example, we introduce Kalman filtering concepts and discuss their connection to Wiener
filtering and to signal modeling. Practical implementations of the Wiener filter are dis-
cussed in Chapters 5 and 7. Other signal recovery methods for deconvolution appli-
cations that are based on alternative design criteria are briefly discussed in Chapter
5, where we also discuss some interesting connections between Wiener filtering/linear
prediction methods and inverse scattering methods.

4.1 Linear and Nonlinear Estimation of Signals

The signal estimation problem can be stated as follows: We wish to estimate a random
signal x,, on the basis of available observations of a related signal y,. The available
signal y, is to be processed by an optimal processor that produces the best possible
estimate of x,:

optimum

A .
— =
processor Xp, = best estimate of X,

Yn —™

The resulting estimate X, will be a function of the observations y,. If the optimal
processor is linear, such as a linear filter, then the estimate X,, will be a linear function
of the observations. We are going to concentrate mainly on linear processors. However,
we would like to point out that, depending on the estimation criterion, there are cases
where the estimate X, may turn out to be a nonlinear function of the yys.

We discuss briefly four major estimation criteria for designing such optimal proces-
sors. They are:

(1) The maximum a posteriori (MAP) criterion.
(2) The maximum likelihood (ML) criterion.
(3) The mean square (MS) criterion.

(4) The linear mean-square (LMS) criterion.

The LMS criterion is a special case of the MS criterion. It requires, a priori, that the
estimate X, be a linear function of the y,s. The main advantage of the LMS processor
is that it requires only knowledge of second order statistics for its design, whereas the
other, nonlinear, processors require more detailed knowledge of probability densities.

To explain the various estimation criteria, let us assume that the desired signal x,
is to be estimated over a finite time interval n, < n < n; Without loss of generality, we
may assume that the observed signal y,, is also available over the same interval. Define
the vectors

Xng Yng

Xng+1 Yng+1
X = . y Y=

an )’nb

For each value of n, we seek the functional dependence
Xn=Xn(y)
of X, on the given observation vector y that provides the best estimate of x,,.

1. The criterion for the MAP estimate is to maximize the a posteriori conditional
density of x,, given that y already occurred; namely,

p (xn|y) = maximum (4.1.1)

TNote that the acronym LMS is also used in the context of adaptive filtering, for least mean-square.
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in other words, the optimal estimate X, is that x,, that maximizes this quantity
for the given vector y; X, is therefore the most probable choice resulting from the
given observations vy.

2. The ML criterion, on the other hand, selects X, to maximize the conditional density
of y given xj,, that is,
p (v]x,) = maximum (4.1.2)

This criterion selects X, as though the already collected observations y were the
most likely to occur.

3. The MS criterion minimizes the mean-square estimation error

E=E[e?]=min, where e, =x,— Xy (4.1.3)

that is, the best choice of the functional dependence %, = X, (y) is sought that
minimizes this expression. We know from our results of Section 1.4 that the
required solution is the corresponding conditional mean

Xn = E[xnly]l= MS estimate (4.1.4)

computed with respect to the conditional density p (x,|y).

4. Finally, the LMS criterion requires the estimate to be a linear function of the ob-

servations
np

Xn= > h(n,iy; (4.1.5)

i=ng

For each n, the weights h(n,i), n, < i < np are selected to minimize the mean-
square estimation error

& =E[e2]= E[ (xn — &y)?] = minimum (4.1.6)

With the exception of the LMS estimate, all other estimates X, (y) are, in general,
nonlinear functions of y.

Example 4.1.1: If both X, and y are zero-mean and jointly gaussian, then Examples 1.4.1 and
1.4.2 imply that the MS and LMS estimates of x,, are the same. Furthermore, since p (x,|y)
is gaussian it will be symmetric about its maximum, which occurs at its mean, that is, at
E[x,|y]. Therefore, the MAP estimate of x,, is equal to the MS estimate. In conclusion, for
zero-mean jointly gaussian X, and y, the three estimates MAP, MS, and LMS coincide. O

Example 4.1.2: To see the nonlinear character and the differences among the various estimates,
consider the following example: A discrete-amplitude, constant-in-time signal x can take
on the three values

each with probability of 1/3. This signal is placed on a known carrier waveform ¢, and
transmitted over a noisy channel. The received samples are of the form

Yn=CnX+Vy, n=12,...,M

where v, are zero-mean white gaussian noise samples of variance (T?,, assumed to be inde-
pendent of x. The above set of measurements can be written in an obvious vector notation

y=CX+V

(a) Determine the conditional densities p (y|x) and p(x|y).
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(b) Determine and compare the four alternative estimates MAP, ML, MS, and LMS.

Solution: To compute p (y|X), note that if x is given, then the only randomness left in y arises
from the noise term v. Since v, are uncorrelated and gaussian, they will be independent;

therefore,
M o\ —M/2 1<
pyIX) =pW=[Tpvm = 2moy) " Fexw| =225 3 vi
n=1 V n=1
= (2ro2) M exp [— ! V2i| = (2rmo2) M exp [7L(y7cx)2]
v 20% v 20%

Using Bayes’ rule we find p (x|y)= p(y|x)p(x) /p(y). Since

[6x-1)+6(x)+6(x+1)]

W | =

p(x)=
we find
p(xly)= %[n(yll)é(x ~D+p(yl0)s () +p(yl - DS (x +1)]
where the constant A is
A=3p(y)=3 JV(Y\X)p(X)dX =pyl)+p(yl0)+p(yl - 1)
To find the MAP estimate of x, the quantity p (x|y) must be maximized with respect to x.
Since the expression for p (x|y) forces x to be one of the three values +1, 0, —1, it follows

that the maximum among the three coefficients p (y|1), p(y|0), p(y| — 1) will determine
the value of x. Thus, for a given y we select that x that

p(ylx) = maximum of {p (y|1), p(y10), p(yl - 1)}
Using the gaussian nature of p (y|x), we find equivalently
(y — ¢x) %= minumum of{ (y — ¢)?, y?, (y + ¢)?}

Subtracting y? from both sides, dividing by c”¢c, and denoting

_cly
Y cTc
we find the equivalent equation

X2 —2xy = min{l — 2y, 0, 1 + 2y}

and in particular, applying these for +1,0, —1, we find

1
1, ify>=
1 y12 1
Rmap = 0, if7§<)7<é
1
-1, if y<-=

2

To determine the ML estimate, we must maximize p (y|x) with respect to x. The ML esti-
mate does not require knowledge of the a priori probability density p (x) of x. Therefore,
differentiating p (y|x) with respect to x and setting the derivative to zero gives

0 _ 0 - O v ex)?e
axn(y\X)—O or axlnlﬂ(Y|X)—0 or aX(y cx)°=0
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which gives

T
N cy
XML = 7. =Y
cTc

The MS estimate is obtained by computing the conditional mean

Elxly] = pr(xw)dx - jx% [p(yID (X~ 1) 4p(yl0)6()+p(yl - 15 (x + 1) |dx

1

=Z[p(y|1)—p(yl—1)], or,

pyll)-p(yl -1)
p(yl)+p(yl0)+p(yl - 1)

Rus =

Canceling some common factors from the numerator and denominator, we find the simpler
expression
2 sinh (2ay) clc

_SSTILEA) | wh -
ea + 2 cosh(2ay) where - a 20%

Rys =

Finally, the LMS estimate can be computed as in Example 1.4.3. We find

. _ cdy e
XLMS = — 5 )
Y+cc % +clc
o
X X

All four estimates have been expressed in terms of y. Note that the ML estimate is linear
but has a different slope than the LMS estimate. The nonlinearity of the various estimates
is best seen in the following figure:

A
XML
A A
Xms Tl XMAP
A
7 / Tous
-12 -

- )

B e S
-2 /1 12 1 2

4.2 Orthogonality and Normal Equations

From now on, we will concentrate on the optimal linear estimate defined by Egs. (4.1.5)
and (4.1.6). For each time instant n at which an estimate X, is sought, the optimal weights
h(n,i), ng < i < np must be determined that minimize the error criterion (4.1.6). In
general, a new set of optimal weights must be computed for each time instant n. In the
special case when the processes x, and y, are stationary and the observations are avail-
able for a long time, that is, n, = —oo, the weights become time-invariant in the sense
that h(n,i)= h(n — i), and the linear processor becomes an ordinary time-invariant
linear filter. We will discuss the solution for h (n, i) both for the time-invariant and the
more general cases. The problem of determining the optimal weights h (n, i) according
to the mean-square error minimization criterion (4.1.6) is in general referred to as the
Wiener filtering problem [1-11]. An interesting historical account of the development of
this problem and its ramifications is given in the review article by Kailath [12].
Wiener filtering problems are conventionally divided into three types:



122 4. Linear Estimation of Signals

1. The optimal smoothing problem,
2. The optimal filtering problem, and
3. The optimal prediction problem.

In all cases, the optimal estimate of x, at a given time instant n is given by an
expression of the form (4.1.5), as a linear combination of the available observations y;,
in the interval n; < n < ny. The division into three types of problems depends on
which of the available observations in that interval are taken into account in making up
the linear combination (4.1.5).

In the smoothing problem, all the observations in the interval [ng, np] are taken
into account. The shaded part in the following figure denotes the range of observations
that are used in the summation of Eq. (4.1.5):

np ’—‘
Xn = Z h(n,i)y; b

. ny n np
1=Ng

Since some of the observations are to the future of x,, the linear operation is not
causal. This does not present a problem if the sequence y, is already available and
stored in memory.

The optimal filtering problem, on the other hand, requires the linear operation (4.1.5)
to be causal, that is, only those observations that are in the present and past of the
current sample x, must be used in making up the estimate X,,. This requires that the
matrix of optimal weights h (n, i) be lower triangular, that is,

i

h(n,i)=0, for n<i 0

n

Thus, in reference to the figure below, only the shaded portion of the observation
interval is used at the current time instant:

> h(n,i)yi

n, n np

i=ng

The estimate X,; depends on the present and all the past observations, from the fixed
starting point n, to the current time instant n. As n increases, more and more observa-
tions are taken into account in making up the estimate, and the actual computation of
Xn becomes less and less efficient. It is desirable, then, to be able to recast the expres-
sion for &, a time-recursive form. This is what is done in Kalman filtering. But, there is
another way to make the Wiener filter computationally manageable. Instead of allowing
a growing number of observations, only the current and the past M observations y;,
i=n,n—-1,...,n — M are taken into account. In this case, only (M + 1) filter weights
are to be computed at each time instant n. This is depicted below:

n M
o ; [ T
fn= > h(mdyi= Y h(mn—mynm 5y
i=n-M m=0

This is referred to as the finite impulse response (FIR) Wiener filter. Because of its
simple implementation, the FIR Wiener filter has enjoyed widespread popularity. De-
pending on the particular application, the practical implementation of the filter may
vary. In Section 4.3 we present the theoretical formulation that applies to the station-
ary case; in Chapter 5 we reconsider it as a waveshaping and spiking filter and discuss a
number of deconvolution applications. In Chapter 7 we consider its adaptive implemen-
tation using the Widrow-Hoff LMS algorithm and discuss a number of applications such
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as channel equalization and echo cancellation; we also discuss two alternative adaptive
implementations—the so-called “gradient lattice,” and the “recursive least-squares.”
Finally, the linear prediction problem is a special case of the optimal filtering problem
with the additional stipulation that observations only up to time instant n — D must be
used in obtaining the current estimate X,; this is equivalent to the problem of predicting
D units of time into the future. The range of observations used in this case is shown

below:
—» «— D units

n—-D
Rn= > h(ni)y; \ \

i=ngq n, n-D n ny

Of special interest to us will be the case of one-step prediction, corresponding to the
choice D = 1. This is depicted below:

- S hnyi R

i=ng

If we demand that the prediction be based only on the past M samples (from the
current sample), we obtain the FIR version of the prediction problem, referred to as
linear prediction based on the past M samples, which is depicted below:

n-1

T s e

a
i=n-M

Next, we set up the orthogonality and normal equations for the optimal weights. We
begin with the smoothing problem. The estimation error is in this case

np
en=Xn—R&n=xn— > h(n,)y; (4.2.1)
i=ng
Differentiating the mean-square estimation error (4.1.6) with respect to each weight
h(n,i), n, < i < np, and setting the derivative to zero, we obtain the orthogonality
equations that are enough to determine the weights:

o0& _ ﬂ]__ a1 ;
5h(n,i)_2E[e"8h(n,i) = —-2E[e,yil=0, for ny<i<ny, or,

Rey(n,i)= E[enyil= 0 (orthogonality equations) (4.2.2)

for n; < i < np. Thus, the estimation error e, is orthogonal (uncorrelated) to each
observation y; used in making up the estimate X,. The orthogonality equations provide
exactly as many equations as there are unknown weights.

Inserting Eq. (4.2.1) for ey, the orthogonality equations may be written in an equiv-
alent form, known as the normal equations

np
E[(Xi’l_ Z h(n,k))’k))’i]zoy or,
k=ng
np
E[xnyil= Z h(n,k)E[yxyi] (normal equations) (4.2.3)
k=ng

These determine the optimal weights at the current time instant n. In the vector
notation of Section 4.1, we write Eq. (4.2.3) as

Elxy"1= HE[yy™]

where H is the matrix of weights h (n,i). The optimal H and the estimate are then
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% =Hy = E[xy"1E[yy"] 'y

This is identical to the correlation canceler of Section 1.4. The orthogonality equa-
tions (4.2.2) are precisely the correlation cancellation conditions. Extracting the nth row
of this matrix equation, we find an explicit expression for the nth estimate X,

Xn = E[XHYT]E[YYT]71Y

which is recognized as the projection of the random variable x,, onto the subspace
spanned by the available observations; namely, Y = {yn,,Vn,+1,--.,¥n,}. This is a
general result: The minimum mean-square linear estimate X, is the projection of x; onto
the subspace spanned by all the observations that are used to make up that estimate.
This result is a direct consequence of the quadratic minimization criterion (4.1.6) and
the orthogonal projection theorem discussed in Section 1.5.

Using the methods of Section 1.4, the minimized estimation error at time instant n
is easily computed by

np

En = Elenen]= Elenxnl= E[(xa — > h(n,D)yi)xn]

i=ng

= E[xa]l- > h(n,D)E[yixnl= E[xa]-E[xny" 1E[yy" ] 'E[yxn]

i=ng

which corresponds to the diagonal entries of the covariance matrix of the estimation
error e:
Ree = E[ee"]= E[xx" 1-E[xy"1E[yy" 1 'E[yx"]

The optimum filtering problem is somewhat more complicated because of the causal-
ity condition. In this case, the estimate at time n is given by

h(n,i)y; (4.2.4)

1

>
3
I
i
=M=

a

Inserting this into the minimization criterion (4.1.6) and differentiating with respect
to h(n,i) for ng < i < n, we find again the orthogonality conditions

Rey(n,i)=E[enyil=0 for ng<i<n (4.2.5)

where the most important difference from Eq. (4.2.2) is the restriction on the range of
i, that is, e, is decorrelated only from the present and past values of y;. Again, the
estimation error e, is orthogonal to each observation y; that is being used to make up
the estimate. The orthogonality equations can be converted into the normal equations
as follows:

Elenyil=E[(xn— > h(n,k)yx)yi] =0, or,

k=ng
n
E[xpyil= > h(n,k)E[ykyi]l for ng<i=<n, or, (4.2.6)
k=ng
n
Ry (n,i)= > h(n,k)Ryy(k,i) for ng<i<n 4.2.7)

k=ng
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Such equations are generally known as Wiener-Hopf equations. Introducing the vec-
tor of observations up to the current time n, namely,

Yn = W Vg1, ynl"
we may write Eq. (4.2.6) in vector form as
Elxnyhl= [h(n,na),h(n,ng +1),...,h(n,n) |Ely,y}]
which can be solved for the vector of weights
[h(n,na),h(n,ng +1),...,h(n,n) ] = Elxnyg 1Elynys] ™

and for the estimate Xy:

Xn = E[xnYp JE[y,yn1 'y 4.2.8)
Again, X, is recognized as the projection of x, onto the space spanned by the ob-
servations that are used in making up the estimate; namely, Y, = {yn,, Yna+1,---,¥n}-

This solution of Egs. (4.2.5) and (4.2.7) will be discussed in more detail in Section 4.8,
using covariance factorization methods.

4.3 Stationary Wiener Filter

In this section, we make two assumptions that simplify the structure of Egs. (4.2.6) and
(4.2.7). The first is to assume stationarity for all signals so that the cross-correlation
and autocorrelation appearing in Eq. (4.2.7) become functions of the differences of their
arguments. The second assumption is to take the initial time n, to be the infinite past,
N, = —oo, that is, the observation interval is Y, = {y;, —o < i < n}.

The assumption of stationarity can be used as follows: Suppose we have the solution
of h(n,i) of Eq. (4.2.7) for the best weights to estimate x,, and wish to determine the
best weights h(n + d,i), h, < i < n + d for estimating the sample x;.4 at the future
time n + d. Then, the new weights will satisfy the same equations as (4.2.7) with the
changes

n+d
Ry (n+d,i)= > h(n+d,k)Ryy ki), for ng<i<n+d 4.3.1)

k=ngy

Making a change of variables i — i + d and k — k + d, we rewrite Eq. (4.3.1) as

n
Ry (n+d,i+d)= > h(n+d,k+d)Ryy(k+d,i+d), for ng—d<is<n (43.2)
k=ng,—d

Now, if we assume stationarity, Egs. (4.2.7) and (4.3.2) become

n
Ry(n—i) = > h(n,k)Ryy(k—1i), for ng<i<n
k=ng
. (4.3.3)
Ry(n—i)= > h(n+dk+dRy(k-i), for ng—d<i<n
k=n,—-d

If it were not for the differences in the ranges of i and k, these two equations would
be the same. But this is exactly what happens when we make the second assumption
that n; = —oco. Therefore, by uniqueness of the solution, we find in this case

h(n+d,k+d)=h(n,k)
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and since d is arbitrary, it follows that h (n, k) must be a function of the difference of
its arguments, that is,
h(n,k)=h(n-k) (4.3.4)

Thus, the optimal linear processor becomes a shift-invariant causal linear filter and
the estimate is given by

h(n—iy;=> h()yn-i (4.3.5)

o0 i=0

M=

Xn =

and Eq. (4.3.3) becomes in this case
n
Ry(n—i)= > h(nk)Ry(k—1i), for —co<i<n
k=—o0
With the change of variables n —i — n and n — k — k, we find
Ry (n)= > Ryy(n—k)h(k), for n>0 (4.3.6)
k=0

and written in matrix form

Ryy(0)  Ryy(1) Ryy(2) Ryy(3) ---1][ h(0) Ry (0)

Ryy(l) Ryy(o) Ryy(l) Ryy(z) s h(l) ny(l)

Ryy(z) Ryy(l) Ryy(o) Ryy(l) ttt h(2) = ny(2) (4.3.7)
) ( )

Ryy(3) Ryy(2) Ryy(1) Ryy(0) --- || h(3 Ry (3)

These are the discrete-time Wiener-Hopf equations. Were it not for the restriction
n > 0 (which reflects the requirement of causality), they could be solved easily by z-
transform methods. As written above, they require methods of spectral factorization
for their solution.

Before we discuss such methods, we mention in passing the continuous-time version
of the Wiener-Hopf equation:

ny(t):J Ry, (t=t)h(t)dt, t=0
0

We also consider the FIR Wiener filtering problem in the stationary case. The obser-
vation interval in this case is Y, = {y;, n — M < i < n}. Using the same arguments as
above we have h(n,i)= h(n — i), and the estimate X, is obtained by an ordinary FIR
linear filter

Rn= > hm-i)yi=hO)yn+h(Dyp1+ -+ +h(M)ynu (4.3.8)
i=n—-M

where the (M +1) filter weights h(0),h(1),...,h (M) are obtained by the (M +1) X (M +
1) matrix version of the Wiener-Hopf normal equations:

Ryy(o) Ryy(l) Ryy(z) s Ryy(M) h(O) ny(o)
Ryy(l) Ryy(o) Ryy(l) e Ryy(M - 1) h(l) ny(l)
Ryy(z) Ryy(l) Ryy(o) st Ryy(M - 2) h(Z) — ny(Z)
Ryy(M) Ryy(M—-1) Ryy,(M—-2) --- Ry, (0) h(M) Ryy (M)

(4.3.9)
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Exploiting the Toeplitz property of the matrix Ry, the above matrix equation can
be solved efficiently using Levinson’s algorithm. This will be discussed in Chapter 5.
In Chapter 7, we will consider adaptive implementations of the FIR Wiener filter which
produce the optimal filter weights adaptively without requiring prior knowledge of the
autocorrelation and cross-correlation matrices Ry, and Ry, and without requiring any
matrix inversion.

+
Xn -] > €p
Wiener
Yp —> filter M
A
H(z) Xp = ,Z(')/’l(l')J’n—i
i=

Fig. 4.1 Time-Invariant Wiener Filter.

We summarize our results on the stationary Wiener filter in Fig. 4.1. The optimal
filter weights h(n), n = 0,1,2,... are computed from Eq. (4.3.7) or Eq. (4.3.9). The
action of the filter is precisely that of the correlation canceler: The filter processes the
observation signal y,, causally to produce the best possible estimate X, of x,;, and then
it proceeds to cancel it from the output e,. As a result, the output e, is no longer
correlated with any of the present and past values of y,, that is, E[e,y,—i]= 0, for
i=0,1,2,.... As we remarked in Section 1.4, it is better to think of X,, as the optimal
estimate of that part of the primary signal x,, which happens to be correlated with the
secondary signal y,. This follows from the property that if x, = x; (n)+x2(n) with
Rx,y = 0, then Ry, = Ry,y. Therefore, the solution of Eq. (4.3.7) for the best weights to
estimate X, is also the solution for the best weights to estimate x; (nn). The filter may
also be thought of as the optimal signal separator of the two signal components x; (n)
and x> (n).

4.4 Construction of the Wiener Filter by Prewhitening

The normal equations (4.3.6) would have a trivial solution if the sequence y, were a
white-noise sequence with delta-function autocorrelation. Thus, the solution procedure
is first to whiten the sequence y, and then solve the normal equations. To this end, let
Y have a signal model, as guaranteed by the spectral factorization theorem

Syy(z)=02B(z)B(z™") en" Yn (4.4.1)

where €, is the driving white noise, and B(z) a minimal-phase filter. The problem
of estimating X, in terms of the sequence y, becomes equivalent to the problem of
estimating x, in terms of the white-noise sequence €, :

S E) ST

If we could determine the combined filter
F(z)=B(2)H(z)  €n H %,

we would then solve for the desired Wiener filter H (z)

_F(2)
" B(2)

H(z) (4.4.2)
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Since B(z) is minimum-phase, the indicated inverse 1/B(z) is guaranteed to be
stable and causal. Let fy, be the causal impulse response of F(z). Then, it satisfies the
normal equations of the type of Eq. (4.3.6):

Rye(m)= D fiRee(n—1), n=0 (4.4.3)
i=0

Since Rec (n — i)= 028 (n — i), Eq. (4.4.3) collapses to
Rxe(n)= O'Efn, n=0, or

R
fu = "6(”) , for n=0 (4.4.4)
o? €
Next, we compute the corresponding z-transform F (z)

00

F(2)= ) faz "= iz > Rye(n)z " = %[Sxe (2)], (4.4.5)
n=0 €

€n_

where [Sxe (2) ], denotes the causal part of the double-sided z-transform Sy (z). Gen-
erally, the causal part of a z-transform

8] -1 00

G(Z2)= D gnz "= > gnz "+ D> gnz "
n=-c n=-c n=0

is defined as

[G(Z)]+ = Z gnz—n

The causal instruction in Eq. (4.4.5) was necessary since the above solution for
was valid only for n > 0. Since y,, is the output of the filter B(z) driven by €y, it follows

that S (2)
_ z
S (2)= Sxe(2)B(Z™) or Sxe(2)= L1775
Combining Egs. (4.4.2) and (4.4.5), we finally find
1 Sxy (2) ] . :
H(z)= o2B(2) [B(z*l) X (Wiener filter) (4.4.6)

Thus, the construction of the optimal filter first requires the spectral factorization of
Syy () to obtain B(z), and then use of the above formula. This is the optimal realizable
Wiener filter based on the infinite past. If the causal instruction is ignored, one obtains
the optimal unrealizable Wiener filter

Sxy (2) _Sv(2)
O'gB(Z)B(Zﬁl) Syy(z)

Hunreal () = 4.4.7)

The minimum value of the mean-square estimation error can be conveniently ex-
pressed by a contour integral, as follows

E= E[ei]= E[en(xn - f‘n)] = ElenXxn]—Elenknl= El[enxn]= Rex(0)

{ Sa dz__ f [5a2-sw)]

2TMjz 2TTJZ
dz
E= §u.c [Sxx(2)—H(2)Syx(2)] —— 2mjz (4.4.8)
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4.5 Wiener Filter Example

This example, in addition to illustrating the above ideas, will also serve as a short intro-
duction to Kalman filtering. It is desired to estimate the signal x,, on the basis of noisy
observations

Yn =Xn+Vn

where v, is white noise of unit variance, 0'5 = 1, uncorrelated with x,,. The signal x,, is
a first order Markov process, having a signal model

Xn+1 = 0.6x, + wy

where w,, is white noise of variance 02, = 0.82. Enough information is given above to
determine the required power spectral densities Sxy, (z) and Sy (z). First, we note that
the signal generator transfer function for x, is

Y n M(Z)zz—loes

B 0.82 B 0.82
T (z-0.6)(z1-0.6)  (1-0.6z"1)(1-0.62)

so that

Sw(2)=02M(z)M (z71)

Then, we find

0.82
(1-0.6z71)(1-0.62)

Sxy (z) = Sx(x+v) (z)= Sxx () +Sxv (2) = Sxx(2) =

Syy (z) = S (x+v) (x+v) (z) = Sxx (2) +Sxv (2) +Svx (2) + S\ (Z2) = Sxx (2) +Svv (2)

B 0.82 1o 0.82 + (1 —0.6z71) (1 —0.62)

T (1-0.62z71) (1 -0.62) B (1-0.6z71)(1-0.62)

_2(1-0321)(1-032) _, 1-03z' 1-03z
(1-0.6z"1)(1-0.62) 1-0.6z71 1-0.6z

o2B(z)B(z™1)

Then according to Eq. (4.4.6), we must compute the causal part of

0.82
Gz)= Sxy(z2) _ (1-0.6z71)(1-0.62) _ 0.82
B(z71) 1-0.3z (1-0.6z71)(1-0.32)
1-0.6z

This may be done by partial fraction expansion, but the fastest way is to use the
contour inversion formula to compute gi for k > 0, and then resum the z-transform:

7§ Glzyzk 92 7; 0.82zF dz
gk = we. 2mjz  Jue (1 -0.32) (z—0.6) 2mj
k
= (residue at z = 0.6) = % = (0.6)k, k=0

Resumming, we find the causal part

1

_ —k _
[G@)]. = gogkz 1-0.6z1

Finally, the optimum Wiener estimation filter is
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1 Sxy (2) ] [G(2)] 0.5
H(z)= [ = + = 4.5.1
D= 55 LBz 1.~ 02B(z) ~1-0.32 (45.1)
which can be realized as the difference equation
fn= 0381 +05y, = HE) |~ 4.5.2)

The estimation error is also easily computed using the contour formula of Eq. (4.4.8):

E=E[el]=0? = { [Sw(2)—H (2)Syx () ] zij,z - 05

To appreciate the improvement afforded by filtering, this error must be compared
with the error in case no processing is made and y, is itself taken to represent a noisy
estimate of x,,. The estimation error in the latter case is y, — X, = Vj, so that (73 =1.
Thus, the gain afforded by processing is

o

— =05 or 3dB
gy

4.6 Wiener Filter as Kalman Filter

We would like to cast this example in a Kalman filter form. The difference equation
(4.5.2) for the Wiener filter seems to have the “wrong” state transition matrix; namely,
0.3 instead of 0.6, which is the state matrix for the state model of x,. However, it is not
accidental that the Wiener filter difference equation may be rewritten in the alternative
form

Xn =0.6%,-1 + 0.5y — 0.6%-1)

The quantity &, is the best estimate of x,, at time n, based on all the observations
up to that time, that is, Y, = {y;, —o < i < n}. To simplify the subsequent notation,
we denote it by &y, It is the projection of x,, on the space Y. Similarly, X,-; denotes
the best estimate of x,_1, based on the observations up to time n — 1, thatis, Y,-1 =
{yi, —o0 <i < n —1}. The above filtering equation is written in this notation as

Xn/n = 0.6&n-1/n-1 +0.5(Yn — 0.6Xy—1/n-1) (4.6.1)

It allows the computation of the current best estimate X,,/,, in terms of the previous
best estimate X;,_1/,—1 and the new observation y,, that becomes available at the current
time instant n.

The various terms of Eq. (4.6.1) have nice interpretations: Suppose that the best esti-
mate X,,_1/n—1 of the previous sample x,,_; is available. Even before the next observation
Yn comes in, we may use this estimate to make a reasonable prediction as to what the
next best estimate ought to be. Since we know the system dynamics of x,, we may try
to “boost” X;,—1/n—1 to the next time instant n according to the system dynamics, that
is, we take

Xn/n-1 = 0.6X,_1,n—1 = prediction of x;, on the basis of Y;,_; (4.6.2)

Since y,, = Xn + vV, we may use this prediction of x,, to make a prediction of the
next measurement y,, that is, we take

Yn/n-1 = Xn/n—-1 = prediction of y, on the basis of Y,;_; (4.6.3)
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If this prediction were perfect, and if the next observation y, were noise free, then
this would be the value that we would observe. Since we actually observe y,, the obser-
vation or innovations residual will be

Xn =Yn = Yn/n-1 (4.6.4)

This quantity represents that part of y, that cannot be predicted on the basis of
the previous observations Y,_;. It represents the truly new information contained in
the observation y,. Actually, if we are making the best prediction possible, then the
most we can expect of our prediction is to make the innovations residual a white-noise
(uncorrelated) signal, that is, what remains after we make the best possible prediction
should be unpredictable. According to the general discussion of the relationship be-
tween signal models and linear prediction given in Section 1.16, it follows that if Y,;/n-1
is the best predictor of y, then &, must be the whitening sequence that drives the signal
model of y,. We shall verify this fact shortly. This establishes an intimate connection
between the Wiener/Kalman filtering problem and the signal modeling problem. If we
overestimate the observation y;, the innovation residual will be negative; and if we un-
derestimate it, the residual will be positive. In either case, we would like to correct our
tentative estimate in the right direction. This may be accomplished by

Xn/n = Rnm-1+ G Yn = Ynn-1)= 0.6Xn-1/n-1 + G(yn — 0.6Xn—1/n-1) (4.6.5)

where the gain G, known as the Kalman gain, should be a positive quantity. The predic-
tion/correction procedure defined by Egs. (4.6.2) through (4.6.5) is known as the Kalman
filter. It should be clear that any value for the gain G will provide an estimate, even if
suboptimal, of x,,. Our solution for the Wiener filter has precisely the above structure
with a gain G = 0.5. This value is optimal for the given example. It is a very instruc-
tive exercise to show this in two ways: First, with G arbitrary, the estimation filter of
Eq. (4.6.5) has transfer function

G A
HO - g gz

Insert this expression into the mean-square estimation error £ = E [efl], where e, =
Xn — Xp/n, and minimize it with respect to the parameter G. This should give G = 0.5.

Alternatively, G should be such that to render the innovations residual (4.6.4) a white
noise signal. In requiring this, it is useful to use the spectral factorization model for y,,,
that is, the fact that y, is the output of B(z) when driven by the white noise signal €,,.
Working with z-transforms, we have:

®(z) =Y(2)-0.6z2"'X(z2)=Y(2)-0.6z"'H(2) Y (2)

P _|_1-o06z"
_[1 0.6z 1_0_6(1_6)271]”2)_[1—0.6(1—G)z*1}w2)

1-0.6z7! 1-0.3z7! 1-0.3z7!
= €)= —F7F— |€(2)
1-06(1-G)z7'||1-0.6z71 1-0.6(1-G)z7!

Since €, is white, it follows that the transfer function relationship between &, and
€, must be trivial; otherwise, there will be sequential correlations present in «,. Thus,
we must have 0.6 (1 — G) = 0.3, or G = 0.5; and in this case, &, = €. It is also possible
to set 0.6(1 — G)= 1/0.3, but this would correspond to an unstable filter.

We have obtained a most interesting result; namely, that when the Wiener filtering

problem is recast into its Kalman filter form given by Eq. (4.6.1) , then the innovations
residual oy, which is computable on line with the estimate X,/,, is identical to the
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whitening sequence €, of the signal model of y,,. In other words, the Kalman filter can
be thought of as the whitening filter for the observation signal y,,.

To appreciate further the connection between Wiener and Kalman filters and between
Kalman filters and the whitening filters of signal models, we consider a generalized
version of the above example and cast it in standard Kalman filter notation.

It is desired to estimate x, from y,. The signal model for x, is taken to be the
first-order autoregressive model

Xn+1 = AXp + Wp (state model) (4.6.6)
with |a| < 1. The observation signal y,, is related to x,, by
Yn = CXp + Vn (measurement model) (4.6.7)

It is further assumed that the state and measurement noises, w,, and v, are zero-
mean, mutually uncorrelated, white noises of variances Q and R, respectively, that is,

E[wnwil= Q6ni, E[vnvil=R6ni, E[wnVvil=0 (4.6.8)

We also assume that v, is uncorrelated with the initial value of x,, so that v,, and x,
will be uncorrelated for all n. The parameters a, c,Q, R are assumed to be known. Let
X1 (n) be the time-advanced version of x;, :

X1 (n) = Xn11

and consider the two related Wiener filtering problems of estimating x, and x; (n) on
the basis of Y, = {y;, —o < i < n}, depicted below

n —» JACn/n Yn )Afl(n) = )Acn +1/n

The problem of estimating x; (n) = X, is equivalent to the problem of one-step
prediction into the future on the basis of the past and present. Therefore, we will de-
note this estimate by X1 (n) = X,+1/n. The state equation (4.6.6) determines the spectral
density of x,, :

1 Q

= —a) YT ez (- az)

The observation equation (4.6.7) determines the cross-densities
Sxy(z) = cSxx (2) +Sxv (2) = cSxx (2)
Sxiy (z) = ZSxy (z) = zcSxx (2)

where we used the filtering equation X; (z) = zX (z). The spectral density of y, can be
factored as follows:

c2Q

(1-azY)(1-az)

Syy (z) = CZSxx (2) +Svy (z)=

_c*Q+R(1-az")(1-az) zo_z(l—fz‘1>(1—fz)

(1-az ') (1-az) T\l -az! 1-az
where f and o2 satisfy the equations
fo? =aR (4.6.9)

A+fo2=01+a*>R (4.6.10)
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and f has magnitude less than one. Thus, the corresponding signal model for y,, is

_ 1
B(z)- 1217 4.6.11)
1-—az!
Next, we compute the causal parts as required by Eq. (4.4.6):
[Sxy(z) ] _ cQ _ cQ 1
B(z 1) |, (I1-az?V)(1-fz) |, 1-fal-az!
[Sx]y(z) ] B cQz _ cQa 1
Bz, |(Q-azYY(A-fz)|, 1-fal-az!
Using Eq. (4.4.6), we determine the Wiener filters H (z) and H; (z) as follows:
cQ/(1-fa) ( Q )
Hz)= L [Sxy(z) ] __ (l-—azl) _\oé¢ld-fa)
0¢éB(z) LB(z7) 1y ,(1-fz"! 1-fz!
ot | ———
1-—az1
or, defining the gain G by
cQ
G=——"—"-— (4.6.12)
o¢(1-fa)
we finally find
G
Hy(z)=aH(z)= _K (4.6.14)
v T 1-fz1 e
where in Eq. (4.6.14) we defined a related gain, also called the Kalman gain, as follows:
cQa
K=aG=——"—"—— (4.6.15)
o¢(1-fa)
Eq. (4.6.14) immediately implies that
RXn+1/n = aRn/n (4.6.16)

which is the precise justification of Eq. (4.6.2). The difference equations of the two filters
are
Xn+1/n = [Ram-1 + Kyn
(4.6.17)
Xnim = fRn-1/n-1 + Gyn

Using the results of Problem 3.7, we may express all the quantities f, UE, K, and G
in terms of a single positive quantity P which satisfies the algebraic Riccati equation:

PRa?
=P- —— 4.6.1
Q R + c2P (4.6.18)
Then, we find the interrelationships
acP Ra
K=aG= 2=R+c*P, f=a-cK=—5—3= 4.6.1
aG R+c2p’ (o c°P, f=a-c R+ 2P (4.6.19)

It is left as an exercise to show that the minimized mean-square estimation errors
are given in terms of P by

RP

Elenn_11=P, Elep,l= R+ cop
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where
en/n-1 = Xn — Rn/n-1, €n/n = Xn — Xn/n

are the corresponding estimation errors for the optimally predicted and filtered esti-
mates, respectively. Using Eq. 4.6.19), we may rewrite the filtering equation (4.6.17) in
the following forms:

Xn+1/n = (@ —cK)Xnjn-1 + Kyn, or,
RXn+1/n = ARnm-1 + K(Yn — CRpy/n-1), o, (4.6.20)

Xn+1/n = Aknm-1 + K(¥Yn = Ynin-1)

where we set
Ynin-1 = CRn/m-1 (4.6.21)

A realization of the estimation filter based on (4.6.20) is shown below:

A
+ € K 4 Xn/n-1 ¢ A
SR L S N I S

A a
Ynin-1 <}

Replacing K = aG and using Eq. (4.6.16) in (4.6.20), we also find
Xnm = Xnim-1 + G(Yn = Yn/in-1) (4.6.22)

The quantity Y,,,,—1 defined in Eq. (4.6.21) is the best estimate of y, based on its
past Y,,—1. This can be seen in two ways: First, using the results of Problem 1.8 on the
linearity of the estimates, we find

Ynin-1 = CXp +Vn = CRa/n-1 + Vn/n-1 = CRu/n-1

where the term V,/,-1 was dropped. This term represents the estimate of v, on the
basis of the past ys; that is, Y,—;. Since v, is white and also uncorrelated with xj, it
follows that it will be uncorrelated with all past ys; therefore, V,,/,-1 = 0. The second
way to show that y,/,—1 is the best prediction of y, is to show that the innovations
residual

&n =Yn = Yn/in-1=Yn— CRn/n-1 (4.6.23)

is a white-noise sequence and coincides with the whitening sequence €, of y,. Indeed,
working in the z-domain and using Eq. (4.6.17) and the signal model of y,, we find

o(z) =Y (2)-cz ' X1(2)=Y(2)-cz 'H, (2) Y (2)

|y a4 K |1-(f+cK)z!
= [1 cz 1= fz1 —fz-l]Y(Z)_ [71 | ]Y(z)

1-az! 1
= [sz_l] Y(z)= m Y(z)=€(2)

which implies that
oy = €p

Finally, we note that the recursive updating of the estimate of x, given by Eq. (4.6.22)
is identical to the result of Problem 1.12.

Our purpose in presenting this example was to tie together a number of ideas from
Chapter 1 (correlation canceling, estimation, Gram-Schmidt orthogonalization, linear
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prediction, and signal modeling) to ideas from this chapter on Wiener filtering and its
recursive reformulation as a Kalman filter [8-10, 12-18].

We conclude this section by presenting a simulation of this example defined by the
following choice of parameters:

a=095, c=1, Q=1-a°, R=1

The above choice for Q normalizes the variance of x, to unity. Solving the Riccati
equation (4.6.18) and using Eq. (4.6.19), we find

P =0.3122, K =0.2261, G =0.2380, f=a-cK=0.7239

Figure 4.2 shows 100 samples of the observed signal y, together with the desired
signal x,,. The signal y,, processed through the Wiener filter H (z) defined by the above
parameters is shown in Fig. 4.3 together with x,. The tracking properties of the filter
are evident from the graph. It should be emphasized that this is the best one can do by
means of ordinary causal linear filtering!

0 20 40 60 80 100
n (time samples)

Fig. 4.2 Desired signal and its noisy observation.

0 20 40 60 80 100
n (time samples)

Fig. 4.3 Best estimate of desired signal.

4.7 Construction of the Wiener Filter by the Gapped Function

Next, we would like to give an alternative construction of the optimal Wiener filter based
on the concept of the gapped function. This approach is especially useful in linear pre-
diction. The gapped function is defined as the cross-correlation between the estimation
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error ¢, and the observation sequence yy, as follows:
g(k)=Rey (k)= Elenyn-x], for —oo <k <o 4.7.1)

This definition is motivated by the orthogonality equations which state that the
prediction error e, must be orthogonal to all of the available observations; namely,
Y, =1{yi, —o <i<n}={ynk, k=0}. That is, for the optimal set of filter weights
we must have

g(k)= Rey (k)= Elenyn-x]=0, for k=0 (4.7.2)

k

-4-3-2-101 2 3 4

and g (k) develops a right-hand side gap. On the other hand, g (k) may be written in
the alternative form

g (k)= Elenyn-1= E[(Xn = 2. hiyn-i)¥n-k] = Ry (k)= >  hiRyy (k = i), or,
i=0 i=0

g (k)= Rey (k)= Ry (k)= > hiRyy (k — i) (4.7.3)
i=0

Taking z-transforms of both sides we find
G(z)= Sey (z)= Sxy(Z) _H(Z)Syy (z)

Because of the gap conditions, the left-hand side contains only positive powers of
z, whereas the right-hand side contains both positive and negative powers of z. Thus,
the non-positive powers of z must drop out of the right side. This condition precisely
determines H (z). Introducing the spectral factorization of Sy, (z) and dividing both
sides by B(z™!) we find

G(z) = Sxy(2) —H(2)Syy (2) = Sxy (z2) ~H(2) 02B(2) B(z™")

G(z) _ Syl(z)
B(z-1) ~ B(z1)

02H(z)B(z)

The z-transform B(z~!) is anticausal and, because of the gap conditions, so is the
ratio G(z) /B(z~'). Therefore, taking causal parts of both sides and noting that the
product H (z)B(z) is already causal, we find

_ [ Sxy (2)
“ LBz

] - 0%H(z)B(2)

which may be solved for H (z) to give Eq. (4.4.6).

4.8 Construction of the Wiener Filter by Covariance Factor-
ization
In this section, we present a generalization of the gapped-function method to the more

general non-stationary and/or finite-past Wiener filter. This is defined by the Wiener-
Hopf equations (4.2.7), which are equivalent to the orthogonality equations (4.2.5). The
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latter are the non-stationary versions of the gapped function of the previous section.
The best way to proceed is to cast Egs. (4.2.5) in matrix form as follows: Without loss
of generality we may take the starting point n,; = 0. The final point ny, is left arbitrary.
Introduce the vectors

Xo Yo

X1 Y1
X = y Y =

an )’nb

and the corresponding correlation matrices

Ry = E[XYT] , Ryy = E[YYT]

The filtering equation (4.2.4) may be written in vector form as
% =Hy (4.8.1)

where H is the matrix of optimal weights {h(n,i)}. The causality of the filtering op-
eration (4.8.1), requires H to be lower-triangular. The minimization problem becomes
equivalent to the problem of minimizing the mean-square estimation error subject to
the constraint that H be lower-triangular. The minimization conditions are the normal
equations (4.2.5) which, in this matrix notation, state that the matrix Ry has no lower-
triangular (causal) part; or, equivalently, that R,y is strictly upper-triangular (i.e., even
the main diagonal of R,y is zero), therefore

R.y = strictly upper triangular 0 (4.8.2)

Inserting Eq. (4.8.1) into Ry, we find
Rey = Eley’]= E[(x - Hy)yT], o,

Rey = Ry — HRy, (4.8.3)

The minimization conditions (4.8.2) require H to be that lower-triangular matrix
which renders the combination (4.8.3) upper-triangular. In other words, H should be
such that the lower triangular part of the right-hand side must vanish. To solve Egs.
(4.8.2) and (4.8.3), we introduce the LU Cholesky factorization of the covariance matrix
Ry, given by

Ry, = BRcBT (4.8.4)

where B is unit lower-triangular, and R, is diagonal. This was discussed in Section 1.5.
Inserting this into Eq. (4.8.3) we find

Rey = Ryy — HRyy = Ryy — HBR(BT (4.8.5)
Multiplying by the inverse transpose of B we obtain
ReyB™T = RyyB™T — HBR¢c (4.8.6)

Now, the matrix B~T is unit upper-triangular, but Rey is strictly upper, therefore,
the product Ryy B ~T will be strictly upper. This can be verified easily for any two such
matrices. Extracting the lower-triangular parts of both sides of Eq. (4.8.6) we find

0 = [RyyBT], — HBR¢c
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where we used the fact that the left-hand side was strictly upper and that the term
HBR¢ was already lower-triangular. The notation [ ], denotes the lower triangular
part of a matrix including the diagonal. We find finally

H=[RyB T],RAB™! (4.8.7)

This is the most general solution of the Wiener filtering problem [18, 19]. It includes
the results of the stationary case, as a special case. Indeed, if all the signals are station-
ary, then the matrices Ryy, B, and BT become Toeplitz and have a z-transform associated
with them as discussed in Problem 3.8. Using the results of that problem, it is easily
seen that Eq. (4.8.7) is the time-domain equivalent of Eq. (4.4.6).

The prewhitening approach of Section 4.4 can also be understood in the present
matrix framework. Making the change of variables

y = Be

we find that Ry, = E[xy” 1= E[x€T1BT = RyBT, and therefore, Rx,B~T = Ry and the
filter H becomes H = [Rx¢] +RE}IB’1. The corresponding estimate is then

% = Hy = HBe = Fe, where F = HB = [Ryc],R:} (4.8.8)

This is the matrix equivalent of Eq. (4.4.5). The matrix F is lower-triangular by con-
struction. Therefore, to extract the nth component X, of Eq. (4.8.8), it is enough to
consider the nxn submatrices as shown below:

Do [l
I L BN [
f(n)

The nth row of F is f(n)T= E[x,€l1E[€,el]1~!. Therefore, the nth estimate be-
comes

Rn =f(n)Te, = E[xn€l 1E[€n€l] '€

which may also be written in the recursive form

n n-1
Rnin = > Elxn€ilElei€]7"€i = > Elxn€ilE[€i€]] "€ + Gnen, or,
) =0
Xn/n = Rnm-1 + Gnén (4.8.9)

where we made an obvious change in notation, and G,, = E[xn€,]E[€n€,]7". This is
identical to Eq. (4.6.22); in the stationary case, G, is a constant, independent of n. We
can also recast the nth estimate in “batch” form, expressed directly in terms of the
observation vector y,, = [yo,V1,... ,¥nl1T. By considering the nxn subblock part of the
Gram-Schmidt construction, we may write y,, = B,,€,, where By, is unit lower-triangular.
Then, X, can be expressed as

Rn = E[xn€l1E[€n€l 17 €n = E[xnyR 1Ely,yE1 s

which is identical to Eq. (4.2.8).
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4.9 The Kalman Filter

The Kalman filter discussion of Section 4.6 and its equivalence to the Wiener filter was
based on the asymptotic Kalman filter for which the observations were available from
the infinite past to the present, namely, {y;, —o < i < n}. In Section 4.7, we solved the
most general Wiener filtering problem based on the finite past for which the observation
space was

Yn={oy1,...,¥n} (4.9.1)

Here, we recast these results in a time-recursive form and obtain the time-varying
Kalman filter for estimating x, based on the finite observation subspace Y,. We also
discuss its asymptotic properties for large n and show that it converges to the steady-
state Kalman filter of Section 4.6.

Our discussion is based on Eq. (4.8.9), which is essentially the starting point in
Kalman’s original derivation [13]. To make Eq. (4.8.9) truly recursive, we must have
a means of recursively computing the required gain G, from one time instant to the
next. As in Section 4.8, we denote by X, and X,,,—1 the optimal estimates of x,, based
on the observation subspaces Y, and Y,-1, defined in Eq. (4.9.1), with the initial condi-
tion Xg/—1 = 0. Iterating the state and measurement models (4.6.6) and (4.6.7) starting
at n = 0, we obtain the following two results, previously derived for the steady-state
case

RXn+1/n = ARnny Ynin-1 = CRu/n-1 (4.9.2)

The proof of both is based on the linearity property of estimates; for example,
Xnsi/n = axn/‘F\Wn = aXp/n + Wn/n = akn/n

where W;,/,, was set to zero because w, does not depend on any of the observations Y.
This is seen as follows. The iteration of the state equation (4.6.6) leads to the expression
Xn = a™xo+a" 'wo+a" w4+ - - - +awp_» + wy_1. It follows from this and Eq. (4.6.7)
that the observation subspace Y, will depend only on

{X0, Wo, W1, ..., Wn_1,V0,V1,- .., Vn}

Making the additional assumption that x is uncorrelated with wy, it follows that wy,
will be uncorrelated with all random variables in the above set, and thus, with Y. The
second part of Eq. (4.9.2) is shown by similar arguments. Next, we develop the recursions
for the gain G,. Using Eq. (4.8.9), the estimation and prediction errors may be related
as follows

enin = Xn — Xn/n = Xn — Rn/n-1 — Gn€n = en/n-1 — Gnén

Taking the correlation of both sides with x,, we find
Elen/nXxnl= Elen/n-1Xn]1—GnE[€nXn] (4.9.3)

Using the orthogonality properties E[e, nXn/n]= 0 and E[eyn/n-1Xn/n-1]1= 0, which
follow from the optimality of the two estimates Xy, and X,;/n—1, we can write the mean-
square estimation and prediction errors as

Puim = E[ei/n] = E[ennXn]l, Pnmn-1= E[ei/nfl] = E[en/n-1Xn] (4.9.4)
We find also
€n =Y¥Yn—Ynn-1 = (CXn +Vn) —=CRn/n-1 = Cen/n-1 + Vn

Using the fact that e;;;,—1 depends only on x, and Y1, it follows that the two terms
in the right-hand side are uncorrelated with each other. Thus,

El€3]= c®E[e%,,_;1+E[V3]= ¢®Ppn_1 + R (4.9.5)
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also
El€nxn]= cElen/n-1Xn] +E[VnXn]= cPn/n-1 (4.9.6)

Therefore, the gain G, is computable by

Elenxnl cPp/n-1
Gy = = 4.9.7
" E[€d] | R+ 2P 9.7
Using Egs. (4.9.4), (4.9.6), and (4.9.7) into Eq. (4.9.3), we obtain
Cc2Pyjn- RPyn-
Pn/n = Pn/n—l - GnCPn/n—l = Pn/n—l - n/n-| = n/n-1 (4-9-8)

R + c?Ppin-1 TR+ C?Pun-1

The subtracted term in (4.9.8) represents the improvement in estimating x, using
Xn/n over using X,/n-1. Equations (4.93, (4.9.7), and (4.9.8) admit a nice geometrical
interpretation [20]. The two right-hand side terms in €, = ce,/n-1 + Vi are orthogonal
and can be represented by the orthogonal triangle

Cen/n-1
€n/n-1

€n/n Vi

GnEn A €n

where the prediction error e,,;,—1 has been scaled up by the factor c. Thus, Eq. (4.9.5)
is the statement of the Pythagorean theorem for this triangle. Next, write the equation
en/n = enn-1 — Gné€n as

en/n-1 = en/n + Gnén

Because e,/ is orthogonal to all the observations in Y, and €, is a linear combination
of the same observations, it follows that the two terms in the right-hand side will be
orthogonal. Thus, e,;,—1 may be resolved in two orthogonal parts, one being in the
direction of €,. This is represented by the smaller orthogonal triangle in the previous
diagram. Clearly, the length of the side e, is minimized at right angles at point A. It
follows from the similarity of the two orthogonal triangles that

Gn\/E[E%] _ C\/E[e%/n—l]
VE[ef/n1] E[e}]

which is equivalent to Eq. (4.9.7). Finally, the Pythagorean theorem applied to the smaller
triangle implies E[e3,,,_,1= E[e3,,]+G%E[€2], which is equivalent to Eq. (4.9.8).

To obtain a truly recursive scheme, we need next to find a relationship between Py,
and the next prediction error P, 1/,. It is found as follows. From the state model (4.6.6)
and (4.9.2), we have

en+1/n = Xnt1 — Rpy1/n = (AXn + Wn) —ARp/n = A€pjn + Wn

Because e/, depends only on x, and Y, it follows that the two terms in the right-
hand side will be uncorrelated. Therefore, E[e2, ,,,1= a’E[e>,,]+E[w3], or,

Puiim = azpn/n +Q (4.9.9)

The first term corresponds to the propagation of the estimate X,,,, forward in time
according to the system dynamics; the second term represents the worsening of the
estimate due to the presence of the dynamical noise w,. The Kalman filter algorithm is
now complete. It is summarized below:



4.9. The Kalman Filter 141

. Initialize by R¢,_; = 0 and Py, _; = E[x3].
At time n, Ry/n-1, Pn/n-1, and the new measurement y, are available.
. Compute Yp/n-1 = CRn/n-1, €n = ¥Yn — Yn/n-1, and the gain G, using Eq. (4.9.7).

. Correct the predicted estimate X, = Xn/n-1+Gn€n and compute its mean-square
error Py ,p, using Eq. (4.9.8).
4. Predict the next estimate X,+1/n = aXn/n, and compute the mean-square predic-
tion error Py+1/n, using Eq.(4.9.9).
5. Go to the next time instant, n — n + 1.

The optimal predictor &,,,—1 satisfies the Kalman filtering equation
Xn+1/n = aknm = ARn/n-1 + Gn€n) = aknn-1 + AGn (Yn — CRnyn-1), oI,

Xn+1/n = fn¥nm-1 + KnYn (4.9.10)

where we defined
Ky, =aG,, fn=a-cKy (4.9.11)

These are the time-varying analogs of Egs. (4.6.17) and (4.6.19). Equations (4.9.8) and
(4.9.9) may be combined into one updating equation for Pj,,,—1, known as the discrete
Riccati difference equation

a?RPpin-

+ 4.9.12
R+ c?Pyjn—1 Q ( )

Pn+1/n =
It is the time-varying version of Eq. (4.6.18). We note that in deriving all of the
above results, we did not need to assume that the model parameters {a, c,Q, R} were
constants, independent of time. They can just as well be replaced by time-varying model
parameters:
{an, cn, Qn, Rn}

The asymptotic properties of the Kalman filter depend, of course, on the particular
time variations in the model parameters. In the time-invariant case, with {a,c,Q, R}
constant, we expect the solution of the Riccati equation (4.9.12) to converge, for large
n, to some steady-state value P,,y—1 — P. In this limit, the Riccati difference equation
(4.9.12) tends to the steady-state algebraic Riccati equation (4.6.18), which determines
the limiting value P. The Kalman filter parameters will converge to the limiting values
fn—1f,Ky,— K,and G, — G given by Eq. (4.6.19).

It is possible to solve Eq. (4.9.12) in closed form and explicitly demonstrate these
convergence properties. Using the techniques of [21,22], we obtain

fZHEO
Poyn-1 =P+ —F7——+, f =0,1,2,..., 4.9.13
n/n-1 1+ SyEo or n ( )
where E() = Po/fl — P and
1 _on CZ

Sh=B

—, B= ,
1—f2 R + c2P

We have already mentioned (see Problem 3.7) that the stability of the signal model
and the positivity of the asymptotic solution P imply the minimum phase condition
|f| < 1. Thus, the second term of Eq. (4.9.13) converges to zero exponentially with a
time constant determined by f.
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Example 4.9.1: Determine the closed form solutions of the time-varying Kalman filter for the
state and measurement models:

Xn+1 =Xn+Wn, Yn=2Xn+Vp

with Q = 0.5 and R = 1. Thus, a = 1 and ¢ = 1. The Riccati equations are

Pn/n—l P
P =—F———+05, P=——-+05
nHl/n 1+Pn/nfl 1+P

The solution of the algebraic Riccati equation is P = 1. This implies that f = aR/(R +
c?P)= 0.5. To illustrate the solution (4.9.13), we take the initial condition to be zero
Py/-1 = 0. We find B = ¢/ (R + ¢*P)= 0.5 and

2

—_ = _ 2n
Sn = 3[1 (0.5)°"]

Thus,

(0.5)%" _ 1-(0.5)"

Pn/n—] =1- 2 = 2
17§[17(0_5)2n] 1+2(0.5) n

The first few values calculated from this formula are

1 5 21
Pio==, Pon=2, Pyp=--,...
1o =5, Pan=rtes Py =y,
and quickly converge to P = 1. They may also be obtained by iterating Eq. (4.9.12). ]
4.10 Problems
4.1 Letx = [Xpn,,... ,xnb]T andy = [Vng,--- ,y,,b]T be the desired and available signal vectors.

The relationship between x and y is assumed to be linear of the form
y=Cx+vVv

where C represents a linear degradation and v is a vector of zero-mean independent gaussian
samples with a common variance o2. Show that the maximum likelihood (ME) estimation
criterion is in this case equivalent to the following least-squares criterion, based on the
quadratic vector norm:

& = |ly — Cx||?> = minimum with respect to x

Show that the resulting estimate is given by
%= (CTO)"'cly

4.2 Letx = Hy be the optimal linear smoothing estimate of x given by Eq. (4.1.5). Itis obtained by
minimizing the mean-square estimation error £, = E [eﬁ] for each n in the interval [ng, np].
(a) Show that the solution for H also minimizes the error covariance matrix

Re.e = E[ee’]

where e is the vector of estimation errors e = [ena, —s ey 17.

(b) Show that H also minimizes every quadratic index of the form, for any positive semi-
definite matrix Q:
E[eTQe]= min

(c) Explain how the minimization of each E[e2] can be understood in terms of part (b).
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4.3

4.4

4.5

4.6

4.7

4.8

Consider the smoothing problem of estimating the signal vector x from the signal vector y.
Assume that x and y are linearly related by

y=Cx+vVv

and that v and x are uncorrelated from each other, and that the covariance matrices of x
and v, Ryx and R,,, are known. Show that the smoothing estimate of x is in this case

X = RxxCT[CRxxCT + va]_]y

A stationary random signal has autocorrelation function Ryy (k)= U,%a‘k‘, for all k. The
observation signal is y, = x, + Vv, , where v, is a zero-mean, white noise sequence of
variance 0"2,, uncorrelated from x,,.
(a) Determine the optimal FIR Wiener filter of order M = 1 for estimating x, from y,.
(b) Repeat for the optimal linear predictor of order M = 2 for predicting x,, on the basis
of the past two samples y,_; and yj,_».

A stationary random signal x(n) has autocorrelation function Ry (k)= cZa'X!, for all k.
Consider a time interval [ng,, np]. The random signal x (n) is known only at the end-points
of that interval; that is, the only available observations are

y(na)=x(ng), y(np)=x(np)
Determine the optimal estimate of x(n) based on just these two samples in the form
X(n)=h(n,ng)yng)+h(n,np)y(ny)

for the following values of n: (a) n, < n < ny, (b) n < ng, () n = np.

A stationary random signal x,, is to be estimated on the basis of the noisy observations
Yn =Xn+Vn

It is given that

1

So@= 05z (1—0s2)

Sw(z)=5, Sw(z)=0

(a) Determine the optimal realizable Wiener filter for estimating the signal x, on the
basis of the observations Y, = {y;, i < n}. Write the difference equation of this filter.
Compute the mean-square estimation error.

(b) Determine the optimal realizable Wiener filter for predicting one step into the future;
that is, estimate X, on the basis of Y.

(c) Cast the results of (a) and (b) in a predictor/corrector Kalman filter form, and show
explicitly that the innovations residual of the observation signal y, is identical to the corre-
sponding whitening sequence €, driving the signal model of y,,.

Repeat the previous problem for the following choice of state and measurement models
Xnt1 =Xn tWn, Yn=Xn+Vn

where w,, and v, have variances Q = 0.5 and R = 1, respectively.

Consider the state and measurement equations
Xn+1 = AXn +Wn, Yn =CXnp+Vn

as discussed in Section 4.6. For any value of the Kalman gain K, consider the Kalman pre-
dictor/corrector algorithm defined by the equation

Rn+1/n = Aknn-1 + K(Yn = Rnyn-1) = fRnn-1 + Kyn (P.1)

where f = a — cK. The stability requirement of this estimation filter requires further that K
be such that |f]| < 1.
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(a) Let ep/n—1 = Xn — Rn/n—1 be the corresponding estimation error. Assuming that all
signals are stationary, and working with z-transforms, show that the power spectral density
of ep/n-1 is given by

Q +K’R
(1-fzH(1~fz)

(b) Integrating Se. (z) around the unit circle, show that the mean-square value of the

estimation error is given by

See(2)=

Q+K*R _ Q+K?R
1-f2  1-(a-cK)?

E=Eled,_1]1= (P.2)
(c) To select the optimal value of the Kalman gain K, differentiate £ with respect to K
and set the derivative to zero. Show that the resulting equation for K can be expressed in

the form
caP

K=——
R + c2pP
where P stands for the minimized value of &; thatis, P = Enin.
(d) Inserting this expression for K back into the expression (P.2) for £, show that the
quantity P must satisfy the algebraic Riccati equation
a’RP
—p_- -
Q R +c2pP
Thus, the resulting estimator filter is identical to the optimal one-step prediction filter dis-
cussed in Section 4.6.
4.9 (a) Show that Eq. (P.2) of Problem 4.8 can be derived without using z-transforms, by using
only stationarity, as suggested below: Using the state and measurement model equations and
Eq. (P. 1), show that the estimation error e,,,—; satisfies the difference equation

en+1/n = fenin-1 + wn — Kvy

Then, invoking stationarity, derive Eq. (P.2).
(b) Using similar methods, show that the mean-square estimation error is given by

RP
2 —_
Elennl= 20 c2p

where ey, = X, — Xp/n is the estimation error of the optimal filter (4.6.13).

4.10 Consider the general example of Section 4.6. It was shown there that the innovations residual
was the same as the whitening sequence €, driving the signal model of y,

€n=Yn—Ynimn-1=Yn— CRn/n-1

Show that it can be written as
€n = Cep/n-1 +Vn

where ey,/,-1 = Xn — Rn/n—1 is the prediction error. Then, show that
2 2 2
o: =E[e;]l=R+c°P

4.11 Computer Experiment. Consider the signal and measurement model defined by Egs. (4.6.6)
through (4.6.8), with the choices a = 0.9, ¢ = 1, Q = 1 — a?, and R = 1. Generate 1500
samples of the random noises w, and v,. Generate the corresponding signals x, and yj,
according to the state and measurement equations. Determine the optimal Wiener filter of
the form (4.6.13) for estimating x,, on the basis of y,. Filter the sequence y, through the
Wiener filter to generate the sequence Xy/y.

(a) On the same graph, plot the desired signal x, and the available noisy version y, for
n ranging over the last 100 values (i.e., n = 1400-1500.)

(b) On the same graph, plot the recovered signal X,,, together with the original signal
Xxp for n ranging over the last 100 values.

(c) Repeat (a) and (b) using a different realization of w, and v,,.

(d) Repeat (a), (b), and (c) for the choice a = —0.9.
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4.12 Consider the optimal Wiener filtering problem in its matrix formulation of Section 4.8. Let
e = X — X = X — Hy be the estimation error corresponding to a particular choice of the
lower-triangular matrix H. Minimize the error covariance matrix Ro, = E [eeT] with respect
to H subject to the constraint that H be lower-triangular. These constraints are Hp; = 0
for n < i. To do this, introduce a set of Lagrange multipliers Ay; for n < i, one for each
constraint equation, and incorporate them into an effective performance index

J = E[ee” ]+AHT + HAT = min

where the matrix A is strictly upper-triangular. Show that this formulation of the minimiza-
tion problem yields exactly the same solution as Eq. (4.8.7).
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Linear Prediction

5.1 Pure Prediction and Signal Modeling

In Sections 1.11 and 1.16, we discussed the connection between linear prediction and
signal modeling. Here, we rederive the same results by considering the linear prediction
problem as a special case of the Wiener filtering problem, given by Eq. (4.4.6). Our aim
is to cast the results in a form that will suggest a practical way to solve the prediction
problem and hence also the modeling problem. Consider a stationary signal y, having
a signal model

Syy(2)= 02B(D)B(z)  en— BG) = (5.1.1)

as guaranteed by the spectral factorization theorem. Let Ry, (k) denote the autocorre-
lation of y, :
Ryy (k)= E[yn+xyn]

The linear prediction problem is to predict the current value y, on the basis of all the
past values Y1 = {y;, —c0 <i < n—1}. If we define the delayed signal y; (n) = y,_1,
then the linear prediction problem is equivalent to the optimal Wiener filtering problem
of estimating y, from the related signal y; (n). The optimal estimation filter H (z) is
given by Eq. (4.4.6 ) , where we must identify x, and y, with y,, and y; (n) of the present
notation. Using the filtering equation Y; (z) = z~1Y (z), we find that y,, and y; (n) have
the same spectral factor B(z)

Sy (2)= (271) (2)Syy (2) = Syy (2)= 0¢B(2)B(z ")

and also that
Sy (2)= Syy(2)z = z0?B(2)B(z™))

Inserting these into Eq. (4.4.6), we find for the optimal filter H (z)

_ 1 Sy ()] 1 z02B(z)B(z™Y)
H(z)= 0¢B(z) [B(z*l)]Jr_ 02B(2) [ B(z-1) +, or,
H(z)= 52) [zB(2)], (5.1.2)

The causal instruction can be removed as follows: Noting that B(z) is a causal and
stable filter, we may expand it in the power series

B(z)=1+biz ' +byz2+b3z 3 +.-.
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The causal part of zB(z) is then

2

[zB(2)], =[z+by+boz t + b3z +---1,=by+boz L+ b3z 2+
=z(b1z7 '+ byz7 2 +b3z3+---) =z(B(z)-1)
The prediction filter H (z) then becomes
H(z)= 1 z(B(z)-1) :z[lf 1 ] (5.1.3)
B(2) B(z)

Yn 4’{ z-1 }M’{ H(z) }—’)A’n/n—l

The input to this filter is y; (n) and the output is the prediction Yy/,-1.

Example 5.1.1: Suppose that y, is generated by driving the all-pole filter

Yn =0.9yp-1 —0.2yp—2 + €y

by zero-mean white noise €,. Find the best predictor y,,/,—1. The signal model in this case
is B(z)=1/(1 —0.927' + 0.2z72) and Eq. (5.1.3) gives

1 ; ,
z'H(Zz)=1- ——=1-(1-092"140.227%)=0.9z"! - 0.2272
B(z)

The I/0 equation for the prediction filter is obtained by
Y(z2)=H(2)Y,(z)=z'H(2)Y(2)= [0.9z! = 0.227?]Y (2)
and in the time domain
)A/n/n—l = O-QYn—l - 0-2)’n—2
Example 5.1.2: Suppose that

(1-0.2527%) (1 —0.252%)

S = =082 (1 - 0.82)

Determine the best predictor y;,,,-1. Here, the minimum phase factor is

1-0.25z72
B - uees
(2) 1-0.8z"1
and therefore the prediction filter is
1 1-0.8z7! 0.8z71 - 0.25z7?
Hz)=1-——=1- =
z 2 B(z) 1-0.25z"2 1-.25z2

The I/0 equation of this filter is conveniently given recursively by the difference equation
Yum-1=0.25Vn_2/n-3 + 0.8yp_1 — 0.25yp > O

The prediction error
en/n-1=Yn — Yn/n-1

is identical to the whitening sequence €, driving the signal model (5.1.1) of yj, indeed,
E(z)=Y@2)-Y(2)=Y(2)-H(2)Y,(2)=Y(2)-H(2)z 'Y (2)

1
= _ 71 = — =
=[1-z'H(z)]Y(2) B(2) Y(z)=€(z)
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y Vn + €nin-1 = €p
n
z-1 »
n/n—1
Yn—1
H(z
(&)
- input L Wiener filter
part part

Fig. 5.1 Linear Predictor.

Thus, in accordance with the results of Sections 1.11 and 1.16
€n/in-1=Yn—Yn/n-1 = €n (5.1.4)

An overall realization of the linear predictor is shown in Fig. 5.1. The indicated
dividing line separates the linear predictor into the Wiener filtering part and the input
part which provides the proper input signals to the Wiener part. The transfer function
from y, to e,/n—-1 is the whitening inverse filter

1

_ _1_ 1
_B(z)_l z "H(2)

A(z)

which is stable and causal by the minimum-phase property of the spectral factorization
(5.1.1). In the z-domain we have

E(z)=€(z)=A(2)Y(z2)

and in the time domain

)

€n/n-1 = €p = z AmYn-m =¥Yn + A1Yn-1 + Q2Yn-2 + - - -
m=0

The predicted estimate Y,,/n-1 = Yn — €n/n-1 i8S
Ynm-1 = —[d1yn-1+ QoYn2+ -]

These results are identical to Egs. (1.16.2) and (1.16.3). The relationship noted above
between linear prediction and signal modeling can also be understood in terms of the
gapped-function approach of Section 4.7. Rewriting Eq. (5.1.1) in terms of the prediction-

error filter A (z) we have
2

_ O¢
Syy(2)= ADAZD (5.1.5)
from which we obtain )
o
A(Z)Syy(z): A(Zil) (5.1.6)
Since we have the filtering equation € (z) = A(z) Y (z), it follows that
Sey(2)=A(2)Syy(2)
and in the time domain
Rey (k)= E[€nyn-r1= . aiRyy (k — i) (5.1.7)

i=0
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which is recognized as the gapped function (4.7.1). By construction, €, is the orthogonal
complement of y, with respect to the entire past subspace Y,-1 = {yn-x, k = 1,2,...},
therefore, €, will be orthogonal to each y,_x for k = 1,2,.... These are precisely the
gap conditions. Because the prediction is based on the entire past, the gapped function
develops an infinite right-hand side gap. Thus, Eq. (5.1.7) implies

Rey (k)= El€nyn-k]= > aiRyy(k—i)=0, forall k=1,2,... (5.1.8)
i=0

The same result, of course, also follows from the z-domain equation (5.1.6). Both
sides of the equation are stable, but since A(z) is minimum-phase, A(z~!) will be
maximum phase, and therefore it will have a stable but anticausal inverse 1/A (z71).
Thus, the right-hand side of Eq. (5.1.6) has no strictly causal part. Equating to zero all
the coefficients of positive powers of z~! results in Eq. (5.1.8).

The value of the gapped function at k = 0 is equal to o2. Indeed, using the gap
conditions (5.1.8) we find

0¢ = Eleg]= E[€n(Vn + @1Yn-1 + @2Vn2 + - -+ )]

= Rey(0)+aiRey (1) +azRey (2) + - - - = Rey (0) = E[€nyn]
Using Eq. (5.1.7) with k = 0 and the symmetry property Ry, (i) = Ryy (—i), we find
02 = E[€5]= E[€nyn]= Ryy (0) +aiRyy (1) +azRyy (2) + - - - (5.1.9)

Equations (5.1.8) and (5.1.9) may be combined into one:

> aiRyy (k —i)= 025(k), forall k>0 (5.1.10)
=0

which can be cast in the matrix form:

Ryy(0) Ryy(1) Ry (2) Ry, (3) --- 1 o2

Ryy(l) Ryy(o) Ryy(l) Ryy(z) P a; 0

Ryy(z) Ryy(l) Ryy(O) Ryy(l) e d» _ 0 G.1.11)
(

Ryy(3) Ryy(2) Ryy(1) Ryy(0) --- || a 0

These equations are known as the normal equations of linear prediction [1-12]. They
provide the solution to both the signal modeling and the linear prediction problems.
They determine the model parameters {a;, ds, ... ; 02} of the signal y, directly in terms
of the experimentally accessible quantities Ry (k). To render them computationally
manageable, the infinite matrix equation (5.1.11) must be reduced to a finite one, and
furthermore, the quantities Ry, (k) must be estimated from actual data samples of y,.
We discuss these matters next.

5.2 Autoregressive Models

In general, the number of prediction coefficients {a;, ay,...} is infinite since the pre-
dictor is based on the infinite past. However, there is an important exception to this;
namely, when the process y, is autoregressive. In this case, the signal model B(z) is an
all-pole filter of the type

1
A(z)  1+@z ' +az2+---+ayz?

B(z)= (5.2.1)
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which implies that the prediction filter is a polynomial

2

AZ)=1+az ' +axz ?+ - +apz? (5.2.2)

The signal generator for y, is the following difference equation, driven by the un-
correlated sequence €y, :

Ynt+d1Yn-1 +A2yn-2+ -+ +apYn—p = €n (5.2.3)
and the optimal prediction of y,, is simply given by:
Ynm-1= _[al)’n—l +dxypn-2+---+ ap)’n—p] (5.2.4)

In this case, the best prediction of y, depends only on the past p samples {y,_1,
Yn-2,.--,¥Yn-p}. The infinite set of equations (5.1.10) or (5.1.11) are still satisfied even
though only the first p + 1 coefficients {1,a;, d>,...,ap} are nonzero.

The (p + 1) X (p + 1) portion of Eq. (5.1.11) is sufficient to determine the (p + 1)
model parameters {ai, ay, .. .,ap;og}:

Ry, (0) Ry (1) Ry, (2) “+ Ry, (p) 1 o?
Ryy (1) Ry (0) Ryy (1) o Ryy(p-1) 231 0
Ry (2) Ry (1) Ry, (0) o Ry-2) [|a|Z| 0| 525
Ryy(p) Ryy (P - 1) Ryy (P - 2) T Ryy(o) ap 0

Such equations may be solved efficiently by Levinson’s algorithm, which requires
O (p?) operations and O (p) storage locations to obtain the g;s instead of O (p?) and
O (p?), respectively, that would be required if the inverse of the autocorrelation matrix
Ry, were to be computed. The finite set of model parameters {a, az, ..., dp; 0'5} de-
termines the signal model of y,, completely. Setting z = e/ into Eq. 5.1.5) we find a
simple parametric representation of the power spectrum of the AR signal y,

¢ ¢

Syy () (5.2.6)

A ] |1+ ajei® + aye2© 4 . 4 gpe-iwp |?

In practice, the normal equations (5.2.5) provide a means of determining approximate
estimates for the model parameters {day, az, . .., dy; 0¢}. Typically, a block of length N
of recorded data is available

|YO1)’1,)’2,---,)’N—1|

There are many different methods of extracting reasonable estimates of the model
parameters using this block of data. We mention: (1) the autocorrelation or Yule-Walker
method, (2) the covariance method, and (3) Burg’s method. There are also some varia-
tions of these methods. The first method, the Yule-Walker method, is perhaps the most
obvious and straightforward one. In the normal equations (5.2.5), one simply replaces
the ensemble autocorrelations Ry, (k) by the corresponding sample autocorrelations
computed from the given block of data; that is,

N-1-k
. 1
Ry, (k)= N > Vnikyn, for 0O<ks=<p (5.2.7)
n=0

where only the first p + 1 lags are needed in Eq. (5.2.5). We must have, of course,
p < N—1. As discussed in Section 1.11, the resulting estimates of the model parameters
{d1,dz,...,d4y; 32} may be used now in a number of ways; examples include obtaining
an estimate of the power spectrum of the sequence yj,
52 52
Spylw)y=-—Je o 0 —
|A(w) | |1+ de @ + dpe2i0 + - -« + gue-jwp
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or, representing the block of N samples y,, in terms of a few (i.e., p + 1) filter parameters.
To synthesize the original samples one would generate white noise €, of variance 2
and send it through the generator filter whose coefficients are the estimated values; that

is, the filter
1 1

A(z) 1+a@iz' +@z2+---+apzr

B(z)=

The Yule-Walker analysis procedure, also referred to as the autocorrelation method
of linear prediction [3], is summarized in Fig. 5.2.

A
A
Ry (0) a
Rp(1) a;
0y .
block of data C(;ITI;IPLIHC - solve normal : store in
Yoo V1o o VN1 sampie : equations 4 memory
autocorrelations | 4 '»
Ryy(p)
A
0é

Fig. 5.2 Yule-Walker Analysis Algorithm.

5.3 Linear Prediction and the Levinson Recursion

In the last section, we saw that if the signal being predicted is autoregressive of order
p, then the optimal linear predictor collapses to a pth order predictor. The infinite di-
mensional Wiener filtering problem collapses to a finite dimensional one. A geometrical
way to understand this property is to say that the projection of y, on the subspace
spanned by the entire past {y,_;, 1 < i < oo} is the same as the projection of y, onto
the subspace spanned only by the past p samples; namely, {y,_;, 1 <i < p}. Thisis a
consequence of the difference equation (5.2.3) generating y,.

If the process y, is not autoregressive, these two projections will be different. For
any given p, the projection of y,, onto the past p samples will still provide the best linear
prediction of y,, that can be made on the basis of these p samples. As p increases, more
and more past information is taken into account, and we expect the prediction of y,
to become better and better in the sense of yielding a smaller mean-square prediction
error.

In this section, we consider the finite-past prediction problem and discuss its effi-
cient solution via the Levinson recursion [1-12]. For sufficiently large values of p, it
may be considered to be an adequate approximation to the full prediction problem and
hence also to the modeling problem.

Consider a stationary time series y, with autocorrelation function R (k) = E[yn+kYn]-
For any given p, we seek the best linear predictor of the form

Yn=—[@1yn-1 + @2yn—2 + - - - + apYn—p| (5.3.1)
The p prediction coefficients {ai,a>,...,ap} are chosen to minimize the mean-
square prediction error
E=E[e3] (5.3.2)
where e, is the prediction error
en=Yn—Yn=Yn+@1¥n-1+doyp2+---+ ApYn-p (5.3.3)

Differentiating Eq. (5.3.2) with respect to each coefficient a;, i = 1,2,...,p, yields
the orthogonality equations

Elenyn-il=0, for i=1,2,...,p (5.3.4)



5.3. Linear Prediction and the Levinson Recursion 153

which express the fact that the optimal predictor y, is the projection onto the span of
the past p samples; that is, {y,—i, i = 1,2,..., p}. Inserting the expression (5.3.3) for
e, into Eq. (5.3.4), we obtain p linear equations for the coefficients

p 14
> @jE[yn-jyn-il= > R(i—jla;=0, for i=1,2,...,p (5.3.5)
Jj=0 Jj=0
Using the conditions (5.3.4) we also find for the minimized value of
. 14
o2 =E&=Elei]=Elenynl= > R(j)a; (5.3.6)
Jj=0

Equations (5.3.5) and (5.3.6) can be combined into the (p + 1) X (p + 1) matrix equation

R(0) R(1) R(2) -+ R(p) 1 o;
R(1) R(0) R(1) v« Rip-1 || @ 0
R(2) R(1) R(0) -+ R(p-2) a |_| O (5.3.7)
R(p) R(p-1) R(p-2) --- R(0) ap 0

which is identical to Eq. (5.2.5) for the autoregressive case. Itis also the truncated version
of the infinite matrix equation (5.1.11) for the full prediction problem.

Instead of solving the normal equations (5.3.7) directly, we would like to embed this
problem into a whole class of similar problems; namely, those of determining the best
linear predictors of orders p = 1, p = 2, p = 3,..., and so on. This approach will lead to
Levinson’s algorithm and to the so-called lattice realizations of linear prediction filters.
Pictorially this class of problems is illustrated below

Yn—p oo Yn=3 Yn=2 Vn-l Yn
0o —0 0 0 >
apy 1 ey(n) =yp+ay yu—1
‘ ayp  dz 1 ‘ e (n) =yp +az; Yy—1 + 422 Yp—2
azy  axp  az 1 ‘ e3(n) =yp + a3 yp—1 + a3 Vp—2 +a33 V-3
App ap3 p2 ap1 1 ‘ ep(”) “Vntap1 Yp-1 A Vp2 T apy Vp—p

where [1,a11], [1,a21,a22], [1,as31,as2,ass],..., represent the best predictors of or-
dersp =1,2,3,..., respectively. It was necessary to attach an extra index indicating the

order of the predictor. Levinson’s algorithm is an iterative procedure that constructs
the next predictor from the previous one. In the process, all optimal predictors of lower
orders are also computed. Consider the predictors of orders p and p + 1, below

Yn-p-1 Yn-p Tt Yn-2 Yn-1  Vn

app - Aap> ap1 1

Ap+1p+1 Ap+lp - dp+12 dp+11 1
ep(N)=Yn+apiYn-1+ ap2Yn-2+ -+ +dppYnp

ep+1(N)=Yn + apr11¥Yn-1 + Apr1,2Yn-2 + - - - + Aps1,pr1Yn-p-1
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Our objective is to construct the latter in terms of the former. We will use the ap-
proach of Robinson and Treitel, based on gapped functions [9]. Suppose that the best
predictor of order p, [1,dp1,dp,...,appl, has already been constructed. The corre-

sponding gapped function is

i=0 i=0

p p
gp(k)=El[ep(n)yn_i]=E KZ a,,iyni) ynk} = > apR(k —1i) (5.3.8)

It has a gap of length p as shown , that is,

g,k
92,(0)
g,(p*1)
gp(k)=0, for 1<k=<p °
T I gap = p T
. — oo o . Pk
-3 -2 -1 0 1 2 3 p ptl

These gap conditions are the same as the orthogonality equations (5.3.4). Using
gp (k) we now construct a new gapped function gp+1 (k) of gap p + 1. To do this, first
we reflect gp, (k) about the origin; that is, g, (k) = gp (k). The reflected function has
a gap of length p but at negatives times. A delay of (p + 1) time units will realign this
gap with the original gap. This follows becauseif 1 <k < p,thenl <p+1 -k < p.
The reflected-delayed function will be g, (p + 1 — k). These operations are shown in the
following figure

gy(k) gy(p+1=h)
gp(o) ) gp(O) .
g,(p*))
° ogp(p+1)
T gap =p I I gap =p
° oo o Tk T ——" . I—
- -3 =2 -l 1 2 2 -1 0 1 2 3 - pptlpt2

Since both g, (k) and g, (p + 1 — k) have exactly the same gap, it follows that so will
any linear combination of them. Therefore,

Ip1(K)=gp(K)=yp1gp(p +1-k) (5.3.9)

will have a gap of length at least p. We now select the parameter y .1 so that gp1 (k)
acquires an extra gap point; its gap is now of length p + 1. The extra gap condition is

Ip+1(p+1)=gp(p+1)=yp+19p(0)=0

which may be solved for
Yot = gp(p+1)
p+1 gp (0)

Evaluating Eq. (5.3.8) at k = p + 1, and using the fact that the value of the gapped
function at k = 0 is the minimized value of the mean-squared error, that is,

Ep =E[e3(n)] = E[e, (n)ynl= gp(0) (5.3.10)

we finally find
Ap

Ypr1 = E_p (5.3.11)
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where we set Ap = gp(p + 1)

1
p ap1
Ap=> apiR(p+1-i)=[R(p+1),R(p),R(p—1),...,R(1)] | 92 (5.3.12)
i=0 .

App

The coefficients y,.1 are called reflection, PARCOR, or Schur coefficients. This ter-
minology will become clear later. Evaluating Eq. (5.3.9) at k = 0 and using g, (p + 1) =
Yp+19p (0), we also find a recursion for the quantity Ep+1 = gp+1(0)

Epi1=9p11(0)=9gp(0)—ypr1gp(p +1)=gp(0) =Yp+1 - ¥p+19p(0), or,

Epii=(1-yp)Ep (5.3.13)

This represents the minimum value of the mean-square prediction error E [ef,+1 (n)]
for the predictor of order p + 1. Since both E, and Ep,; are nonnegative, it follows
that the factor (1 — yf,ﬂ) will be nonnegative and less than one. It represents the
improvement in the prediction obtained by using a predictor of order p + 1 instead of a
predictor of order p. It also follows that y,+; has magnitude less than one, |yp+1] < 1.

To find the new prediction coefficients, dp.1,;, we use the fact that the gapped func-
tions are equal to the convolution of the corresponding prediction-error filters with the
autocorrelation function of y,, :

p
gp (k)= "> apiR (k — i) > Gp(2)=A,(2)8)y(2)
i=0
p+1
Gpr1(K)= > apsiR(k—1) = Gpi1(2)=Api1(2)Syy(2)

i=0

where Sy, (z) represents the power spectral density of y,,. Taking z-transforms of both
sides of Eq. (5.3.9), we find

Gp1(2)=Gp(2)—yp1z P VGp(z7h), o,

Aps1(2)Syy (2) = Ap(2)Syy (2) —yps1z PV A, (271) S,y (27))

where we used the fact that the reflected gapped function g, (—k) has z-transform
Gp(z71), and therefore the delayed (by p + 1) as well as reflected gapped function
gp(p+1—-k) has z-transform z~P*V G, (z71). Since Sy, (z) = Sy, (z~!) because of the
symmetry relations R (k) = R (—k), it follows that Sy, (z) is a common factor in all the
terms. Therefore, we obtain a relationship between the new best prediction-error filter
Ap+1(z)and the old one A, (2)

Api1(2)= Ap(2)—yp12- PV A,(z7')  (Levinson recursion) (5.3.14)

Taking inverse z-transforms, we find

1 1 0
dp+1,1 ap1 App
dp+1,2 Adp2 dp,p-1

. = . — Yp+1 . (5.3.15)
dp+1,p Aapp ap1

dp+1,p+1 0 1
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which can also be written as

Ap+1,i = Api = Yp+1App+1-i, for 1 <i<p

Ap+1,p+1 = —¥Yp+1
Introducing the reverse polynomial AX (z)= zP Ay (z~'), we may write Eq. (5.3.14) as
Api1(2)= Ap(2)—ypnz " AR(2) (5.3.16)

Taking the reverse of both sides, we find

Api1(z )= Ap(z7 ) —yp1 2P Ap (2)

AR (=27 PV A (2 =27 PV AL (27" ) —ypaAp(2), o,

Aj(2) =2 AR (2) —yp1Ap (2) (5.3.17)

Equation (5.3.17) is, in a sense, redundant, but it will prove convenient to think of the
Levinson recursion as a recursion on both the forward, A, (z), and the reverse, AR (z),
polynomials. Equations (5.3.16) and Eq. (5.3.17) may be combined into a 2Xx2 matrix
recursion equation, referred to as the forward Levinson recursion:

Ap1(2) | 1 —)’pﬂzil Ap(2) .
[AI,§+1 (2) } = [ ypnt . Aﬁ (2) (forward recursion)  (5.3.18)

The recursion is initialized at p = 0 by setting
Ao(z)=AR(z)=1 and E,=R(0)=E[y2] (5.3.19)

which corresponds to no prediction at all. We summarize the computational steps of
the Levinson algorithm:

. Initialize at p = 0 using Eq. (5.3.19).

. At stage p, the filter A, (z) and error Ej, are available.

. Using Eq. (5.3.11), compute yp;.

. Using Eq. (5.3.14) or Eq. (5.3.18), determine the new polynomial Ap1(z).
. Using Eq. (5.3.13), update the mean-square prediction error to Ep;.

. Gotostagep + 1.

DD Ul W N

The iteration may be continued until the final desired order is reached. The depen-
dence on the autocorrelation R (k) of the signal y, is entered through Eq. (5.3.11) and
Eo = R(0). Toreach stage p, only the p + 1 autocorrelation lags {R(0),R(1),...,R(p)}
are required. At the pth stage, the iteration already has provided all the prediction fil-
ters of lower order, and all the previous reflection coefficients. Thus, an alternative
parametrization of the pth order predictor is in terms of the sequence of reflection
coefficients {y1, y2,...,¥p} and the prediction error E,

{Ep;anl,apZa---;app} < {Ep,}’ln)’Z,---,Yp}

One may pass from one parameter set to another. And both sets are equivalent
to the autocorrelation set {R(0),R(1),...,R(p)}. The alternative parametrization of
the autocorrelation function R (k) of a stationary random sequence in terms of the
equivalent set of reflection coefficients is a general result [13, 14], and has also been
extended to the multichannel case [15].

If the process yy, is autoregressive of order p, then as soon as the Levinson recursion
reaches this order, it will provide the autoregressive coefficients {a, d, ..., a,} which
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are also the best prediction coefficients for the full (i.e., based on the infinite past)
prediction problem. Further continuation of the Levinson recursion will produce nothing
new—all prediction coefficients (and all reflection coefficients) of order higher than p
will be zero, so that A;(z)= A, (z) forall g > p.

The four subroutines lev, frwlev, bkwlev, and rlev (see Appendix B) allow the
passage from one parameter set to another. The subroutine lev is an implementa-
tion of the computational sequence outlined above. The input to the subroutine is
the final desired order of the predictor, say M, and the vector of autocorrelation lags
{R(0),R(1),...,R(M)}. Its output is the lower-triangular matrix L whose rows are the
reverse of all the lower order prediction-error filters. For example, for M = 4 the matrix
L would be

1 0 0 0
ag 1 0 0
L=|ax axn 1 0 (5.3.20)

asz ds; as; 1

_ o O OO

dggq  dg3 d42 da

The first column of L contains the negatives of all the reflection coefficients. This fol-
lows from the Levinson recursion (5.3.14) which implies that the negative of the highest
coefficient of the pth prediction-error filter is the pth reflection coefficient; namely,

Yp=—Qpp, pP=12,....M (5.3.21)

This choice for L is justified below and in Section 5.9. The subroutine lev also
produces the vector of mean-square prediction errors {Eg, E1,..., Ep} according to the
recursion (5.3.13).

The subroutine frwlev is an implementation of the forward Levinson recursion
(5.3.18) or (5.3.15). Its input is the set of reflection coefficients {yi,y2,...,ym} and
its output is the set of all prediction-error filters up to order M, thatis, A,(z), p =
1,2,...,M. Again, this output is arranged into the matrix L.

The subroutine bkwlev is the inverse operation to frwlev. Its input is the vector of
prediction-error filter coefficients [1, ayi, amz, ..., amm] of the final order M, and its
output is the matrix L containing all the lower order prediction-error filters. The set of
reflection coefficients are extracted from the first column of L. This subroutine is based
on the inverse of the matrix equation (5.3.18). Shifting p down by one unit, we write
Eq. (5.3.18) as

Ap(z) 1 *yp271 Ap-1(2)
= 5.3.22
[A’; () -yp z! AR (2) ( )
Its inverse is
Ap- 1 1 A

[ p-1(2) ] _ . [ Yp ] [A;;(Z) ] (backward recursion)  (5.3.23)

Ap_1(2) 1-yp | Yrz z p (2)
At each stage p, start with A, (z) and extract y, = —dpp from the highest coefficient

of Ap(z). Then, use Eq. (5.3.23) to obtain the polynomial A, (z). The iteration begins
at the given order M and proceeds downwardstop =M —1,M - 2,...,1,0.

The subroutine rlev generates the set of autocorrelation lags {R (0),R(1),...,R(M)}
from the knowledge of the final prediction-error filter Ay (z) and final prediction error
Ep. Tt calls bkwlev to generate all the lower order prediction-error filters, and then
it reconstructs the autocorrelation lags using the gapped function condition g, (p) =
Z?:o apiR (p — i) = 0, which may be solved for R(p) internsof R(p —1),i = 1,2,...,p,
as follows:

14
R(p)=-> apR(p-i), p=12,...,.M (5.3.24)

i=1
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For example, the first few iterations of Eq. (5.3.24) will be:
R(1) = —[a1R(0)]
R(2) = —[axR(1)+axR(0)]
R(3) = —[a31R(2)+asR (1) +asz3R(0)]

To get this recursion started, the value of R (0) may be obtained from Eq. (5.3.13).
Using Eq. (5.3.13) repeatedly, and Ey = R(0) we find

Ev=0-y)(A—-y3)--- Q- y3)R(0) (5.3.25)

Since the reflection coefficients are already known (from the call to bklev) and Ey
is given, this equation provides the right value for R (0).

The routine schur, based on the Schur algorithm and discussed in Section 5.10, is
an alternative to lev. The logical interconnection of these routines is shown below.

R(0) R(1) RQ2) --- RM)

N\

LEV or SCHUR LEV RLEV

E —— FRWLEV — E
M Y1 Y1 - YM | BKWLEV M 41 dy ... Ay

Example 5.3.1: Given the autocorrelation lags
{R(0),R(1),R(2),R(3),R(4)} = {128, 64,80, -88,89}
Find all the prediction-error filters A, (z) up to order four, the four reflection coefficients,

and the corresponding mean-square prediction errors. Below, we simply state the results
obtained using the subroutine lev:

Ai(z) =1+05z7"

Ay(z) =1+0.25z71 - 0.5272

A3(z) =1-0.375272+0.5273

Ay(z) =1-0.25271 - 0.1875272 + 0.5273 - 0.5274

The reflection coefficients are the negatives of the highest coefficients; thus,

{¥1, Y2, ¥3, ¥4} = {-0.5, 0.5, 0.5, 0.5}

The vector of mean-squared prediction errors is given by

{Eo,Ey,E>,E3,E,} = {128, 96, 72, 54, 40.5}

Sending the above vector of reflection coefficients through the subroutine frwlev would
generate the above set of polynomials. Sending the coefficients of A4(z) through bkwlev
would generate the same set of polynomials. Sending the coefficients of A4(z) and E4 =
40.5 through rlev would recover the original autocorrelationlags R (k), k = 0,1,2,3,4. O

The Yule-Walker method (see Section 5.2) can be used to extract the linear prediction
parameters from a given set of signal samples. From a given length-N block of data

|Y0;)’1,)’2,---,)’N—1
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compute the sample autocorrelations {R(0),R(1),...,R(M)} using, for example, Eq.
(5.2.7), and send them through the Levinson recursion. The subroutine yw (see Appendix
B) implements the Yule-Walker method. The input to the subroutine is the data vector
of samples {yo,¥1,...,¥~n-1} and the desired final order M of the predictor. Its output
is the set of all prediction-error filters up to order M, arranged in the matrix L, and the
vector of mean-squared prediction errors up to order M, thatis, {Eq, Eq,...,Em}

Example 5.3.2: Given the signal samples

Yo, y1,y2,¥3,yat = {1,1,1,1,1}

determine all the prediction-error filters up to order four. Using the fourth order predictor,
predict the sixth value in the above sequence, i.e., the value of ys.

The sample autocorrelation of the above signal is easily computed using the methods of
Chapter 1. We find (ignoring the 1/N normalization factor):

{R(0),R(1),R(2),R(3),{R(4)} = {5,4,3,2,1}

Sending these lags through the subroutine lev we find the prediction-error filters:
Ai(z) =1-0.8z""
Ar(z) =1-0.889z7" +0.111z72
Az(z) =1-0.875z"" +0.125273
A4(z) =1-0.857z71 +0.14327*

Therefore, the fourth order prediction of y, given by Eq. (5.3.1) is
)A/n = 0.857)/,171 - 0.143)/"74
which gives y5 = 0.857 — 0.143 = 0.714. [m]

The results of this section can also be derived from those of Section 1.7 by invoking
stationarity and making the proper identification of the various quantities, as we did
in Example 2.6.2. The data vector y and the subvectors ¥y and V¥ are identified with
Y =Yp1(n),y=y,(n),andy =y, (n - 1), where

Vo1 Yn Yn-1
" Yn-1 Yn-2
Ypi1 ()= oL owm=| | yp(n-1)= : (5.3.26)
Yo : .
Yn-pi Yn-p Yn-p-1

It follows from stationarity that the autocorrelation matrices of these vectors are
independent of the absolute time instant n; therefore, we write

Ry, =Ely,(n)y,(m T 1=Ely,(n—=1)y,(n— 1)1, Rpi1 =Elyp1 (N)yp1(n)7]

It is easily verified that R, is the order-p autocorrelation matrix defined in Eq. (5.3.7)
and that the order-(p+1) autocorrelation matrix Rp+1 admits the block decompositions

R(O) |[R1) --- R(p+1) | R(p+1)
R(1)

- Ry :
: Ry R(1)
R(p+1) | Rp+1) -+ R | RO |

Rp+1 =
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It follows, in the notation of Section 1.7, that R = R = Ry and pg = pp = R(0), and
R(1) R(p+1)
Ig = : , Tp= :
R(p+1) R(1)

Thus, r,; and rp, are the reverse of each other. As in Example 2.6.2, it follows that the
backward predictors are the reverse of the forward ones. Therefore, Eq. (5.3.14) is the
same as Eq. (1.7.40), with the identifications

a=ap;1, b=by,, a=a=a,, b=b=>by

where
1 Ap+1,p+1 1 app
Ap+1,1 Ap+1,p
ap1
dp+1 = . , bp+1 = : ap = . , bp =
: Aap1
dp+1,p Ap+1,1 a 1
pp
dp+1,p+1 | 1

Symbolically, b, = af, bp,; = ak, ;. We have E, = Ep = Ep and ya = ¥ = Yp+1.
Thus, Eq. (5.3.15) may be written as

[a 0 a 0
Aps1 = O”] — Yp+1 [bp] = [ 5’} - Yp+1 [aﬁ] (5.3.27)

The normal Egs. (5.3.7) can be written for orders p and p + 1 in the compact form of
Egs. (1.7.38) and (1.7.12)

1 u,
Rpap = Epup, Rpuiapsr = Epripsr, wp = [0} , Upy1 = [ On} (5.3.28)

Recognizing that Eq. (5.3.12) can be writtenas A, = agrb, it follows that the reflection
coefficient equation (5.3.11) is the same as (1.7.42). The rows of the matrix L defined by
Eqg. (5.3.20) are the reverse of the forward predictors; that is, the backward predictors
of successive orders. Thus, L is the same as that defined in Eq. (1.7.13). The rows of the
matrix U defined in Eq. (1.7.30) are the forward predictors, with the first row being the
predictor of highest order. For example,

1 ayn asp asz au

0 1 axn asx as
U=1|0 0 1 d»>; dp»?

0 0 0 1 ai

0 O 0 0 1

Comparing L with U, we note that one is obtained from the other by reversing its

rows and then its columns; formally, U = JLJ, where J is the corresponding reversing
matrix.

5.4 Levinson’s Algorithm in Matrix Form

In this section, we illustrate the mechanics of the Levinson recursion—cast in matrix
form—Dby explicitly carrying out a few of the recursions given in Eq. (5.3.15). The objec-
tive of such recursions is to solve normal equations of the type

Ro R, R» R3[ 1 E;
R, Ry Ry R asy _ 0
R Ri Ry Ry ap | |0
R3 R» R; Ro ass 0
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for the unknowns {Es3, asi, asz, ass}. The corresponding prediction-error filter is

Az(z)=1+anz ' +apz?+apz™

and the minimum value of the prediction error is E3. The solution is obtained in an
iterative manner, by solving a family of similar matrix equations of lower dimensionality.
Starting at the upper left corner,

Ro | Ry | Ry | R3

Ry Ry |R | Ry

Ry, R, Ry |R

R3 Ry Ry Ry

the R matrices are successively enlarged until the desired dimension is reached (4x4 in
this example). Therefore, one successively solves the matrix equations

Ry Ri1 R> 1 E>

Ro R 1 E
[Ro][1]= [Eo], [RO Rl}[a }:[01] Ri Ry Ri|lan|=|0
b " Ry Ri Ro || ax 0

The solution of each problem is obtained in terms of the solution of the previous
one. In this manner, the final solution is gradually built up. In the process, one also
finds all the lower order prediction-error filters.

The iteration is based on two key properties of the autocorrelation matrix: first,
the autocorrelation matrix of a given size contains as subblocks all the lower order
autocorrelation matrices; and second, the autocorrelation matrix is reflection invariant.
That is, it remains invariant under interchange of its columns and then its rows. This
interchanging operation is equivalent to the similarity transformation by the “reversing”
matrix J having 1’s along its anti-diagonal, e.g.,

(5.4.1)

_ o O O
o= O O
(=Nl o]
o o o

The invariance property means that the autocorrelation matrix commutes with the
matrix J
JRI7' =R (5.4.2)

This property immediately implies that if the matrix equation is satisfied:

7R0 R1 RZ R37 7[107 71707
Ri Ro Ri Re||lai| | b
R Ri Ro Ry || ax| ™ | b2

| R3 R» Ri Ro|laz] | bs3]

then the following equation is also satisfied:

[Ro Ri R» R37|[az]| [b3]
Ri Ry Ri R ap _ bZ
R, Ri Ry R, a - bl

L R3 R» Ri Rollao]l | bol

The steps of the Levinson algorithm are explicitly as follows:
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Step 0

Solve Ry - 1 = Ey. This defines Ej. Then enlarge to the next size by padding a zero, that

is,
Ry R, 1 _ Ey . .
|:R1 Ro ] [O} = [Ao ] , this defines Ay. Then, also

Ry Ry 0 |40 b 1i )
R, Ry 17 B | y reversal invariance
These are the preliminaries to Step 1.

Step 1

We wish to solve

Ro R1 1 _ El
&Rl ][]

Try an expression of the form

1] [t] o

ayy 10 Y1 1
Ry R,
Ry Ry

B R FE BRI A
[5]-[2]- (2] -

Ey =Eo—yi14d0, 0=A4¢—y1Ey, or

Acting on both sides by [ ] and using the results of Step 0, we obtain

A
yi= EJ E1 =Eg—y140 = (1-yi)Eo, where Ag=R;
0
These define y; and E;. As a preliminary to Step 2, enlarge Eq. (5.4.3) to the next
size by padding a zero

RO Rl R2 1 El
R, Ry R, day; | =] 0 |, thisdefines Ay. Then, also
R, R; Ry 0 Ay
Ro Ri R» 0 Ay
R, Ry R, apnn | =] 0 |, byreversal invariance
R2 R1 Ro 1 El
Step 2
We wish to solve
Ry Ri Ry 1 E>
R, Ry R, a; |=10 (5.4.4)
R Ry Ry az 0

Try an expression of the form:

1 1 0
a | =|an |—y2| a1 |, withy; tobe determined
o 0 1
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Acting on both sides by the 3x3 autocorrelation matrix and using Step 1, we find

Ez El Al
0 = 0 - Y2 0 , Or,
0 Ay E,
E> =E; —y:A1, 0=A;—-y:E, or
A 1
Ya=75, Ex=(1-y})E, where A =[Ry,R,]
E, an

These define y, and E,. As a preliminary to Step 3, enlarge Eq. (5.4.4) to the next

size by padding a zero

"R, R, R.
Ry Ry Ry
R> R1 Ry

LRz R» Ry

[Ro Ri Ro
R, R, R,
R> R1 Ry

L R3 R» Ry

Step 3

We wish to solve

Try an expression of the

RsI 1] [E2]
R
2 || @ | _| O , this defines A,. Then, also
Rl ar) 0
R() dL 0 i L AZ
R3 17 0 7 i AZ ]
R> ap | | 0O b li .
R, an |=| 0 |’ y reversal invariance
R() JdL 1 i L EZ
B R() R] R2 R3 1 E3
Ri Ry Ri Rof|an| | O
Rz R1 R() Rl ase B 0 (5-45)
| R3 R R Ro |l ass 0
form:
M1 0
aa | _ Y3 a2 , with y3 to be determined
az ap
| O 1

Acting on both sides by the 4x4 autocorrelation matrix and using Step 2, we obtain

E3 EZ AZ
ol o] _|o
0 0 Y3 0 , Or,
0 A; E>
E3 =E> —y342, 0=A—-y3E,, or
A 1
Y3 = Fz’ E3 = (1-y3)E>, where A, = [R3,Ro,R1] | az
2
az?

Clearly, the procedure can be continued to higher and higher orders, as required
in each problem. Note that at each step, we used the order-updating Egs. (1.7.40) in
conjunction with Eq. (1.7.47).
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5.5 Autocorrelation Sequence Extensions

In this section, we discuss the problem of extending an autocorrelation function and
the related issues of singular autocorrelation matrices. The equivalence between an
autocorrelation function and the set of reflection coefficients provides a convenient and
systematic way to (a) test whether a given finite set of numbers are the autocorrelation
lags of a stationary signal and (b) extend a given finite set of autocorrelation lags to
arbitrary lengths while preserving the autocorrelation property.

For a finite set of numbers {R(0),R(1),...,R(p)} to be the lags of an autocorre-
lation function, it is necessary and sufficient that all reflection coefficients, extracted
from this set via the Levinson recursion, have magnitude less than one; that is, |y;| < 1,
fori=1,2,...,p, and also that R(0)> 0. These conditions are equivalent to the pos-
itive definiteness of the autocorrelation matrix R,. The proof follows from the fact
that the positivity of R, is equivalent to the conditions on the prediction errors E; > 0,
fori =1,2,...,p. In turn, these conditions are equivalent to Ey = R(0)> 0 and and,
through Eqg. (5.3.13), to the reflection coefficients having magnitude less than one.

The problem of extending a finite set {R (0),R(1),...,R(p)} of autocorrelation lags
is to find a number R (p+1) such that the extended set {R(0),R(1),...,R(p),R(p+1)}
is still an autocorrelation sequence. This can be done by parametrizing R(p + 1) in
terms of the next reflection coefficient y,.1. Solving Eq. (5.3.12) for R(p + 1) and using
Eq. (5.3.11), we obtain

R(p+1)=ypnEp—[anR(p)+apR(p—-1)+---+ap,R(1)] (5.5.1)

Any number y,,1 in therange —1 < y,;1 < 1 will give rise to an acceptable value for
R(p+1) . The choice yp,1 = 0is special and corresponds to the so-called autoregressive
or maximum entropy extension of the autocorrelation function (see Problem 5.16). If this
choice is repeated to infinity, we will obtain the set of reflection coefficients

{Yly)’Z;---;}’p,O,O;---}

It follows from the Levinson recursion that all prediction-error filters of order greater
than p will remain equal to the pth filter, A, (z) = Ap;+1(2) = Ap42(2) = - - -. Therefore,
the corresponding whitening filter willbe A (z) = A, (z), thatis, an autoregressive model
of order p. With the exception of the above autoregressive extension that leads to an
all-pole signal model, the extendibility conditions |yp+il < 1,1 = 1, do not necessarily
guarantee that the resulting signal model will be a rational (pole-zero) model. See [16-20]
for some recent results on this subject.

Example 5.5.1: Consider the three numbers {R(0),R(1),R(2)} = {8,4,—1}. The Levinson
recursion gives {y1,y2} = {0.5,—-0.5} and {E;,E»} = {6, 4.5}. Thus, the above numbers
qualify to be autocorrelation lags. The corresponding prediction-error filters are

1 1
w-[ ][ [H}
ds; 0.5
The next lag in this sequence can be chosen according to Eq. (5.5.1)
R(3)=y3E» — [a21R(2) +a»R(1)] = 4.5y3 — 2.75
where y; is any number in the interval —1 < y3 < 1. The resulting possible values of

R (3) are plotted below versus y3 . In particular, the autoregressive extension corresponds
to y3 = 0, which gives R(3)= —2.75. O
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The end-points, yp+1 = =1, of the allowed interval (-1,1) correspond to the two
possible extreme values of R(p + 1):

R(p+1)==Ep, — [amR(p)+apR(p-1)+ - +apR(1)]

In this case, the corresponding prediction error vanishes E,.; = (1 — yf,H)E,, =0.
This makes the resulting order-(p + 1) autocorrelation matrix Ry singular. The pre-
diction filter becomes either the symmetric (if y,+1 = —1) or antisymmetric (if yp+1 = 1)
combination

aps1 = [a(;’] + [a% ] . Apai (2)= Ap(2)+27'AR(2), o,

a1 = [ao”] - [a% ] . Apa(2)= Ap(2) -2z 1 AR (2)
P
In either case, it can be shown that the zeros of the polynomial Ay (z) lie on
the unit circle, and that the prediction filter a,,; becomes an eigenvector of Ry, with
zero eigenvalue; namely, Ry .1ap4+1 = 0. This follows from the normal Egs. (5.3.28)
Rpiiapi1 = Epyiupyg and Epyq = 0.

Example 5.5.2: Consider the extended autocorrelation sequence of Example 5.5.1 defined by

the singular choice y3 = —1. Then, R(3)= —4.5 — 2.75 = —7.25. The corresponding
order-3 prediction-error filter is computed using the order-2 predictor and the Levinson
recursion
1 1 0 1
ay = as | _ -0.75 | vs 0.5 _ -0.25
asy 0.5 -0.75 -0.25
ass 0 1 1

It is symmetric about its middle. Its zeros, computed as the solutions of (1 — 0.25z7! —
0.25272+2z3)=1+z1H1-1252' +z2)=0are

and lie on the unit circle. Finally, we verify that a; is an eigenvector of R3; with zero

eigenvalue:
8 4 -1 -7.25 1
8 4 -1 -0.25
Rag=1" 1 4 § 4 —0.25 |70 =
-7.25 -1 4 8 1

Singular autocorrelation matrices, and the associated symmetric or antisymmetric
prediction filters with zeros on the unit circle, find application in the method of line
spectrum pairs (LSP) of speech analysis [21]. They are also intimately related to the
eigenvector methods of spectrum estimation, such as Pisarenko’s method of harmonic
retrieval, discussed in Section 6.2. This connection arises from the property that singular
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autocorrelation matrices (with nonsingular principal minors) admit a representation as
a sum of sinusoidal components [22], the frequencies of which are given precisely by
the zeros, on the unit circle, of the corresponding prediction filter. This sinusoidal
representation is equivalent to the eigen-decomposition of the matrix. The prediction
filter can, alternatively, be computed as the eigenvector belonging to zero eigenvalue.
The proof of these results can be derived as a limiting case; namely, the noise-free case,
of the more general eigenvector methods that deal with sinusoids in noise. A direct
proof is suggested in Problem 6.10.

2 1 -1
Example 5.5.3: Consider the autocorrelation matrix R = 1 2 1 |. It is easily verified
-1 1 2

that the corresponding autocorrelation lags R (k) admit the sinusoidal representation

R (k)= 2cos(wik) = e/@1k 4 g=J@1k = for k =0,1,2

where w; = 11/3. Sending these lags through the Levinson recursion, we find {y;, y.} =
{0.5,—-1} and {E;,E>} = {1.5, 0}. Thus, R singular. Its eigenvalues are {0, 3, 3}. The
corresponding prediction filters are a; = [1,-0.5]7 and a = [1,-1,1]7. It is easily
verified that a; is an eigenvector of R with zero eigenvalue, i.e., Ray = 0. The corresponding
eigenfilter A, (z)= 1 - z~! + z72, is symmetric about its middle and has zeros on the
unit circle coinciding with the sinusoids present in R, namely, z = e*®1, The other two
eigenvectors of R are

1 1 0 0
c=| cosw; [=] 05 |, d=]| sinw; |[=] 3/2
cos2w; -0.5 sin2w; V3/2

both belonging to eigenvalue A = 3. Their norm is ||c|| = ||d|| = +/3/2. The three eigen-
vectors ap, ¢, d are mutually orthogonal. It is easily verified that the matrix R may be rep-
resented in the form R = 2ccT + 2ddT, which, after normalizing ¢ and d to unit norm, is
recognized as the eigendecomposition of R, We can also express R in terms of its complex
sinusoidal components in the form R = ss® + s*s’, where

1
s=c+jd=| & |, st=s*T =1, e, g721]
e2jw1

Example 5.5.4: Similarly, one can verify that the four autocorrelation lags {8, 4, —1, —7.25} of
the singular matrix of Example 5.5.2 can be represented in the sinusoidal form
R (k)= P1e/@k 4 pyel®@2k 1 pyei®sk - for k =0,1,2,3

where P, = 8/13, P, = P3 = 96/13, and w; correspond to the zeros of the prediction
filter a3, namely,

; ; 5+ j+/39 ; 5—Jj+/39
e/l = -1, 2= JT, e/ = JT, so that, w3 = —w:
The matrix itself has the sinusoidal representation
1
t t t e/wi
R = Pys;s; + P2sys; + P3s3s;, where s; = o2iwi
e3jwi

Had we chosen the value y3; = 1 in Example 5.5.2, we would have found the extended lag
R(3) = 1.75 and the antisymmetric order-3 prediction-error filteraz = [1,-1.25,1.25,-1]7,
whose zeros are on the unit circle:

w2 — 1+-]7 v63 /w3 — ﬂ

v =1,
8 8
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with R (k) admitting the sinusoidal representation

R (k)= P; + 2P cos(wyk)=[8, 4, -1, 1.75], for k=0,1,2,3

where P; = 24/7 and P, = 16/7. m}

5.6 Split Levinson Algorithm

The main computational burden of Levinson’s algorithm is 2p multiplications per stage,
arising from the p multiplications in Eq. (5.3.15) and in the computation of the inner
product (5.3.12). Thus, for M stages, the algorithm requires

M
2> p=MM+1)
p=1

or, O (M?) multiplications. This represents a factor of M savings over solving the normal
equations (5.3.7) by direct matrix inversion, requiring O (M3) operations. The savings
can be substantial considering that in speech processing M = 10-15, and in seismic
processing M = 100-200. Progress in VLSI hardware has motivated the development of
efficient parallel implementations of Levinson’s algorithm and its variants [23-42]. With
M parallel processors, the complexity of the algorithm is typically reduced by another
factor of M to O (M) or O (M log M) operations.

An interesting recent development is the realization that Levinson’s algorithm has
some inherent redundancy, which can be exploited to derive more efficient versions
of the algorithm allowing an additional 50% reduction in computational complexity.
These versions were motivated by a new stability test for linear prediction polynomials
by Bistritz [43], and have been termed Split Levinson or Immitance-Domain Levinson
algorithms [44-51]. They are based on efficient three-term recurrence relations for the
symmetrized or antisymmetrized prediction polynomials. Following [44], we define the
order-p symmetric polynomial

Fp(2)=Ap1(2)+z7 A5 1 (2), fp= [apofl ] + [ RO ] (5.6.1)
a,_;

The coefficient vector f, is symmetric about its middle; that is, fpo = fpp = 1 and
fpi = ap-1,i + Ap-1,p-i = [p,p-i, fori = 1,2,...,p — 1. Thus, only half of the vector £, is
needed to specify it completely. Using the backward recursion (5.3.22) to write Ap_1 (2)
in terms of Ay (z), we obtain the alternative expression

F, = %[(A,,+ypA§)+z’](ypzAp+ZA§)] - [Ap + AR], o,
1-yp 1-yp
(1-yp)Fp(2)= Ap(2)+Af(2), (1 —yp)f, = ap +ay (5.6.2)

The polynomial A, (z) and its reverse may be recovered from the knowledge of the
symmetric polynomials Fp (z). Writing Eq. (5.6.1) for order p + 1, we obtain Fp; (z) =
Ap(2) +z’1A{§ (z). This equation, together with Eq. (5.6.2), may be solved for A, (z)
and AR (z), yielding

Fpi1(2)=(1 = yp)z 'Fp(2)
1-z71
Inserting these expressions into the forward Levinson recursion (5.3.16) and can-

celing the common factor 1/(1 — z~!), we obtain a three-term recurrence relation for
Fyp(2):

(1 - yp)Fp(z)—Fpy1(2)
1-z71

Ap(z)=

. AR(2)= (5.6.3)

Fpoo—(1- Yp+1)Zile+1 = [Fn+l - (1- Yp)zian] - YpHZil[(l -Yp)Fp *Fn+1]
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or,
Fp+2(Z)= (1+Zﬁl)Fp+1(Z)_O(p+lzile(Z) (5.6.4)

where &p+1 = (1 4+ yp+1) (1 — yp). In block diagram form

Fp+1(2) z-1 Fp+2(2)
P 70, I \é 1)
Kp+1

Because Fp (z) has order p and is delayed by z~1, the coefficient form of (5.6.4) is

f 0 0
fo0=| P70 |+ —apir | £ (5.6.5)
0 fpi1 0

The recursion is initialized by Fo(z)= 2 and F; (z) = 1 + z~'. Because of the sym-
metric nature of the polynomial Fj, (z) only half of its coefficients need be updated by
Egs. (5.6.4) or (5.6.5). To complete the recursion, we need an efficient way to update the
coefficients .. Taking the dot product of both sides of Eq. (5.6.2) with the row vector
[R(0),R(1),...,R(p)], we obtain

[R(0),...,R(p)]ay + [R(0),...,R(p)]al = (1 - yp) [R(0),...,R(P)]f,

The first term is recognized as the gapped function g, (0) = Ej, and the second term
as gp (p) = 0. Dividing by 1 — y, and denoting T, = E,/ (1 — yp), we obtain

p
Tp = [R(0),R(1),...,R(P) |y = D R()fpi (5.6.6)
i=0

Because of the symmetric nature of f, the quantity T, can be computed using only
half of the terms in the above inner product. For example, if p is odd, the above sum
may be folded to half its terms

(p-1)/2

Tp= > [RO+Rp—1)]fpi

i=0

Because Egs. (5.6.5) and (5.6.6) can be folded in half, the total number of multipli-
cations per stage will be 2(p/2)= p, as compared with 2p for the classical Levinson
algorithm. This is how the 50% reduction in computational complexity arises. The re-
cursion is completed by noting that &1 can be computed in terms of T, by

Tp+1
Tp

®pi1 = (5.6.7)

This follows from Eq. (5.3.13),

Tp+1 Epi1 1-Yyp _ 1- y120+1

Tp 1-yp+1 Ep T Yp+1

1- }/p): (1+ prrl) (1- Yp)= Kp+1

A summary of the algorithm, which also includes a recursive computation of the
reflection coefficients, is as follows:

1. Initialize with To = Eg = R(0), yo = 0, fo = [2], £, = [1,1]7.
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. At stage p, the quantities Ty, yp, fp,fp+1 are available.

. Compute Tp; from Eq. (5.6.6), using only half the terms in the sum.

. Compute &p1 from Eqg. (5.6.7), and solve for yp11 = =1 + &ps1/(1 = yp).
. Compute fp,> from Eq. (5.6.5), using half of the coefficients.

. Gotostagep + 1.

DD Ul W N

After the final desired order is reached, the linear prediction polynomial can be
recovered from Eq. (5.6.3), which can be written recursively as

Api = Api-1 + [ps1i— (L =yp)fpi-1, 1=1,2,...,p (5.6.8)

with apg = 1, or vectorially,

a| [0 0
BENERETN 559

Using the three-term recurrence (5.6.5), we may replace f,; in terms of f, and f,_1,
and rewrite Eq. (5.6.9) as

0
a | |0 f, 01 _
[5]-[3 8] nl2] o] o

and in the z-domain
Ap(2)=21Ap(2)+ (1 + ypz V) Fp(2) —pz ' Fp_1(2) (5.6.11)

Example 5.6.1: We rederive the results of Example 5.3.1 using this algorithm, showing explicitly
the computational savings. Initialize with To = R(0)= 128, f, = [2], f; = [1,1]7. Using
(5.6.6), we compute

T = [R(O),R(l)]fl = [R(0)+R(1)]f1(] =128 -64 =64

Thus, &1 = T1/Tp = 64/128 = 0.5 and y; = —1 + &; = —0.5. Using Eq. (5.6.5) we find

G

and compute T,

T2 = [R(0),R(1),R(2)[f2 = [R(0)+R(2)]f20 + R(1)f21 = 144

Thus, Xz = T2/T1 = 144/64 = 2.25and y, = -1 + &2/ (1 — y;)= —1 + 2.25/1.5 = 0.5.
Next, compute f3 and T3

o 17 [0 0 1

f, 0 1 1 1 ~0.25

f3[0]+[fz]_“2{fol} B R T It Nl RO
ol [1 0 1

T3 = [R(0),R(1),R(2),R(3)]f3 = [R(0)+R (3)]f30 + [R(1)+R(2)|f51 = 36

which gives &3 = T3/T2 = 36/144 = 0.25 and y3 = —1 + &3/ (1 — y»)= —0.5. Next, we
compute f4 and T4

1 0 1
£, 0 0 -0.25 1 1 0.5

£y = [ 0 ] + [f; ] —os| f2 | =] —0.25 | +] —0.25 [-0.25] 1 | =] —0.75
0 1 -0.25 1 0.5
0 1 0 1
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T4 =[R(0),R(1),R(2),R(3),R(4)]fs
= [R(O)+R(4)]f40 + [R(l)+R(3)]f41 +R(2)f42 =81

which gives &4 = T4/T3 = 81/36 = 2.25and y4 = —1 + &4/ (1 — y3)= 0.5. The final
prediction filter a; can be computed using Eq. (5.6.9) or (5.6.10). To avoid computing f5
we use Eq. (5.6.10), which gives

1 0 1 0 0
as 1 0.5 1 1
(700 aq -0.75 0.5 -0.25
a43 - Ay + 0.5 +0.5 —-0.75 —2.25 -0.25
A4 a43 1 0.5 1
0 Ayy 0 1 0
with solution a4 = [1, —0.25, —0.1875, 0.5, —0.5]7. o

5.7 Analysis and Synthesis Lattice Filters

The Levinson recursion, expressed in the 22 matrix form of Eq. (5.3.18) forms the basis
of the so-called lattice, or ladder, realizations of the prediction-error filters and their
inverses [3,6]. Remembering that the prediction-error sequence e, (n) is the convolution
of the prediction-error filter [1, api, dpo,...,dpp] with the original data sequence yy,
that is,

e, (N)=yn+apyn-1+apyn-2+ -+ appYn-p (5.7.1)

we find in the z-domain
E;(2)=Ap(2)Y(2) (5.7.2)

where we changed the notation slightly and denoted e, (n) by e, (n). At this point,
it proves convenient to introduce the backward prediction-error sequence, defined in
terms of the reverse of the prediction-error filter, as follows:

E, (z) = Al (2)Y (2) (5.7.3)
ey (n) =Ynp +ap1Yn-p+1 + Ap2Yn-pr2 + -+ + AppYn (5.7.4)
where Aﬁ (z) is the reverse of Ay (z), namely,

Zhiirapmz P 4 z7P

AR(2)=2PAp(z )= app + app12' + app 272"

The signal sequence e, (n) may be interpreted as the postdiction error in postdicting
the value of y,_p on the basis of the future p samples {YVn_p+1,Yn-p+2,-++sYn-1,¥n},
as shown below

1 4pi dpp 1 dpp-l App
Yn—p Yn—p+l Yn—ps2 - Vn-l Yn

—e —9o —9o o 0o

Actually, the above choice of postdiction coefficients is the optimal one that mini-
mizes the mean-square postdiction error

E[e, (n)*]= min (5.7.5)
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This is easily shown by inserting Eq. (5.7.4) into (5.7.5) and using stationarity

m,k=0

2
p
E[e (l’l) 1=E [ Z ApmYn- p+m) = Z apm£[)"n—p+m)"n—p+k]apk
p
=2

apmR (m — k) apk = Ele}; (n)?]
m,k=0

which shows that the forward and the backward prediction error criteria are the same,
thus, having the same solution for the optimal coefficients. We can write Egs. (5.7.1) and
(5.7.4) vectorially

ep(m=1[1,ap,...,ap] | . |=ajy,(n (5.7.6a)

e, (M= [app, app-1,--,11| . | =ay"y,(m)=byy,(n (5.7.6b)

Yn-p

They are recognized as the forward and backward prediction errors e, and ep of
Eq. (1.7.9). Multiplying both sides of the Levinson recursion (5.3.18) by Y (z), we cast it
in the equivalent form in terms of the forward and backward prediction-error sequences:

Epii(2) | _ 1 -ypnz' || Ef (2)
[EEH(Z) ] - [—Ypﬂ z7! ] [E,; (z) (5.7.7)

and in the time domain

ey (n) =ey(n)—yprie, (n-1)

(5.7.8)
ey (n) = e, (n—1)-ypi1e, (n)
and in block diagram form
eji(n)
(1)
These recursions are initialized at p = 0 by
Eg(z)=Ap(2)Y(2)=Y(z) and ej(n)=yy (5.7.9)

Egs. (5.7.8) are identical to (1.7.50), with the identifications e; — e;H (n), é5 —
ey (n),ep — e, (n), ép — e, (n—1) the last following from Eq. (5.3.26).

The lattice realization of the prediction-error filter is based on the recursion (5.7.8).
Starting at p = 0, the output of the pth stage of (5.7.8) becomes the input of the (p+1)th
stage, up to the final desired order p = M. This is depicted in Fig. 5.3.

At each time instant n the numbers held in the M delay registers of the lattice can
be taken as the internal state of the lattice. The subroutine lattice (see Appendix B) is
an implementation of Fig. 5.3. At each instant n, the routine takes two overall inputs
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y eg(n) +mef(n) +me§'(n) T ey (1)
n
b4l ¥
ey (n) er(n) ey (n)

Fig. 5.3 Analysis lattice filter.

eg (n), makes M calls to the routine section that implements the single lattice section
(5.7.8), produces the two overall outputs eﬁ (n), and updates the internal state of the
lattice in preparation for the next call. By allowing the reflection coefficients to change
between calls, the routine can also be used in adaptive lattice filters.

Equations (5.7.2) and (5.7.3) imply that the transfer function from the input y;, to the
output ef; (n) is the desired prediction-error filter Ay (z), whereas the transfer func-
tion from y, to ey, (n) is the reversed filter AII\Z (z). The lattice realization is therefore
equivalent to the direct-form realization

ey ()= yn + amiYn-1 + AmeYn—2 + * * - AMMYn-m  In ejf;(n)

realized directly in terms of the prediction coefficients. It is depicted below

Vn I B ejli(n)
-1

ayvm

The synthesis filter 1/Ap (z) can also be realized in a lattice form. The input to
the synthesis filter is the prediction error sequence ej; (n) and its output is the original

sequence yp:
ejf(n) 1/4,,(z) Yn

Its direct-form realization is:

eyr(n)

—Aym

For the lattice realization, since y,, corresponds to e; (n), we must write Eq. (5.7.8) in
an order-decreasing form, starting at ej; (n) and ending with ej (n) = yy. Rearranging
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the terms of the first of Egs. (5.7.8), we have
ey (n) =ej. (M) +yprie,(n—1)
(5.7.10)
ey (n) =e, (n-1)~ypr1e;(n)

which can be realized as shown below:

ep(n)

@ e]y++1(”)
¥

t@—’ &1(1)

Note the difference in signs in the upper and lower adders. Putting together the
stages from p = M to p = 0, we obtain the synthesis lattice filter shown in Fig. 5.4.

% () e, (n-1)

ef(n) IPNQ) o) o ar ()

Yn

T

Y Y2

A BN

+
1z NN NP
T ei(n) *

ey(n) e;(n)

Fig. 5.4 Synthesis lattice filter.

Lattice structures based on the split Levinson algorithm can also be developed [46, 47].
They are obtained by cascading the block diagram realizations of Eq. (5.6.4) for different
values of «p. The output signals from each section are defined by

p
ep(n)=> fpivn-i, Ep(z)=Fp(2)Y(2)
i=0
Multiplying both sides of Eq. (5.6.1) by Y (z) we obtain the time-domain expression
ep(n)=e,_(n)+e,_;(n—1)
Similarly, multiplying both sides of Eq. (5.6.4) by Y (z) we obtain the recursions

epr2(n)=epi1(N)+ep(n—1)-apep(n—-1)

They are initialized by eg(n)= 2y, and e; (n)= y, + yn-1. Putting together the
various sections we obtain the lattice-type realization

hZ 2 e,(n) e,(n) e,(n)

1 WIS

ey(n—1) - e (n—1) s ey(n—1)

Ve

The forward prediction error may be recovered from Eq. (5.6.3) or (5.6.11) by multi-
plying both sides with Y (z); for example, using Eq. (5.6.11) we find

ey (n)=e;_;(n)+ey(n)+ypey(n)—ape, 1 (n—1)
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5.8 Alternative Proof of the Minimum-Phase Property

The synthesis filter 1/Aj; (z) must be stable and causal, which requires all the M zeros
of the prediction-error filter Aps(z) to lie inside the unit circle on the complex z-plane.
We have already presented a proof of this fact which was based on the property that
the coefficients of Ay (z) minimized the mean-squared prediction error E[e&(n)z].
Here, we present an alternative proof based on the Levinson recursion and the fact that
all reflection coefficients y, have magnitude less than one [6,11]. From the definition
(5.7.4), it follows that

ey (n=1)=Ynp-1+ap1¥n-p + Ap2Yn-p+1 + - -+ + dppYn-1 (5.8.1)

This quantity represents the estimation error of postdicting y,-p—1 on the basis of the
p future samples {yn_p,Yn-p+1,...,Yn-1}. Another way to say this is that the linear
combination of these p samples is the projection of y,,_,_1 onto the subspace of random
variables spanned by {yn_p,Yn-p+1,...,Vn-1}; thatis,

e, (n—1)=yn_p-1 — (projection of yn_p_1 onto {Yn_p,Yn-p+1,---,¥n-1})  (5.8.2)

On the other hand, e; (n) given in Eq. (5.7.1) is the estimation error of y, based on
the same set of samples. Therefore,

e,y ()= yn — (projection of yn onto {¥n—p,Yn-p+1,-+-»¥Yn-1}) (5.8.3)

The samples {yn_p, Yn-p+1,--.,Vn-1} are the intermediate set of samples between y,,_p_1
and y, as shown below:

Yn-p-11 Yn—p  Vn-p+l -+ Vn=2 Yn—1 Yn

Therefore, according to the discussion in Section 1.6, the PARCOR coefficient be-
tween y,_p—1 and y, with the effect of intermediate samples removed is given by
Ele; (n)e, (n—1)]

Elep (n—1)2]

PARCOR =

This is precisely the reflection coefficient y,,1 of Eq. (5.3.11). Indeed, using Eq. (5.8.1)
and the gap conditions, g, (k)= 0,k = 1,2,...,p, we find

Elej (me, (n—1)] = E[e}; (n) (Yn-p-1 + @p1¥n-p + @p2Yn-p+1 + - = - + AppYn-1) |
=gp(p+ 1) +apgp(p)+apgp(p — D+ dppgp(1)
=gp(p+1)

Similarly, invoking stationarity and Eq. (5.7.5),
Ele, (n—1)?] = E[e, (n)?] = E[e;, (n)*] = g, (0)
Thus, the reflection coefficient y,,; is really a PARCOR coefficient:
Ele;(me,(n-1)]  E[e;(me,(n—1)]
Elep (n—1)?] \/E[e;(n—l)Z]E[e;(n)Z]

Yp+1 =

(5.8.4)

Using the Schwarz inequality with respect to the inner product E[uVv], that is,

|Efuv]|® < E[u?] E[V?]
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then Eq. (5.8.4) implies that y, .1 will have magnitude less than one:
lyps1l =1, foreachp=0,1,... (5.8.5)

To prove the minimum-phase property of Ay (z) we must show that all of its M
zeros are inside the unit circle. We will do this by induction. Let Z, and N, denote
the number of zeros and poles of A, (z) that lie inside the unit circle. Levinson’s re-
cursion, Eq. (5.3.13), expresses Ap,1(z) as the sum of A,(z) and a correction term
F(z)= —yl,ﬂz‘lA}'a2 (z), that is,

Ap1(z2)=Ap(2) +F(2)

Using the inequality (5.8.5) and the fact that A, (z) has the same magnitude spectrum
as AR (z), we find the inequality

|F(2)| = |=yp1z AR (2) | = |ypi1Ap(2) | < |Ap(2) |

for z = e/® on the unit circle. Then, the argument principle and Rouche’s theorem imply
that the addition of the function F (z) will not affect the difference N, — Z, of poles
and zeros contained inside the unit circle. Thus,

Npi1—Zpr1 =Np - Zp

Since the only pole of Ay (z) is the multiple pole of order p at the origin arising from
the term z77, it follows that N = p. Therefore,

(p+1)~Zps1=p— 2y, or,

Zp+1 :Zerl

Starting at p = 0 with A (z) = 1, we have Z, = 0. It follows that
Zy=p

which states that all the p zeros of the polynomial A, (z) lie inside the unit circle.

Another way to state this result is: “A necessary and sufficient condition for a poly-
nomial Ay (z) to have all of its M zeros strictly inside the unit circle is that all reflection
coefficients {y1, y2,..., ym} resulting from Ay (z) via the backward recursion (5.3.21)
have magnitude strictly less than one.” This is essentially equivalent to the well-known
Schur-Cohn test of stability [52-56]. The subroutine bkwlev can be used in this regard
to obtain the sequence of reflection coefficients. The Bistritz test [43], mentioned in
Section 5.6, is an alternative stability test.

Example 5.8.1: Test the minimum phase property of the polynomials

(@) A(z)=1-2.60z"1 +2.55272 - 2.80z73 + 0.50z*
b) A(z)=1-1.40z"" +1.4727% = 1.30z73 + 0.50z 4

Sending the coefficients of each through the subroutine bkwlev, we find the set of reflec-
tion coefficients

(a) {0.4,-0.5,2.0,-0.5}
(b) {0.4,-0.5,0.8,-0.5}

Since among (a) there is one reflection coefficient of magnitude greater than one, case (a)
will not be minimum phase, whereas case (b) is. [}
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5.9 Orthogonality of Backward Prediction Errors—Cholesky
Factorization
Another interesting structural property of the lattice realizations is that, in a certain

sense, the backward prediction errors e, (n) are orthogonal to each other [3,6]. To see
this, consider the case M = 3, and form the matrix product

Ry Ri Ry Rj3 1 a, a» ass Ey 0 0 0

Ry Ry Ry R 0 1 a asz | *x  E 0 0

R, R Ry R, 0 0 1 asy B * x Ep 0

R3; R Ri Ro 0 o0 0 1 *  x  kx E3
R LYT Ly

Because the normal equations (written upside down) are satisfied by each prediction-
error filter, the right-hand side will be a lower-triangular matrix. The “don’t care” entries
have been denoted by *s. Multiply from the left by L to get

Eb, 0 0 O
E I 0 0
x % E» O
*  x ok E3

LRLT =LL, =

Since L is by definition lower-triangular, the right-hand side will still be lower tri-
angular. But the left-hand side is symmetric. Thus, so is the right-hand side and as a
result it must be diagonal. We have shown that

LRLT = D = diag{E, E1, E», E3} (5.9.1)
or, written explicitly

1 0 0 0 Ro Ri Ry Rj3 1 ay; axp ass Ey O 0 0
ai 1 0 0 Ry, Ry Ry R 0 1 ax asx | _ 0 E; O 0
drp d) 1 0 Rz R1 Ro R1 0 0 1 asy N 0 0 E2 0
azz dadszy dsz 1 R3 R, Ri Ry 0 0 0 1 0 0 0 Ej

This is identical to Eq. (1.7.17). The pgth element of this matrix equation is then
b)Rby = §pqEp (5.9.2)

where by, and b, denote the pth and gth columns of LT. These are recognized as the
backward prediction-error filters of orders p and g. Eq. (5.9.2) implies then the orthog-
onality of the backward prediction-error filters with respect to an inner product x! Ry.

The backward prediction errors e, (n) can be expressed in terms of the b,s and the
vector of samples y (1) = [Vn, Vn-1,Vn-2,¥Yn-3]7, as follows:

ey (n)=1[1, 0, 0, 0]Y(n)—boY() Yn

[
ey (m)=[an, 1, 0, 0ly(m)=bjy(n)=anyn+yn1 (5.93)
e; ()= [az,az, 1, 0]y(n)=bly(n)= donyn + anyn-1+ Yn-2 o
e3 (n)= [asz, asy,azi, 1 ]Y(n)— bly(n)= assyn + az2yn-1 + az1yn-2 + Yn-3
which can be rearranged into the vector form
e, (n) 1 0 0 0 Yn
_ ey (n) an 1 0 O ||Yna
n)= z = =Ly(n 5.9.4
e (n) e, (n) ap a; 1 0 Yn-2 y(m) ( )
ez (n) asy asy asx 1 Yn-3
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It is identical to Eq. (1.7.15). Using Eq. (5.9.1), it follows now that the covariance
matrix of e” (n) is diagonal; indeed, since R = E[y(n)y(n)T],

Re-o- = E[e"(m)e" (n)T]=LRLT =D (5.9.5)
which can also be expressed component-wise as the zero-lag cross-correlation
Re;e; (O):E[e;(n)e;(n)] = 517qu (5.9.6)

Thus, at each time instant n, the backward prediction errors e, (n) are mutually
uncorrelated (orthogonal) with each other. The orthogonality conditions (5.9.6) and the
lower-triangular nature of L render the transformation (5.9.4) equivalent to the Gram-
Schmidt orthogonalization of the data vector y(n)= [¥n,Vn-1,Yn-2,¥n-317. Equation
(5.9.1), written as

R=L"'DLT

corresponds to an LU Cholesky factorization of the covariance matrix R.

Since the backward errors e, (n),p=0,1,2,...,M, for an Mth order predictor are
generated at the output of each successive lattice segment of Fig. 5.3, we may view the
analysis lattice filter as an implementation of the Gram-Schmidt orthogonalization of
the vector y(n) = [Yn,¥n-1,Yn-2,--,Yn-m1".

Itis interesting to note, in this respect, that this implementation requires only knowl-
edge of the reflection coefficients {y1, y2,...,¥m}.

The data vector y(n) can also be orthogonalized by means of the forward predictors,
using the matrix U. This representation, however, is not as conveniently realized by
the lattice structure because the resulting orthogonalized vector consists of forward
prediction errors that are orthogonal, but not at the same time instant. This can be seen
from the definition of the forward errors

1 as as as|[yn e3 (n)
|0 1 an ax||yaa|_ |es(n-1)
=106 0 1 an||yms|"|etn-2
0o 0 0 1 VYn-3 eq(n—3)

Thus, additional delays must be inserted at the forward outputs of the lattice struc-
ture to achieve orthogonalization. For this reason, the backward outputs, being mutually
orthogonal at the same time instant n, are preferred. The corresponding UL factoriza-
tion of R is in this basis

URUT = diag{E3, E», E1,Eo}

This is the reverse of Eq. 5.9.1) obtained by acting on both sides by the reversing
matrix J and using the fact that U = JLJ, the invariance of R = JRJ, and J? = I.

The above orthogonalization may also be understood in the z-domain: since the
backward prediction error e, (n) is the output of the reversed prediction-error filter
Aﬁ (z) driven by the data sequence y,, we have for the cross-density

Seye; (2)= Af (2) Syy (2) AR (z71)

Integrating this expression over the unit circle and using Eq. (5.9.6), we find

d d
%u.c. AIS (Z)Syy(Z)Ag (Zil) g = §u.c. Se,;e,; (2) ZTTj'Z (5.9.7)

2Tjz
= Re;.; (0)= E[e, (n)eg (n)] = 0pgEp

that is, the reverse polynomials A}; (z) are mutually orthogonal with respect to the above
inner product defined by the (positive-definite) weighting function Sy, (z). Equation
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(5.9.7) is the z-domain expression of Eq. (5.9.2). This result establishes an intimate con-
nection between the linear prediction problem and the theory of orthogonal polynomials
on the unit circle developed by Szego [57,58].

The LU factorization of R implies a UL factorization of the inverse of R; that is,
solving Eq. (5.9.1) for R~! we have:

R'=LTD'L (5.9.8)

Since the Levinson recursion generates all the lower order prediction-error filters, it
essentially generates the inverse of R.

The computation of this inverse may also be done recursively in the order, as follows.
To keep track of the order let us use an extra index

R;' =LID5'L3 (5.9.9)
The matrix L3 contains as a submatrix the matrix L; in fact,

1 0 o0]o0
aiy 1 0‘0 _|:L20:|
1

az  ax 0] | k" |1

asz ds; as |1
where a’;T denotes the transpose of the reverse of the vector of prediction coefficients;
namely, X7 = [as3, a3y, az1]. The diagonal matrix D3! may also be block divided in

the same manner:
D—l DEI ‘ 0
S 7L |1

Inserting these block decompositions into Eq. (5.9.9) and using the lower order result
R;' = LTD3'L,, we find

Ly = (5.9.10)

_ 1 1
[R21+E—¢xl§a§T E—a§] [R7'0] 1
R;! = : 3 31 == + —hszb! (5.9.11)
[ — kT ‘ L J L 0 ‘ OJ E;3
Ey 3 E5

where bs = a§ = [¢x§T, 117= [as3, a3, as1, 117. This is identical to Eq. (1.7.28).

Thus, through Levinson’s algorithm, as the prediction coefficients &3 and error E3
are obtained, the inverse of R may be updated to the next higher order. Eq. (5.9.11) also
suggests an efficient way of solving more general normal equations of the type

Ro Ri R: R37[ h3o ro
| Rt R0 Ri R hsi | || _
Rs3h3 = R, R, Ro R, he | = | r =r3 (5.9.12)
R3 R2 R1 Ro h33 r3

for a given right-hand vector r3. Such normal equations arise in the design of FIR Wiener
filters; for example, Eq. (4.3.9). The solution for hj is obtained recursively from the
solution of similar linear equations of lower order. For example, let h, be the solution
of the previous order

Ry R1 R: hyg ¥o
Roh, =| Ri Ry R hyy | = |=m
R» R: Ry ho T2

where the right-hand side vector r; is part of r3. Then, Eq. (5.9.11) implies a recursive
relationship between h3 and hy:
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1 1 1
Ry'+ —aRalT | -k —I , {hz +—of(r; + ofr,) —I
h; = R7lr; = E; E; LT E3
S B [ e
E; E; Ey 2082

In terms of the reverse prediction-error filter by = a¥ = [as3, a3z, a31,117= [«8T,1]7,

we may write

h; = [h—z] +cb;, where ¢ = i(r3 +oRTr,) = ib3Tr3 (5.9.13)
0 E; E;

Thus, the recursive updating of the solution h must be done by carrying out the aux-
iliary updating of the prediction-error filters. The method requires O (M?) operations,
compared to O (M?3) if the inverse of R were to be computed directly.

This recursive method of solving general normal equations, developed by Robinson
and Treitel, has been reviewed elsewhere [7,8,59-61]. Some additional insight into the
properties of these recursions can be gained by using the Toeplitz property of R. This
property together with the symmetric nature of R imply that R commutes with the
reversing matrix:

Js = =J3', JsR3J3 =R (5.9.14)

—~ oo o
o~ oo
cor~o

N oo o~

Therefore, even though the inverse 51 is not Toeplitz, it still commutes with this
reversing matrix; that is,

J3R3'J5 = R3! (5.9.15)

The effect of this symmetry property on the block decomposition (5.9.11) may be
seen by decomposing J3 also as

o=l

where J, is the lower order reversing matrix. Combining Eq. (5.9.15) with Eq. (5.9.11),
we find

1

T Ry + ok

Rgl :J3R§1J3 — |:3 ‘ (1):| [ 1E3 I [
: [ 7‘X§T ‘ E; J

E3

or, since R, commutes with J», and Joa® = a3, we have

(e | =9 |
T . 13 T
. . 1
R;! = 1E3 Esl = [8 1?*1 ] + E—a3a3T (5.9.16)
—oas | Ry + —0(30(3TJ 2 3
E3 E3

which is the same as Eq. (1.7.35). Both ways of expressing R3’1 given by Egs. (5.9.16) and
(5.9.11), are useful. They may be combined as follows: Eq. (5.9.16) gives for the ijth
matrix element:

(R3Y = (R3Y + oz EY) i1 jo1= (R3Y) -1 -1+ 310035 E L

which valid for 1 < i,j < 3. On the other hand, from Eq. (5.9.11) we have
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-1 -1 R R -1
(R3Y)i-1j-1= (R31)i-1,j-1+ 030055 E3

which is valid also for 1 < i,j < 3. Subtracting the two to cancel the common term
(R3%)-1,j-1, we obtain the Goberg-Semencul-Trench-Zohar recursion [62-66]:

(R;l)ij= (Rgfl)ifl‘];l+(0(30(%" - ¢X§D(§T)U'E§1 , 1<i,j<3 (5.9.17)

which allows the building-up of R3* along each diagonal, provided one knows the “bound-
ary” values to get these recursions started. But these are:

(R3Yoo=E5', (R3Yio= (R3Yoi=azE;!, 1<i,j<3 (5.9.18)

Thus, from the prediction-error filter a3 and its reverse, the entire inverse of the
autocorrelation matrix may be built up. Computationally, of course, the best procedure
is to use Eq. (5.9.8), where L and D are obtained as byproducts of the Levinson recur-
sion. The subroutine lev of the appendix starts with the M + 1 autocorrelation lags
{R(0),R(1),...,R(M)} and generates the required matrices L and D. The main rea-
son for the existence of fast algorithms for Toeplitz matrices can be traced to the nesting
property that the principal submatrices of a Toeplitz matrix are simply the lower order
Toeplitz submatrices. Similar fast algorithms have been developed for other types of
structured matrices, such as Hankel and Vandermonde matrices [67-69].

5.10 Schur Algorithm

The Schur algorithm has its roots in the original work of Schur on the theory of functions
bounded in the unit disk [70,71]. It is an important signal processing tool in a variety of
contexts, such as linear prediction and signal modeling, fast matrix factorizations, filter
synthesis, inverse scattering, and other applications [71-92].

In linear prediction, Schur’s algorithm is an efficient alternative to Levinson’s algo-
rithm and can be used to compute the set of reflection coefficients from the autocor-
relation lags and also to compute the conventional LU Cholesky factorization of the
autocorrelation matrix. The Schur algorithm is essentially the gapped function recur-
sion (5.3.9). It proves convenient to work simultaneously with Eq. (5.3.9) and its reverse.
We define the forward and backward gapped functions of order p

gy (k)= Ele, Myn-xl, g, (k) =Ele, (n)yn-«] (5.10.1)

The forward one is identical to that of Eq. (5.3.8). The backward one is the convolu-
tion of the backward filter b, = a§ with the autocorrelation function; that is,

p P
g5 (K)=> apR(k—1), g, (k)= > bpR(k—1) (5.10.2)
i=0 =0
where by; = dpp-i. In the z-domain, we have

Gy (2)=Ap(2)Syy(2), G,(2)=AR(2)S))(2) (5.10.3)
Using Syy (z) = Sy, (z71), it follows that

G, (2)= AR(2)Syy(2)= 2 PA,(z ) S,y (z7 )= 2 PG} (z7")

and in the time domain:
gy (K)=gy; (p—k) (5.10.4)
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Thus, the backward gapped function is the reflected and delayed version of the
forward one. However, the delay is only p units—one less than required to completely
align the gaps. Therefore, the forward and backward gapped functions have slightly
different gaps of length p; namely,

gy (k) =0, for k=1,2,...,p
(5.10.5)
g;(k)=0, for k=0,1,...,p—1

By the definition (5.10. 1), the gap conditions of the backward function are equivalent
to the orthogonality conditions for the backward predictor; namely, that the estimation
error e, (n) be orthogonal to the observations {y,_kx, k = 0,1,...,p — 1} that make
up the estimate of y,_p. Inserting the lattice recursions (5.7.8) into (5.10.1), or using
the polynomial recursions (5.3.18) into (5.10.3), we obtain the lattice recursions for the
gapped functions, known as the Schur recursions

g;;+1 (k) = g; (k)—}’pﬂg; (k-1)
(5.10.6)
Ip+1 (k) = 9p (k — 1)—}/10+19;)r (k)

g;H(k) _ 1 —Yp+1 g; (k)

9p+1(K) —Yp+1 1 gy (k=1)
They are initialized by gg (k)= R(k). The first term of Eq. (5.10.6) is identical to Eq.
(5.3.9) and the second term is the reverse of Eq. (5.3.9) obtained by the substitution

k — p +1 — k. The forward gap condition ggﬂ(p + 1)= 0 can be solved for the
reflection coefficient

or, in matrix form

g5 (p+1)
Yo =) (5.10.7)

Note that Eg. (5.10.4) implies g, (p)= g; (0) = Ep, and therefore, Eq. (5.10.7) is the
same as Eq. (5.3.11). For an Mth order predictor, we only need to consider the values
gli, (k), fork =0,1,...,M. We arrange these values (for the backward function) into the
column vector

g; (0)
g, (1)

g, = . (5.10.8)
g, (M)

By virtue of the gap conditions (5.10.5), the first p entries, k = 0,1,...,p — 1, of this
vector are zero. Therefore, we may construct the lower-triangular matrix having the g, s
as columns

G=18),8, "",8ul (5.10.9)

For example, if M = 3,

g5 (0) 0 0 0
G- g0 (1) g1 (1) 0 0

go (2) g1(2) g5(2) 0

go 3) g1 (3) g,(3) g3(3)

The first column of G consists simply of the M + 1 autocorrelation lags:

R(0)
- R(1)

8o = (5.10.10)

R(M)
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The main diagonal consists of the prediction errors of successive orders, namely,

g, (p)=Ep, for p =0,1,...,M. Stacking the values of definition (5.10.1) into a vector,
we can write compactly,

g, = E[ep(n)y(n)] (5.10.11)

where y (n)= [Vn,Vn-1,...,¥n-m]7 is the data vector for an Mth order predictor. Thus,
the matrix G can be written as in Eq. (1.7.56)

G= E[y(n) [eg (n),e7 (n),..., elg(n)]] =Ely(n)e (n)T] (5.10.12)

where e~ (n)= [eg (n),e] (n),...,ey(n)] T is the decorrelated vector of backward pre-
diction errors. Following Eq. (1.7.57), we multiply (5.10.12) from the left by the lower
triangular matrix L, and using the transformation e~ (n)= Ly(n) and Eq. (5.9.5), we
obtain

LG =LE[y(n)e” (n)T]1=E[e" (n)e" (n)T]=D

Therefore, G is essentially the inverse of L
G=L"'D (5.10.13)

Using Eq. (5.9.1), we obtain the conventional LU Cholesky factorization of the auto-
correlation matrix R in the form

R=L"'DLT=(GDYDMD'GT)= GD'GT (5.10.14)

The backward gapped functions are computed by iterating the Schur recursions
(5.10.6) for 0 < k < M and 0 < p < M. One computational simplification is that,
because of the presence of the gap, the functions g (k) need only be computed for
p < k < M (actually, g;; (p)= 0 could also be skipped). This gives rise to the Schur
algorithm:

0. Initialize in order by gg (k)= R(k), k = 0,1,..., M.
1. At stage p, we have available g, (k) forp <k < M.
g5 (p+1)

gr (p)
3. Forp +1 <k <M, compute

2. Compute ypi1 =

g;+1 (k)= g; (k)—ymlg,; (k—-1)
Ipi1 (k)= 9y (k - 1)—)’p+lg; (k)

4. Goto stage p + 1.
5. At the final order M, set Ey = gy (M).

The subroutine schur (see Appendix B) is an implementation of this algorithm. The
inputs to the routine are the order M and the lags {R(0),R(1),...,R(M)}. The outputs
are the parameters {Ep, y1,¥2,...,¥YMm}. This routine is a simple alternative to lev. It
may be used in conjunction with frwlev, bkwlev, and rlev, to pass from one linear
prediction parameter set to another. The subroutine schurl is a small modification
of schur that, in addition to the reflection coefficients, outputs the lower triangular
Cholesky factor G. The prediction errors can be read off from the main diagonal of G,
thatis, Ep = G(p,p),p =0,1,...,M.

Example 5.10.1: Sending the five autocorrelation lags, {128, —64, 80, —88, 89}, of Example 5.3.1
through schurl gives the set of reflection coefficients {y1, y2, y3,y4} = {—0.5,0.5,—0.5,
0.5}, and the matrix G
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128 0 0 0 0
—64 96 0 0 0
G= 80 24 72 0 0
—88 36 0 54 0
89 —-43.5 13.5 13.5 40.5

Recall that the first column should be the autocorrelation lags and the main diagonal should
consist of the mean square prediction errors. It is easily verified that GD'G” = R. O

The computational bottleneck of the classical Levinson recursion is the computation
of the inner product (5.3.12). The Schur algorithm avoids this step by computing yp1
as the ratio of the two gapped function values (5.10.7). Moreover, at each stage p, the
computations indicated in step 3 of the algorithm can be done in parallel. Thus, with
M parallel processors, the overall computation can be reduced to O (M) operations.
VLSI parallel hardware implementations of the Schur algorithm already exist [82,33]. As
formulated above, the Schur algorithm is essentially equivalent to the Le Roux-Gueguen
fixed-point algorithm [75]. The possibility of a fixed-point implementation arises from
the fact that all gapped functions have a fixed dynamic range, bounded by

lgy (k)| <R(0) (5.10.15)

This is easily seen by applying the Schwarz inequality to definition (5.10.1) and using
Ep <R(0)

lg5 (k) |* = |Eles (Myn-k]|* < Eles (m?1E[Y2_ 1< EpR(0) < R(0)?

The Schur algorithm admits a nice filtering interpretation in terms of the lattice struc-
ture. By definition, the gapped functions are the convolution of the forward/backward
pth order prediction filters with the autocorrelation sequence R (k). Therefore, g, (k)
will be the outputs from the pth section of the lattice filter, Fig. 5.3, driven by the input
R (k). Moreover, Eq. (5.10.6) states that the (p + 1) st reflection coefficient is obtainable
as the ratio of the two inputs to the (p + 1) st lattice section, at time instant p + 1 (note
that g, (p)= g, (p + 1 — 1) is outputted at time p from the pth section and is delayed
by one time unit before it is inputted to the (p + 1) st section at time p + 1.) The correct
values of the gapped functions g,, (k) are obtained when the input to the lattice filter is
the infinite double-sided sequence R (k). If we send in the finite causal sequence

x(k)={R(0),R(1),...,R(M),0,0,...}

then, because of the initial and final transient behavior of the filter, the outputs of the
pth section will agree with g, (k) only for p < k < M. To see this, let y; (k) denote the
two outputs. Because of the causality of the input and filter and the finite length of the
input, the convolutional filtering equation will be

min{p,k} min{p,k}
yp(k)= > apixtk-D= > apR(k-i)
i=max{0,k—M} i=max{0,k—M}

This agrees with Eq. (5.10.2) only after time p and before time M, that is,
y; (k)=g; (k), onlyforp<k=<M

The column vector y, = [y}, (0),y, (1),...,¥, (M)]T, formed by the first M back-
ward output samples of the pth section, will agree with g, only for the entries p < k <
M. Thus, the matrix of backward outputs Y~ = [yg,V7,..., Y] formed by the columns
y, will agree with G only in its lower-triangular part. But this is enough to determine
G because its upper part is zero.
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Example 5.10.2: Send the autocorrelation lags of Example 5.10.1 into the lattice filter of Fig.
5.3 (with all its delay registers initialized to zero), arrange the forward/backward outputs
from the pth section into the column vectors, yg, and put these columns together to form
the output matrices Y*. The result is,

128 64 -64 64 —64 128 128 128 128 128

—64 96 64 -80 96 —64 0 -32 -64 -96

Y = 80 —24 72 64 -96 |, Y*'= 80 48 0 32 72
—88 36 0 54 64 —-88 —-48 -36 0 -32

89 —43.5 13.5 13.5 40.5 89 45 27 27 0

The lower-triangular part of Y~ agrees with G. The forward/backward outputs y§ can be
computed using, for example, the routine lattice. They can also be computed directly by
convolving the prediction filters with the input. For example, the backward filter of order
4 given in Example 5.3.1 is af = [-0.5,0.5, -0.1875, —0.25,1]7. Convolving it with the
autocorrelation sequence gives the last column of Y~

[128,-64,80,—-88,89]*%[-0.5,0.5,-0.1875,-0.25,1]= [-64, 96, —96, 64,40.5,... ]

Convolving the forward filter a, with the autocorrelation sequence gives the last column
of the matrix Y+

[128,-64,80,-88,89]*[1,-0.25,-0.1875,0.5, -0.5]= [128,-96,72,-32,0,... |

Note that we are interested only in the outputs for 0 < k < M = 4. The last 4 outputs (in
general, the last p outputs for a pth order filter) of these convolutions were not shown.
They correspond to the transient behavior of the filter after the input is turned off. ]

It is also possible to derive a split or immitance-domain version of the Schur algo-
rithm that achieves a further 50% reduction in computational complexity [46,47]. Thus,
with M parallel processors, the complexity of the Schur algorithm can be reduced to
O (M/?2) operations. We define a symmetrized or split gapped function in terms of the
symmetric polynomial Fp (z) defined in Eq. (5.6.1)

p
gp(K)=> fpiR(k—10), Gp(z)=Fp(2)Syy(2) (5.10.16)
i=0

It can be thought of as the output of the filter F,(z) driven by the autocorrelation
sequence. Multiplying both sides of Eq. (5.6.1) by Sy, (z) and using the definition (5.10.3),
we obtain G (z) = G;_; (2) 4—2‘1(},,‘,,1 (z), or, in the time domain

gp(k)=gj_1 (K)+g, 1 (k1) (5.10.17)
Similarly, Eq. (5.6.2) gives
A =yp)gp k) =gy (k) +g, (k) (5.10.18)

It follows from Egs. (5.10.4) and (5.10.18) or from the symmetry property of F,(z)
that gp (k) = gp (p — k), and in particular, g, (0) = gp (p). The split Levinson algorithm
of Section 5.6 requires the computation of the coefficients &p.1 = Tp41/Tp. Setting
k = 0 in the definition (5.10.16) and using the reflection symmetry R (i)= R(-i), we
recognize that the inner product of Eq. (5.6.6) is Tp = gp(0)= g, (p). Therefore, the
coefficient &, can be written as the ratio of the two gapped function values

_gpa(p+1)

T (5.10.19)
P gp(p)
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Because the forward and backward gapped functions have overlapping gaps, it fol-
lows that gp, (k) will have gap gp (k)= 0, for k = 1,2,...,p — 1. Therefore, for an Mth
order predictor, we only need to know the values of g, (k) for p < k < M. These
can be computed by the following three-term recurrence, obtained by multiplying the
recurrence (5.6.4) by Syy (z)

9p+2(K) = gp1 (k) +gp+1(k = 1) —Xpr1gp(k — 1) (5.10.20)

Using Fo(z)= 2 and F1(z)= 1 + z~!, it follows from the definition that g, (k)=
2R (k) and g; (k)= R(k)+R (k —1). To initialize T( correctly, however, we must choose
go(0)= R(0), so that T9 = go(0)= R(0). Thus, we are led to the following split Schur
algorithm:

0. Initialize by go(k)= 2R (k), g1 (k)= R(k)+R(k — 1), for k = 1,2,...,M, and
go(0)=R(0), yo = 0.

1. At stage p, we have available y,, g, (k) for p < k < M, and gp+1 (k) forp +1 <
k <M.

2. Compute &p4; from Eq. (5.10.19) and solve for yp1 = =1 + &Xp+1/(1 = yp).

3. For p + 2 < k < M, compute gp,» (k) using Eq. (5.10.20)

4. Go to stage p + 1.

Recalling that E, = T, (1 — yp), we may set at the final order Eyy = Ty (1 — ym) =
gm (M) (1 — yu). Step 3 of the algorithm requires only one multiplication for each k,
whereas step 3 of the ordinary Schur algorithm requires two. This reduces the com-
putational complexity by 50%. The subroutine schur2 (see Appendix B) is an imple-
mentation of this algorithm. The inputs to the routine are the order M and the lags
{R(0),R(1),...,R(M)}. The outputs are the parameters {Ep, y1,¥Y2,...,¥m}. The
routine can be modified easily to include the computation of the backward gapped func-
tions g, (k), which are the columns of the Cholesky matrix G. This can be done by the
recursion

9y, (K)=g, (k=1)+1 = yp)gp (k) =gp+1 (k) (5.10.21)

where p + 1 < k < M, with starting value g, (p)= Ep = gp(p) (1 — yp). This recur-
sion will generate the lower-triangular part of G. Equation (5.10.21) follows by writing
Eq. (5.10.17) for order (p + 1) and subtracting it from Eq. (5.10.18). Note, also, that
Eq. (5.10.17) and the bound (5.10.15) imply the bound |g, (k) | < 2R (0), which allows a
fixed-point implementation.

We finish this section by discussing the connection of the Schur algorithm to Schur’s
original work. It follows from Eq. (5.10.3) that the ratio of the two gapped functions
Gli, (z) is an all-pass stable transfer function, otherwise known as a lossless bounded real
function [56]:

G,(z) AR(z ol 4P
Sp(z)= ’j( ) _A@ App T App-1z T11 7 (5.10.22)
Gp(z) Ap(2) l1+apzt+---+appz?

The all-pass property follows from the fact that the reverse polynomial AR (z) has
the same magnitude response as Ay, (z). The stability property follows from the minimum-
phase property of the polynomials A, (z), which in turn is equivalent to all reflection
coefficients having magnitude less than one. Such functions satisfy the boundedness
property

[Sp(z)| <1, forlz| =1 (5.10.23)

with equality attained on the unit circle. Taking the limit z — oo, it follows from
Eq. (5.10.22) that the reflection coefficient y, is obtainable from S, (z) by

Sp(e0)=app = —yp (5.10.24)
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Using the backward Levinson recursion (5.3.23), we obtain a new all-pass function

S (z)= G;,,l (z) B A’;,l (z) B z(ypAp +A§)
- Gy (2)  Ap1(2) A+ ypAR

or, dividing numerator and denominator by A, (z)

Sp(2)+yp

5.10.25
1+ ypSp(2) ( )

Sp-1(z2)=2z
This is Schur’s original recursion [70]. Applying this recursion repeatedly from some
initial value p = M down to p = 0, with Sy (z) = 1, will give rise to the set of reflection or
Schur coefficients {y1, y2,...,¥m}. The starting all-pass function Sy; (z) will be stable
if and only if all reflection coefficients have magnitude less than one. We note finally
that there is an intimate connection between the Schur algorithm and inverse scattering
problems [76, 79, 80, 86, 87, 90-92, 138]. In Section 5.13, we will see that the lattice re-
cursions (5.10.6) describe the forward and backward moving waves incident on a layered
structure. The Schur function S, (z) will correspond to the overall reflection response
of the structure, and the recursion (5.10.25) will describe the successive removal of the
layers. The coefficients y, will represent the elementary reflection coefficients at the
layer interfaces. This justifies the term reflection coefficients for the ys.

5.11 Lattice Realizations of FIR Wiener Filters

In this section, we combine the results of Sections 4.3 and 5.9 to derive alternative
realizations of Wiener filters that are based on the Gram-Schmidt lattice structures.
Consider the FIR Wiener filtering problem of estimating a desired signal x,,, on the basis
of the related signal y,;, using an Mth order filter. The I/0 equation of the optimal filter
is given by Eq. (4.3.8). The vector of optimal weights is determined by solving the set of
normal equations, given by Eq. (4.3.9). The discussion of the previous section suggests
that Eq. (4.3.9) can be solved efficiently using the Levinson recursion. Defining the data
vector

Yn-1
y(n)= . (5.11.1)

Yn-M
we rewrite Eq. (4.3.9) in the compact matrix form

Ryyh =1y (5.11.2)

where Ry, is the (M + 1) X (M + 1) autocorrelation matrix of y(n), and ryy, the (M +1)-
vector of cross-correlations between x;,;, and y (n), namely,

Rxy (0)
r Rxy (1)
Ryy =E[y(n)y(m)'], 1y =Elxny(n)]l= : (5.11.3)
Rxy (M)
and h is the (M + 1)-vector of optimal weights
ho
hy
h= . (5.11.4)

hy



5.11. Lattice Realizations of FIR Wiener Filters 187

The I/0 equation of the filter, Eq. (5.9.4), is
Xn = hTY(n)= hoyn + hiyn—1 + - - - + hyyn-m (5.11.5)

Next, consider the Gram-Schmidt transformation of Eq. (5.9.4) from the data vector
y(n) to the decorrelated vector e~ (n):

ey (n) Yn
ey (n) Yn-1
e (n)=Ly(n) or, =L (5.11.6)
ey (n) Yn-M
Inserting Eq. (5.11.6) into Eq. (5.11.5), we find
&n=hTL 'e™ (n)
Defining the (M + 1)-vector
g=L"Th (5.11.7)
we obtain the alternative I/0 equation for the Wiener filter:
M
Xo=gle (n)= > gpe, (n)=goey (n)+grey (n)+ - - - + guey (n) (5.11.8)
p=0

This is easily recognized as the projection of x, onto the subspace spanned by
{eg (m), ey (n),...,ep (n)}, which is the same as that spanned by the data vector {yy,
Yn-1,---,¥n-Mm}. Indeed, it follows from Egs. (5.11.7) and (5.11.2) that

g’ =h'L™' = Elx,y(m)T1E[y(n)y(n)T17'L~!

1

=E[xpe" (m)TIL"T (L 'E[e” (e~ (m)T]L-T)" L]

= E[xpe” (n)T]1E[e” (n)e” (n)"]"!
= [E[xney (n)1/Eg, E[xne7 (n)1/E1,..., E[xney; (n)1/Eum]
so that the estimate of x,, can be expressed as
Xn = Elxpe” (m)T1E[e” (me” (m)]7'e” (n) = Elx,y(m) "1E[y (m)y(m) "] 'y (n)

The key to the lattice realization of the optimal filtering equation (5.11.8) is the
observation that the analysis lattice filter of Fig. 5.3 for the process y,, provides, in its
successive lattice stages, the signals e, (n) which are required in the sum (5.11.8). Thus,
if the weight vector g is known, an alternative realization of the optimal filter will be as
shown in Fig. 5.5. By comparison, the direct form realization using Eq. (5.11.5) operates
directly on the vector y (n), which, at each time instant n, is available at the tap registers
of the filter. This is depicted in Fig. 5.6.

Both types of realizations can be formulated adaptively, without requiring prior
knowledge of the filter coefficients or the correlation matrices Ry, and ry,. We will
discuss adaptive implementations in Chapter 7. If Ry, and ry, are known, or can be es-
timated, then the design procedure for both the lattice and the direct form realizations
is implemented by the following three steps:

1. Using Levinson’s algorithm, implemented by the subroutine lev, perform the LU
Cholesky factorization of Ry, to determine the matrices L and D.
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Fig. 5.5 Lattice realization of FIR Wiener filter.

+

Fig. 5.6 Direct-form realization of FIR Wiener filter.
2. The vector of weights g can be computed in terms of the known quantities L, D, ryy,
as follows:
g=L"h=L"TRry =L"T(L"D'L)ry, = D" 'Lr,,
3. The vector h can be recovered from gby h = LTg.

The subroutine firw (see Appendix B) is an implementation of this design procedure.
The inputs to the subroutine are the order M and the correlation lags {Ryy (0),Ryy (1),
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..., Ryy (M)} and {Rxy (0),Rxy (1),...,Rxy (M) }. The outputs are the quantities L, D, g,
and h. The estimate (5.11.8) may also be written recursively in the order of the filter. If
we denote,

14
Xp(n)= > giej (n) (5.11.9)
i=0

we obtain the recursion
)2,,(n)=>”<p,1(n)+gpe;,(n), p=0,1,...,.M (5.11.10)

initialized as X_; (n) = 0. The quantity X, (n) is the projection of x,, on the subspace
spanned by {e; (n), ey (n),..., e, (n)}, which by virtue of the lower-triangular nature
of the matrix L is the same space as that spanned by {yn,Yn-1,...,Yn-p}. Thus, X, (n)
represents the optimal estimate of x, based on a pth order filter. Similarly, X, (n)
represents the optimal estimate of x, based on the (p — 1) th order filter; that is, based
on the past p — 1 samples {Yn,Yn-1,...,Yn-p+1}. These two subspaces differ by y,_p.

The term e, (n) is by construction the best postdiction error of estimating yy_, from
the samples {yn,Yn-1,...,Yn-p+1}; thatis, e, (n) is the orthogonal complement of y,_p
projected on that subspace. Therefore, the term gpe, (n) in Eq. (5.11.10) represents the
improvement in the estimate of x, that results by taking into account the additional
past value yy_p; it represents that part of x, that cannot be estimated in terms of the
subspace {¥n, Yn-1,...,Yn-p+1}. The estimate X, (n) of x,, is better than X,_; (n) in the
sense that it produces a smaller mean-squared estimation error. To see this, define the
estimation errors in the two cases

ep(n)=xn—RXp(n), ep_1(n)=xy—RXp-1(n)
Using the recursion (5.11.10), we find
ep(n)=ep_1(n)—gpe, (n) (5.11.11)

Using g, = E[xne, (n)]/Ep, we find for £, = E[e, (n)?]

p
gp = E[X%]_ Z giE[xne; (n)]= gp—l - ng[Xne;; (n)]
i=0

= &1 — (E[xne, (1) /Ep = Ep1 — G2Ep

Thus, &£, is smaller than &£,_;. This result shows explicitly how the estimate is con-
stantly improved as the length of the filter is increased. The nice feature of the lattice
realization is that the filter length can be increased simply by adding more lattice sec-
tions without having to recompute the weights g, of the previous sections. A realization
equivalent to Fig. 5.5, but which shows explicitly the recursive construction (5.11.10) of
the estimate of x,, and of the estimation error (5.11.11), is shown in Fig. 5.7.

The subroutine Iwf (see Appendix B) is an implementation of the lattice Wiener fil-
ter of Fig. 5.7. The routine dwf implements the direct-form Wiener filter of Fig. 5.6.
Each call to these routines transforms a pair of input samples {x,y} into the pair of
output samples {X, e} and updates the internal state of the filter. Successive calls over
n=0,1,2,..., will transform the input sequences {xy,, Y} into the output sequences
{Xn, en}. In both realizations, the internal state of the filter is taken to be the vector of
samples stored in the delays of the filter; that is, w), (n) = e,_1 (n-1),p=1,2,....M
for the lattice case, and wy(n)= yn_p, p = 1,2,...,M for the direct-form case. By
allowing the filter coefficients to change between calls, these routines can be used in
adaptive implementations.
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Fig. 5.7 Lattice realization of FIR Wiener filter.

Next, we present a Wiener filter design example for a noise canceling application.
The primary and secondary signals x(n) and y (n) are of the form

x(n)=sn)+vi(n), yn)=va(n)

where s(n) is a desired signal corrupted by noise v; (n). The signal v, (n) is correlated
with v; (n) but not with s (n), and provides a reference noise signal. The noise canceler
is to be implemented as a Wiener filter of order M, realized either in the direct or the
lattice form. It is shown below:

(G| ) SO0 €)= x(n) =5(n) = s(n)
source /,4*/

v (n) N N
noise S 1 N y(n)= v2(”) Wiener x(n) = V](”)
source v2(n) 5 filter

Its basic operation is that of a correlation canceler; that is, the optimally designed
filter H (z) will transform the reference noise v, (n) into the best replica of v, (n), and
then proceed to cancel it from the output, leaving a clean signal s(n). For the purpose
of the simulation, we took s(n) to be a simple sinusoid

s(n)=sin(won), wo = 0.0751T [rads/sample]
and v; (n) and v, (n) were generated by the difference equations

vi(n) = -0.5vi(n-1)+v(n)

vo(n) =0.8vo(n—1)+v(n)

driven by a common, zero-mean, unit-variance, uncorrelated sequence v(n). The dif-
ference equations establish a correlation between the two noise components v; and v,
which is exploited by the canceler to effect the noise cancellation.

Figs. 5.8 and 5.9 show 100 samples of the signals x(n), s(n), and y(n) generated
by a particular realization of v(n). For M = 4 and M = 6, the sample autocorrelation
and cross-correlation lags, Ry, (k), Rxy (k), k = 0,1,...,M, were computed and sent
through the routine firw to get the filter weights g and h.

The reference signal y,, was filtered through H(z) to get the estimate X,—which
is really an estimate of v, (n)—and the estimation error e(n)= x(n)—=Xx(n), which is
really an estimate of s(n). This estimate of s(n) is shown in Figs. (5.10) and 5.11, for
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primary signal x(n)

— x(n) =s(n) + vy(n)
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Fig. 5.8 Noise corrupted sinusoid.
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Fig. 5.9 Reference noise.

the cases M = 4 and M = 6, respectively. The improvement afforded by a higher order
filter is evident. For the particular realization of x(n) and y (n) that we used, the sample
correlations Ry, (k), Rxy (k), k =0,1,...,M, were:

Ryy = [2.5116, 1.8909, 1.2914, 0.6509, 0.3696, 0.2412, 0.1363]
Rxy = [0.7791, —0.3813, 0.0880, —0.3582, 0.0902, —0.0684, 0.0046]

and the resulting vector of lattice weights gp, p = 0,1, ..., M, reflection coefficients yp,
p=1,2,...,M, and direct-form weights h,,, m = 0,1,...,M were for M = 6,

g = [0.3102, —0.8894, 0.4706, —0.2534, 0.1571, —0.0826, 0.0398]
y = [0.7528, —0.1214, —0.1957, 0.1444, 0.0354, —0.0937]
h = [0.9713, —1.2213, 0.6418, —0.3691, 0.2245, —0.1163, 0.0398]

To get the g and y of the case M = 4, simply ignore the last two entries in the above.
The corresponding h is in this case:

h = [0.9646, —1.2262, 0.6726, —0.3868, 0.1571]

Using the results of Problems 5.25 and 5.26, we may compute the theoretical filter
weights for this example, and note that they compare fairly well with the estimated ones
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Fig. 5.10 Output of noise canceler (M = 4).
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Fig. 5.11 Output of noise canceler (M = 6).

that were based on the length-100 data blocks. For M = 6, we have:

g =[0.2571, —0.9286, 0.4643, —0.2321, 0.1161, —0.0580, 0.0290]
y=1[08,0,0,0,0, 0]
h=[1, -1.3, 0.65, —0.325, 0.1625, —0.0812, 0.0290]

As we discussed in Section 1.7, the lattice realizations based on the backward orthog-
onal basis have three major advantages over the direct-form realizations: (a) the filter
processes non-redundant information only, and hence adaptive implementations would
adapt faster; (b) the design of the optimal filter weights g does not require any matrix
inversion; and (c) the lower-order portions of g are already optimal. Moreover, it appears
that adaptive versions of the lattice realizations have better numerical properties than
the direct-form versions. In array processing problems, because the data vector y(n)
does not have the tapped-delay line form (5.11.1), the Gram-Schmidt orthogonalization
cannot be done by a simple a lattice filter. It requires a more complicated structure that
basically amounts to carrying out the lower-triangular linear transformation (5.11.6).
The benefits, however, are the same. We discuss adaptive versions of Gram-Schmidt
preprocessors for arrays in Chapter 7.
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5.12 Autocorrelation, Covariance, and Burg’s Methods

As mentioned in Section 5.3, the finite order linear prediction problem may be thought
of as an approximation to the infinite order prediction problem. For large enough order
p of the predictor, the prediction-error filter A, (z) may be considered to be an ade-
quate approximation to the whitening filter A (z) of the process y,. In this case, the
prediction-error sequence e; (n) is approximately white, and the inverse synthesis filter
1/Ap(z) is an approximation to the signal model B(z) of y,. Thus, we have obtained

an approximate solution to the signal modeling problem depicted below:
e;(n) l/Ap(Z) Yn

The variance of e;; (n) is Ep. Depending on the realization one uses, the model pa-
rameters are either the set {dp1, dp2, ..., app; Ep}, o1, {y1,¥2,..., ¥p; Ep}. Because these
can be determined by solving a simple linear system of equations—that is, the normal
equations (5.3.7)—this approach to the modeling problem has become widespread.

In this section, we present three widely used methods of extracting the model pa-
rameters from a given block of measured signal values y, [3,6,10,11,93-103]. These
methods are:

1. The autocorrelation, or Yule-Walker, method
2. The covariance method.
3. Burg’s method.

We have already discussed the Yule-Walker method, which consists simply of replac-
ing the theoretical autocorrelations Ry, (k) with the corresponding sample autocorre-
lations R,y (k) computed from the given frame of data. This method, like the other
two, can be justified on the basis of an appropriate least-squares minimization criterion
obtained by replacing the ensemble averages E[e}, (n) 2] by appropriate time averages.

The theoretical minimization criteria for the optimal forward and backward predic-
tors are

Ele, (n)*]=min, E[e, (n)*]=min (5.12.1)

where e; (n) and e, (n) are the result of filtering y, through the prediction-error fil-
tera = [1,dp1,...,dpp]" and its reverse ak = [app, dpp-1,--.,ap1, 117, respectively;
namely,

e;;(n) =Y¥n +Adp1Yn-1 t Ap2Yn-2 + -+ dppYn-p
(5.12.2)
ey (n) = Yn-p + Ap1Yn-p+1 + Ap2Yn-p+2 + + -+ + dpp¥n

Note that in both cases the mean-square value of e; (n) can be expressed in terms
of the (p + 1) X (p + 1) autocorrelation matrix
R(i,j)=R(i — j)= Elyn+i-jynl= Elyn-j¥n-il, 0<i,j<p
as follows
Ele, (n)*]=E[e, (n)*]=a’Ra (5.12.3)

Consider a frame of length N of measured values of y,

1. The Yule-Walker, or autocorrelation, method replaces the ensemble average (5.12.1)
by the least-squares time-average criterion

N+p-1
E= > ey(n)?=min (5.12.4)
n=0
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where e} (n) is obtained by convolving the length-(p + 1) prediction-error filter a =
[1,ap1,.. .,a,,,,]T with the length-N data sequence y,. The length of the sequence
e;’ (n) is, therefore, N + (p + 1)—1 = N + p, which justifies the upper-limit in the
summation of Eq. (5.12.4). This convolution operation is equivalent to assuming that
the block of data y, has been extended both to the left and to the right by padding it
with zeros and running the filter over this extended sequence. The last p output samples
e; (n), N <n < N+ p -1, correspond to running the filter off the ends of the data
sequence to the right. These terms arise because the prediction-error filter has memory
of p samples. This is depicted below:

o o - o0 Yo - YnpInpsl---In-1Yn -+ VN 00
—0—0 —— 0 0 — 0 & 0 0 0 o 0 o —

a

Ypp “pp-1 7 dpr 1 % ””” % 4pp pp-1 7 p1 %% Gpp dpp-1 7 dp1 1

Inserting Eq. (5.12.2) into (5.12.4), it is easily shown that £ can be expressed in the
equivalent form

N+p-1 p
E= > ep(m)?= > aR(i-j)a;j=a’Ra (5.12.5)
n=0 =0

where R (k) denotes the sample autocorrelation of the length-N data sequence y:

N-1-k
R(K)=R(-k)= > Ynskyn, 0<ks=N-1
n=0

where the usual normalization factor 1/N has been ignored. This equation is identical
to Eq. (5.12.3) with R replaced by R. Thus, the minimization of the time-average index
(5.12.5) with respect to the prediction coefficients will lead exactly to the same set of
normal equations (5.3.7) with R replaced by R. The positive definiteness of the sample
autocorrelation matrix also guarantees that the resulting prediction-error filter will be
minimum phase, and thus also that all reflection coefficients will have magnitude less
than one.
2. The covariance method replaces Eq. (5.12.1) by the time average

N-1
E= > e;(n)’=min (5.12.6)
n=p

where the summation in n is such that the filter does not run off the ends of the data
block, as shown below:

Yo N oo Ip-1Ip s Ynp npl o Yn=1Vn - VN1 N 0 VN2 YN-d

a

Gpp App-1 7 Ap1 1 % ””” { Gpp App-1 - Ap1 1 %ﬁ dpp dpp-1 " dp1 1

To explain the method and to see its potential problems with stability, consider a
simple example of a length-three sequence and a first-order predictor:

™
Il
MN

ef (n)?=ef (1)2+ef (2)%= (y1 + anyo)®+ vz + anyr)?

=
l
—
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Differentiating with respect to a;; and setting the derivative to zero gives

1 +anyo)yo+ (V2 +any)y1 =0
_YiYo+ YY1

Y6 +¥i

Note that the denominator does not depend on the variable y, and therefore it is
possible, if y, is large enough, for a;; to have magnitude greater than one, making
the prediction-error filter nonminimal phase. Although this potential stability problem
exists, this method has been used with good success in speech processing, with few,
if any, such stability problems. The autocorrelation method is sometimes preferred in
speech processing because the resulting normal equations have a Toeplitz structure and
their solution can be obtained efficiently using Levinson’s algorithm. However, similar
ways of solving the covariance equations have been developed recently that are just as
efficient [98].

3. Although the autocorrelation method is implemented efficiently, and the resulting
prediction-error filter is guaranteed to be minimum phase, it suffers from the effect of
windowing the data sequence y,, by padding it with zeros to the left and to the right.
This reduces the accuracy of the method somewhat, especially when the data record N
is short. In this case, the effect of windowing is felt more strongly. The proper way
to extend the sequence yy, if it must be extended, is a way compatible with the signal
model generating this sequence. Since we are trying to determine this model, the fairest
way of proceeding is to try to use the available data block in a way which is maximally
noncommittal as to what the sequence is like beyond the ends of the block.

Burg’s method, also known as the maximum entropy method (MEM), arose from the
desire on the one hand not to run off the ends of the data, and, on the other, to always
result in a minimum-phase filter. Burg’s minimization criterion is to minimize the sum-
squared of both the forward and the backward prediction errors:

an =

N-1
E= > e} (n)*+e, (n)?] = min (5.12.7)
n=p
where the summation range is the same as in the covariance method, but with both the
forward and the reversed filters running over the data, as shown:

‘ I dpr--- dpp-i “ppF ””” { L dpr- - dpp-i “pp}‘"’# L ap - dpp- “pp‘
Yoo Y1 oo Yp-1p oo Yn—p Yn—p+l - Yn=1Vn --- IN-p-1IN—p -+ IN=2 YN-1
‘app dpp-1 " dp1 1 % ””” % 4pp dpp-1 " dp1 1 %% 4pp dpp-1 " Gp1 1 ‘

If the minimization is performed with respect to the coefficients day;, it is still possi-
ble for the resulting prediction-error filter not to be minimum phase. Instead, Burg sug-
gests an iterative procedure: Suppose that the prediction-error filter [1,dp—1,1,dp-1,2,
...,dp-1,p-1] of order (p — 1) has already been determined. Then, to determine the
prediction-error filter of order p, one needs to know the reflection coefficient y, and to
apply the Levinson recursion:

1 1 0
ap1 dp-1,1 Ap-1,p-1
Adp? dp-1,2 dp-1,p-2
=| S (5.12.8)
Ap,p-1 ap-1,p-1 ap-1,1
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To guarantee the minimum-phase property, the reflection coefficient y, must have
magnitude less than one. The best choice for y, is that which minimizes the perfor-
mance index (5.12.7). Differentiating with respect to y, and setting the derivative to
zero we find

- [ ae (n) e (n ae;(n)}zo

a Yp ng oyp d oyp

Using the lattice relationships

ej(n) =ef_(n)—ype, ;1 (n—-1)
g g g (5.12.9)
e, (n) =e, 1 (n—-1)-ype,_; (n)
both valid for p < n < N — 1 if the filter is not to run off the ends of the data, we find
the condition

> ey (n)e, i (n—1)+e, (n)e; 1 (n)] =0, or,

Z ey_1(n)—ype, 1(n—1))e, ;(n—1)+ (e, (n—1)=ype;_1(n))e;_1(n)] =0

which can be solved for y, to give

N-1
2> e (n)e, (n-1)

e (5.12.10)

D lep i (m)i+e,  (n-1)7]
n=p

This expression for yy is of the form

2a-b

YP = Ja2 + b2

where a and b are vectors. Using the Schwarz inequality, it is easily verified that y, has
magnitude less than one. Equations (5.12.8) through (5.12.10) define Burg’s method.
The computational steps are summarized below:

0. Initialize in order as follows:
1 N=l
ef(n)=eg(n)=yn, for0<n<N-1, andAg(z)=1, Eg = N Z y2
n=0

1. At stage (p — 1), we have available the quantities:
Ap-1(2), Ep-1, and e, _; (n), forp—1<n<N-1

. Using Eq. (5.12.10), compute the reflection coefficient y,.
. Using (5.12.8), compute Ay (Z).

. Using (5.12.9), compute ei(n) forp<n<N-1.

. Update the mean-square error by E,, = (1 — yn)Ep 1.

. Go to stage p.

DD Ul kW N

The subroutine burg (see Appendix B) is an implementation of this method. The in-
puts to the subroutine are the vector of data samples {yg, y1,...,Y~n-1} and the desired
final order M of the predictor. The outputs are all the prediction-error filters of order
up to M, arranged as usual into the lower triangular matrix L, and the corresponding
mean-square prediction errors {Eg, E1,...,Eyp}.
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Example 5.12.1: The length-six block of data

yn = [4.684, 7.247, 8.423, 8.650, 8.640, 8.392]

forn =0,1,2,3,4,5,is known to have been generated by sending zero-mean, unit-variance,
white-noise €, through the difference equation

Yn—1.70yp_1 + 0.72yn_» = €n

Thus, the theoretical prediction-error filter and mean-square error are A, (z) = 1-1.70z7 1+
0.72z72 and E» = 1. Using Burg’s method, extract the model parameters for a second-order
model. The reader is urged to go through the algorithm by hand. Sending the above six
vn samples through the routine burg, we find the first- and second-order prediction-error
filters and the corresponding errors:

Ai(z) =1-0.987z"", E; =1.529
Ax(z) =1-1.7572"1 +0.779z72, E, = 0.60

We note that the theoretical first-order filter obtained from A, (z)=1—-1.70z"! +0.72z72
via the backward Levinson recursion is A; (z)= 1 — 0.9884 z~ 1. O

The resulting set of LPC model parameters, from any of the above analysis methods,
can be used in a number of ways as suggested in Section 1.11. One of the most successful
applications has been to the analysis and synthesis of speech [6,104-112]. Each frame
of speech, of duration of the order of 20 msec, is subjected to the Yule-Walker analysis
method to extract the corresponding set of model parameters. The order M of the
predictor is typically 10-15. Pitch and voiced/unvoiced information are also extracted.
The resulting set of parameters represents that speech segment.

To synthesize the segment, the set of model parameters are recalled from memory
and used in the synthesizer to drive the synthesis filter. The latter is commonly realized
as a lattice filter. Lattice realizations are preferred because they are much better well-
behaved under quantization of their coefficients (i.e., the reflection coefficients) than
the direct-form realizations [6,108,109]. A typical speech analysis and synthesis system
is shown in Fig. 5.12.

R(0) a "
R(1 Y2
speech S:umtgl_e ( ) Levinson | encode to/from decode )fz lattice
n correlations R}M algorithm Ym memory y filter | synthesized
M) - M speech
M
- V/UV T
V/UV detector and itch pitch excitation
pitch extractor P Ey generator

Fig. 5.12 LPC analysis and synthesis of speech.

Linear predictive modeling techniques have also been applied to EEG signal process-
ing in order to model EEG spectra, to classify EEGs automatically, to detect EEG transients
that might have diagnostic significance, and to predict the onset of epileptic seizures
[113-120].

LPC methods have been applied successfully to signal classification problems such as
speech recognition [107,121-126] or the automatic classification of EEGs [117]. Distance
measures between two sets of model parameters extracted from two signal frames can
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be used as measures of similarity between the frames. Itakura’s LPC distance measure
can be introduced as follows: Consider two autoregressive signal sequences, the test
sequence YT (n) to be compared against the reference sequence yg (n). Let Ar(z) and
AR (2) be the two whitening filters, both of order M. The two signal models are

Now, suppose the sequence to be tested, yr(n), is filtered through the whitening

filter of the reference signal
50— 4 | e

resulting in the output signal e7 (n). The mean output power is easily expressed as

T dw " dw
Eler(m)?] = aRrax = | Serer (@) G0 = [ AR (@) Sy (@) G

02, dw

("4 2 Cer
J—n| r(@)] |AT((U)}2 27T

where R is the autocorrelation matrix of y1 (n). On the other hand, if y (n) is filtered
through its own whitening filter, it will produce €7 (n). Thus, in this case

O'ET = Eler(n)?]= a;RTaT

It follows that

Eler(n)?)] _ afRrag _ J" |Ag (w) |° dw
Eler(m?]  alRrar J-m [Ar(w)|? 2T
The log of this quantity is Itakura’s LPC distance measure

2 T ™ 2
d(ar,aR)= log <E7[e7(n) ]) = log (LRT&‘R) = log [J 7|AR((U) | dﬁ]

Eler(n)?] alRrar -m |Ar(w) | 21

(5.12.11)

In practice, the quantities at, R, and ag are extracted from a frame of y1(n) and a
frame of yg (n). If the model parameters are equal, the distance is zero. This distance
measure effectively provides a comparison between the two spectra of the processes
yr and yg, but instead of comparing them directly, a prewhitening of yr(n) is carried
out by sending it through the whitening filter of the other signal. If the two spectra
are close, the filtered signal e7 (n) will be close to white—that is, with a spectrum close
to being flat; a measure of this flatness is precisely the above integrated spectrum of
Eq. (5.12.11).

5.13 Dynamic Predictive Deconvolution—Waves in Layered Me-
dia

The analysis and synthesis lattice filters, implemented via the Levinson recursion, were
obtained within the context of linear prediction. Here, we would like to point out the re-
markable fact that the same analysis and synthesis lattice structures also occur naturally
in the problem of wave propagation in layered media [6,7,9,59,61,95,104,127-144]. This
is perhaps the reason behind the great success of linear prediction methods in speech
and seismic signal processing. In fact, historically many linear prediction techniques
were originally developed within the context of these two application areas.
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In speech, the vocal tract is modeled as an acoustic tube of varying cross-sectional
area. It can be approximated by the piece-wise constant area approximation shown
below:

As A, A, A 4,

L

Lips

The acoustic impedance of a sound wave varies inversely with the tube area

_pe

VA
A

where p, ¢, A are the air density, speed of sound, and tube area, respectively. Therefore,
as the sound wave propagates from the glottis to the lips, it will suffer reflections every
time it encounters an interface; that is, every time it enters a tube segment of differ-
ent diameter. Multiple reflections will be set up within each segment and the tube will
reverberate in a complicated manner depending on the number of segments and the
diameter of each segment. By measuring the speech wave that eventually comes out of
the lips, it is possible to remove, or deconvolve, the reverberatory effects of the tube
and, in the process, extract the tube parameters, such as the areas of the segments or,
equivalently, the reflection coefficients at the interfaces. During speech, the configu-
ration of the vocal tract tube changes continuously. But being a mechanical system, it
does so fairly slowly, and for short periods of time (of the order of 20-30 msec) it may
be assumed to maintain a fixed configuration. From each such short segment of speech,
a set of configuration parameters (e.g., reflection coefficients) may be extracted. This
set may be used to synthesize the speech segment.

The seismic problem is somewhat different. Here it is not the transmitted wave that
is experimentally accessible, but rather the overall reflected wave:

o(f)  R(t)
l T surface
layer 1
layer 2
layer 3

An impulsive input to the earth, such as a dynamite explosion near the surface,
will set up seismic elastic waves propagating downwards. As the various earth layers
are encountered, reflections will take place. Eventually each layer will be reverberating
and an overall reflected wave will be measured at the surface. On the basis of this
reflected wave, the layered structure (i.e., reflection coefficients, impedances, etc.) must
be extracted by deconvolution techniques. These are essentially identical to the linear
prediction methods.

In addition to geophysical and speech applications, this wave problem and the as-
sociated inverse problem of extracting the structure of the medium from the observed
(reflected or transmitted) response have a number of other applications. Examples in-
clude the probing of dielectric materials by electromagnetic waves, the study of the
optical properties of thin films, the probing of tissues by ultrasound, and the design
of broadband terminations of transmission lines. The mathematical analysis of such
wave propagation problems has been done more or less independently in each of these
application areas, and is well known dating back to the time of Stokes.
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In this type of wave propagation problem there are always two associated propa-
gating field quantities, the ratio of which is constant and equal to the corresponding
characteristic impedance of the propagation medium. Examples of these include the
electric and magnetic fields in the case of EM waves, the air pressure and particle vol-
ume velocity for sound waves, the stress and particle displacement for seismic waves,
and the voltage and current waves in the case of TEM transmission lines.

As a concrete example, we have chosen to present in some detail the case of EM
waves propagating in lossless dielectrics. The simplest and most basic scattering prob-
lem arises when there is a single interface separating two semi-infinite dielectrics of
characteristic impedances Z and Z’, as shown

Ep— 4'54:

E | ~—¢&

zZ | Z

where £, and £_ are the right and left moving electric fields in medium Z, and £, and
&’ are those in medium Z’. The arrows indicate the directions of propagation, the fields
are perpendicular to these directions. Matching the boundary conditions (i.e., continuity
of the tangential fields at the interface), gives the two equations:

Es+E =& +&E (continuity of electric field)
é (Er=-&2)= % &, -&) (continuity of magnetic field)

Introducing the reflection and transmission coefficients,

Z,_Z ’ ’ ’
YA T=14+p, p=—-p, T =1+p =1-p (5.13.1)

p

the above equations can be written in a transmission matrix form

E|l 1|1 p||&
PR T

The flow of energy carried by these waves is given by the Poynting vector

1 1 1
P= > Re [(& + 5_)*2 (& — 5_)] = ﬁ(€f5+ -E&*¥¢) (5.13.3)
One consequence of the above matching conditions is that the total energy flow to
the right is preserved across the interface; that is,
1

1 4 4 r 4
og (ETEL —E7€)= S (EFEL —€E)) (5.13.4)

It proves convenient to absorb the factors 1/2Z and 1/2Z’ into the definitions for
the fields by renormalizing them as follows:

Eo| 1 [& E. | 1 [&
E_ | ez|& | |EL| ez | €&

Then, Eq. (5.13.4) reads

E¥E, —E*E_ =E*E, —E*E_ (5.13.5)

and the matching equations (5.13.2) can be written in the normalized form

E. 11 p][F .
-1 5] i
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They may also be written in a scattering matrix form that relates the outgoing fields
to the incoming ones, as follows:

E', t p E; E. E,— | —E;
[E,]_[p t][EL =S| B E +—|<—E 6139
This is the most elementary scattering matrix of all, and p and t are the most elemen-
tary reflection and transmission responses. From these, the reflection and transmission

response of more complicated structures can be built up. In the more general case, we
have a dielectric structure consisting of M slabs stacked together as shown in Fig. 5.13.

medium | medium | medium o medium | medium | medium
(M+1) M) (M-1) (2) 1) (0)
E.—> — E;
E_ < le—E
Pyl Pua| Pua e Py Py Py
interface interface interface interface interface
(M) (M-1) 2) 1) 0)

Fig. 5.13 Layered structure.

The media to the left and right in the figure are assumed to be semi-infinite. The
reflection and transmission responses (from the left, or from the right) of the structure
are defined as the responses of the structure to an impulse (incident from the left, or
from the right) as shown in Fig. 5.14.

1 -7
R -~—

R
7= -~ 1

Fig. 5.14 Reflection and transmission responses.
The corresponding scattering matrix is defined as
T R
S = ,
R T

and by linear superposition, the relationship between arbitrary incoming and outgoing

waves is
E', _ T R’ E; Ey—~ — E.
E | |R T E" E_<— te—FE'

The inverse scattering problem that we pose is how to extract the detailed prop-
erties of the layered structure, such as the reflection coefficients py, p1,..., pm from
the knowledge of the scattering matrix S; that is, from observations of the reflection
response R or the transmission response T.




202 5. Linear Prediction

Without loss of generality, we may assume the M slabs have equal travel time. We
denote the common one-way travel time by T; and the two-way travel time by T, = 2T}.
As an impulse 6 (t) is incident from the left on interface M, there will be immediately
areflected wave and a transmitted wave into medium M. When the latter reaches inter-
face M — 1, part of it will be transmitted into medium M — 1, and part will be reflected
back towards interface M where it will be partially rereflected towards M — 1 and par-
tially transmitted to the left into medium M + 1, thus contributing towards the overall
reflection response. Since the wave had to travel to interface M — 1 and back, this latter
contribution will occur at time T». Similarly, another wave will return back to interface
M due to reflection from the second interface M — 2; this wave will return 2T, seconds
later and will add to the contribution from the zig-zag path within medium M which
is also returning at 27>, and so on. The timing diagram below shows all the possible
return paths up to time t = 37>, during which the original impulse can only travel as
far as interface M — 3:

slab slab slab
1 (M) M-1) | (M-2)

o R0>
(=T, R ==

t=2T, Ry~ |

t=3T, R3

(M) M=1)  (M=2)  (M-3)

When we add the contributions of all the returned waves we see that the reflection
response will be a linear superposition of returned impulses

R(t)= > Rid(t —KkT>)
k=0

It has a Fourier transform expressible more conveniently as the z-transform
00
R(z)= Z Ryz %, z=e/%T2  (here, w is in rads/sec)
k=0

We observe that R is periodic in frequency w with period 2717/ T», which plays a role
analogous to the sampling frequency in a sample-data system. Therefore, it is enough
to specify R within the Nyquist interval [—1t/T>, 1/ T>].

Next, we develop the lattice recursions that facilitate the solution of the direct and
the inverse scattering problems. Consider the mth slab and let E;;, be the right/left
moving waves incident on the left side of the mth interface. To relate them to the same
quantities Ej,_, incident on the left side of the (m — 1)st interface, first we use the
matching equations to “pass” to the other side of the mth interface and into the mth
slab, and then we propagate these quantities to reach the left side of the (m — 1)st
interface. This is shown below.

medium medium medium
(m+1) (m) (m—1)

Ey = Ep  Epq—

Ep=——Ep'  Ep1~—

(m) (m-1)
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The matching equations are:

En| 1 1 pPm E} ~ -
|:EY_"] Ctm |:pm 1 E, |’ tm = (1~ pp) (5.13.8)

Since the left-moving wave E,, is the delayed replica of E,,_; by T; seconds, and
E;}] is the advanced replica of E;,,_; by T} seconds, it follows that

12+ - _ ,-l2p—
E, =z'°Eyn_, E, =z ""°E,_,

mo| = B " (5.13.9)
[Em o z'Y2||E,,

where the variable z~! was defined above and represents the two-way travel time delay,
while z=1/2 represents the one-way travel time delay. Combining the matching and
propagation equations (5.13.8) and (5.13.9), we obtain the desired relationship between

Ef and E;,_q:
Em | _ 220 1 pmzt 1) By (5.13.10)
Em tm | Pm Zz7! Emy o

Or, written in a convenient vector notation

or, in matrix form

Em(2)= ¢m(z)Em-1(2) (5.13.11)
where we defined
_[En@ 221z
Em(z)= [E;q(z)], Ym(z)= o [pm 1 ] (5.13.12)

The “match-and-propagate” transition matrix /,; (z) has two interesting properties;
namely, defining ¢, (2) = Ym (z71)

‘I’m(Z)T]3‘~.Um(Z)=J3, J3 = |:(1) _(1)] (5.13.13)
_ 0 1
Um(2)=J1Yym(2) 1, J1= [1 0} (5.13.14)

where J1, J3 are recognized as two of the three Pauli spin matrices. From Eq. (5.3.13),
we have with Ej, (z) = Ep, (z71):
E_;HE;;, - E_;nE;n = E_,T,,]3Em = E_ran‘J/rTnJS‘J/mEmfl = E_ranJSE_‘m—l
o o (5.13.15)
= Em—lEm—l - Em—lEm—l

which is equivalent to energy conservation, according to Eq. (5.13.5). The second prop-
erty, Eq. (5.13.14), expresses time-reversal invariance and allows the construction of a
second, linearly independent, solution of the recursive equations (5.13.11), Using the
property J2 = I, we have

N _ E - _ _ ~
Em = JlEm = [E_T} = Jlll’mEm—l = JleJlJlEmfl = l,UmEm—l (5-13-16)
m

The recursions (5.13.11) may be iterated now down to m = 0. By an additional
boundary match, we may pass to the right side of interface m = 0:

Em=WYmWm-1-- W1Eo = YmWPm-1- - W1PokE
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_1[ 1 e
Wo = to [PO 1 ]
or, more explicitly

Eqn | zm/2 1 pmz '] 1 pz7! 1 po EY
Ep | tmtmor---titg | Pm 270 | proozt e 1| E

(5.13.17)

where we defined ( by

To deal with this product of matrices, we define

Am Cm | _| 1 pmz! (1 piz? 1 po
[Bm D, ] = [pm e 2 e (5.13.18)
where Ay, Cp, Bm, D are polynomials of degree m in the variable z~!. The energy

conservation and time-reversal invariance properties of the (/,,;, matrices imply similar
properties for these polynomials. Writing Eq. (5.13.18) in terms of the /s, we have

Am C
[B;:’ DH =z 20 mWYmWm-1 - Y1Wo

where we defined the quantity
m
Om = tmtm-1 - tito = [ [(1 — p?) /2 (5.13.19)
i=0

Property (5.13.13) implies the same for the above product of matrices; that is, with
Am(2)=Am(z71), etc,

Am Cm||1 O]l Am Cu]| |1 0] ,
Bm Dm||l0 -1||Bm Dm|" |0 -1[%m
which implies that the quantity A, (z) Am (2) —Bm (2) Bm (2) is independent of z:

Am(2)Am(2) =B (2) B (2) = 03, (5.13.20)

Property (5.13.14) implies that C,, and D, are the reverse polynomials Bfn and A}nﬂ,
respectively; indeed

AR CR m[Am € . i o
[Bﬂ“ D?}:Z"’[Bn": DZ:|:ZmZm/20'me"'W1WO
m m

An Cn
=Zz7"20mJy (Wm - - Wo)J1 = N1 [Bm Dy, ] J1 (5.13.21)

o 1][Am Cm ][O 1] |[Dm Bm
11 0 Bm Dm 1 0| | Cm Anm

from which it follows that Cp, (z) = BR (z) and Dy, (z) = AR, (z). The definition (5.13.18)
implies also the recursion

Am BR 1 [ 1 pmz' || Amar By
Bm AR |7 | pm z7! Bm-1 AR_
Therefore each column of the ABCD matrix satisfies the same recursion. To sum-
marize, we have

Am(2) Bfn (z) _ 1 pmz! 1 przt 1 po
[Bm(z) AR (2) ] = [Pm 71 ] ...[pl 41 ] [po 1 ] (5.13.22)
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with the lattice recursion

An@ | [ 1 pmz ! ][ Ana(2)
|:Bm (z) j| - |:pm 71 i| |iBm71 (2) :| (5.13.23)

and the property (5.13.20). The lattice recursion is initialized at m = 0 by:

(2) 1 po

= 5.13.24
(2) ] [ po 1 (5-13.24)
Furthermore, it follows from the lattice recursion (5.13.23) that the reflection coeffi-

cients p,, always appear in the first and last coefficients of the polynomials A, (z) and
B (2), as follows

Ao(z) BE
5

AO(Z):I; BO(Z>ZPO: or, |:B0(Z) A

am(0)=1, am(m)= popm, bm(0)=pm, bm(m)=po (5.13.25)
Eq. (5.13.17) for the field components reads now
Eq | zZm2 [ A, BR Eg’
E, | om | Bm AR Ey’
Setting m = M, we find the relationship between the fields incident on the dielectric
slab structure from the left to those incident from the right:

Eq|_ 2M?%[ Aw BY || E (5.13.26)
Ev | oum | Bu AR || Eo’ I
Ey — — E;’

Ey - ~ E;’

+—— M slabs —!

All the multiple reflections and reverberatory effects of the structure are buried in

the transition matrix
Ay BY
By AR

In reference to Fig. 5.14, the reflection and transmission responses R, T,R’, T’ of
the structure can be obtained from Eq. (5.13.26) by noting that

1] ZM2lAay BY[T o] _ zZM2[TAw BN [R
R|™ oum |Bu A¥ || 0| T | oun | Bu AL 1

which may be combined into one equation:

1 o] ZM2[Ay BY][T R
R T | oy |Bu AR || 0 1

that can be written as follows:

M2lay BET [t o[T R [1 o][T! o][1 -FK
ov | By AR | |R T ||0 1| " |R 1 0o T ||lo 1

Solving these for the reflection and transmission responses, we find:

By (2) O'MZ_M/2
R(z)= , T(z)= ————
A A
MB;Z)( : M(ZA)M (5.13.27)
, _ by Z , _ oMZ™
K=o TP i@
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Note that T (z)= T’ (z). Since on physical grounds the transmission response T (z)
must be a stable and causal z-transform, it follows that necessarily the polynomial
Ay (z) must be a minimum-phase polynomial. The overall delay factor z~/2 in T (z) is
of no consequence. It just means that before anything can be transmitted through the
structure, it must traverse all M slabs, each with a travel time delay of T, seconds; that
is, with overall delay of M T, seconds.

Let Ry;—1(z) and Ty-1 (2) be the reflection and transmission responses based on
m — 1 layers. The addition of one more layer will change the responses to Ry, (z) and
Tm(z). Using the lattice recursions, we may derive a recursion for these responses:

_ Bm(z) _ PmAm-1(2) +2 'Bm_1(2)
R (2= 4@ = A1 (@) +pmz- 1B 1 (2)

Dividing numerator and denominator by A,,-1 (z) we obtain

Pm+ 2 'Rm-1(2)

R -
m ) =z R (2)

(5.13.28)

It describes the effect of adding a layer. Expanding it in a power series, we have
Rm(2)= pm + (1= p3) [z Rm1(2)] = (1= p3) pm [z Rin 1 ()] + - - -

It can be verified easily that the various terms in this sum correspond to the multiple
reflections taking place within the mth layer, as shown below:

1

sum

VY

(m) (m-1)

The first term in the expansion is always p,,; that is, p;y, = Ry (o0). Thus, from the
knowledge of Ry, (z) we may extract py,. With p,, known, we may invert Eq. (5.13.28)
to get Ry, (z) from which we can extract p,;—1; and so on, we may extract the series
of reflection coefficients. The inverse of Eq. (5.13.28), which describes the effect of
removing a layer, is

R (Z) —pm
1 - pmRm(2)

Up to a difference in the sign of p,,, this is recognized as the Schur recursion
(5.10.25). It provides a nice physical interpretation of that recursion; namely, the Schur
functions represent the overall reflection responses at the successive layer interfaces,
which on physical grounds must be stable, causal, and bounded R, (z)| < 1 for all z in
their region of convergence that includes, at least, the unit circle and all the points out-
side it. We may also derive a recursion for the transmission responses, which requires
the simultaneous recursion of Ry, (2):

Rm1(z2)=2z (5.13.29)

tmz_l/2Tm—1 (2)
1+ pmz 'Rm-1(2)

_ a2 tmTm(2)
, Tm1(2)=12z 1= pmRom (2) (5.13.30)
The dynamic predictive deconvolution method is an alternative method of extracting
the sequence of reflection coefficients and is discussed below.
The equations (5.13.27) for the scattering responses R, T, R’, T’ imply the unitarity

of the scattering matrix S given by

T R
|x v

Tm(z)=
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that is,
S(2)TS(z2)=S(zH)TS(z)=1 (5.13.31)

where I is the 2x2 unit matrix. On the unit circle z = e/®T2 the scattering matrix
becomes a unitary matrix: S(w)tS(w)= I. Component-wise, Eq. (5.13.3 1 ) becomes

TT+RR=T'T +R'R' =1, TR +RT =0 (5.13.32)

Robinson and Treitel’s dynamic predictive deconvolution method [59] of solving the
inverse scattering problem is based on the above unitarity equation. In the inverse
problem, it is required to extract the set of reflection coefficients from measurements of
either the reflection response R or the transmission response T. In speech processing it
is the transmission response that is available. In geophysical applications, or in studying
the reflectivity properties of thin films, it is the reflection response that is available. The
problem of designing terminations of transmission lines also falls in the latter category.
In this case, an appropriate termination is desired that must have a specified reflection
response R (z); for example, to be reflectionless over a wide band of frequencies about
some operating frequency.

The solution of both types of problems follows the same steps. First, from the
knowledge of the reflection response R(z), or the transmission response T (z), the
spectral function of the structure is defined:

oy

47(Z)= 1 —R(Z)R(Z)= T(Z)T(Z)= m

(5.13.33)
This is recognized as the power spectrum of the transmission response, and it is of
the autoregressive type. Thus, linear prediction methods can be used in the solution.
In the time domain, the autocorrelation lags ¢ (k) of the spectral function are ob-
tained from the sample autocorrelations of the reflection sequence, or the transmission
sequence:
¢d(k)=06(k)—C(k)=D(k) (5.13.34)

where C (k) and D (k) are the sample autocorrelations of the reflection and transmission
time responses:

C(k)=>Rn+kR(n), Dk)=>T(n+kT(n) (5.13.35)

In practice, only a finite record of the reflection (or transmission) sequence will be
available, say {R(0),R(1),...,R(N — 1)}. Then, an approximation to C (k) must be
used, as follows:

N-1-k
Ck)= > R(n+kRn), k=0,1,....M (5.13.36)
n=0

The polynomial Ay (z) may be recovered from the knowledge of the first M lags of
the spectral function; that is, {¢(0), ¢ (1),...,¢ (M) }. The determining equations for
the coefficients of Ap;(z) are precisely the normal equations of linear prediction. In the
present context, they may be derived directly by noting that ¢(z) is a stable spectral
density and is already factored into its minimum-phase factors in Eq. (5.13.33). Thus,
writing

oi
Ay (z71)
it follows that the right-hand side is expandable in positive powers of z; the negative
powers of z in the left-hand side must be set equal to zero. This gives the normal

P(z)Am(z)=
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equations:

dO)  p1) TC- I 10.%) 1 o

¢ (1) ¢ (0) ¢ (1) e Pp(M-1) apm (1) 0

b2 ) 6O - dM=2) || au@ |[_| 0 | 51337
$M) dM-1) pM-2) - 6O |lawon]| | o

which can be solved efficiently using Levinson’s algorithm. Having obtained A (z)
and noting the By (z) = Ay (Z) R(Z), the coefficients of the polynomial By (z) may be
recovered by convolution:

n
bu(n)= > ay(n-m)R(m), n=0,1,...,.M (5.13.38)
m=0

Having obtained both Aj/(z) and By (2z) and noting that py; = by (0), the lattice
recursion (5.13.23) may be inverted to recover the polynomials Ay;—; (z) and By -1 (2)
as well as the next reflection coefficient pp;—1 = by—1(0), and so on. The inverse of the
lattice recursion matrix is

1 pmzt |1 1 —pm
pm  z7! Cl=ph | —Pmz  z
Therefore, the backward recursion becomes:
Am-1(2) 1 1 —Pm || Am(2)
=bn(0), = 5.13.39
Pm = b (0) |:Bm—1(z):| 1—p$n[—pmz z Bm(2) ( )

In this manner, all the reflection coefficients {pg, p1,...,Pm} can be extracted. The
computational algorithm is summarized as follows:

1. Measure R(0),R(1),...,R(N —1).

2. Select a reasonable value for the number of slabs M.

3. Compute the M + 1 sample autocorrelation lags C (0),C(1),...,C (M) of the re-
flection response R (n), using Eq. (5.13.36).

4. Compute ¢p(k)=6(k)-C(k),k =0,1,...,M.

5. Using Levinson’s algorithm, solve the normal equations (5.13.37) for the coeffi-
cients of Ay (z).

6. Convolve Ay (z) with R(z) to find By (2).

7. Compute py = by (0) and iterate the backward recursion (5.13.39) from m = M
down to m = 0.

The subroutine dpd (see Appendix B) is an implementation of the dynamic predictive
deconvolution procedure. The inputs to the subroutine are N samples of the reflection
response {R(0),R(1),...,R(N — 1)} and the number of layers M. The outputs are
the lattice polynomials A;(z) and B;(z), fori = 0,1,..., M, arranged in the two lower-
triangular matrices A and B whose rows hold the coefficients of these polynomials; that
is, A(i,j)= a;(j), or

i
Ai(z)= Y Ali,j)z7
Jj=0
and similarly for B;(z). The subroutine invokes the routine lev to solve the normal

equations (5.13.34). The forward scattering problem is implemented by the subroutine
scatter, whose inputs are the set of reflection coefficients {po, p1,...,Pm} and whose
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outputs are the lattice polynomials A;(z) and B;(z), fori = 0,1,...,M, as well as a
pre-specified number N of reflection response samples {R(0),R(1),...,R(N —1)}. It
utilizes the forward lattice recursion (5.13.23) to obtain the lattice polynomials, and
then computes the reflection response samples by taking the inverse z-transform of Eq.
(5.13.27).

Next, we present a number of deconvolution examples simulated by means of the
routines scatter and dpd. In each case, we specified the five reflection coefficients of a
structure consisting of four layers. Using scatter we generated the exact lattice polyno-
mials whose coefficients are arranged in the matrices A and B, and also generated 16
samples of the reflection response R(n), n = 0,1,...,15. These 16 samples were sent
through the dpd routine to extract the lattice polynomials A and B.

The first figure of each example displays a table of the reflection response samples
and the exact and extracted polynomials. Note that the first column of the matrix B
is the vector of reflection coefficients, according to Eq. (5.13.25). The remaining two
graphs of each example show the reflection response R in the time domain and in the
frequency domain. Note that the frequency response is plotted only over one Nyquist
interval [0, 217/ T>], and it is symmetric about the Nyquist frequency 7t/ T>. Figures 5.15
through 5.17 correspond to the case of equal reflection coefficients {py, p1, P2, P3, P4} =
{0.5,0.5,0.5,0.5,0.5}.

[ 1.0000 0 0 0 0
1.0000 0.2500 0 0 0
Aexact = | 1.0000 0.5000 0.2500 0 0 K R(K)
1.0000 0.7500 0.5625 0.2500 0 0 05000
| 1.0000 1.0000 0.9375 0.6250 0.2500 | L 03750
[ 1.0000 0 0 0 0] 2 0.1875
1.0000 0.2509 0 0 0 3 0.0234
Aextract = | 1.0000  0.5009 0.2510 0 0 4 -0.0586
1.0000 0.7509 0.5638 0.2508 0 5 —0.1743
| 1.0000 1.0009 0.9390 0.6263 0.2504 | 6  0.1677
) ] 7 0.0265
0.5000 0 0 0 0 8 —0.0601
0.5000 0.5000 0 0 0 9 —0.0259
Bexact = | 0.5000 0.6250 0.5000 0 0 10 0.0238
0.5000 0.7500 0.7500 0.5000 0 11 00314
L 0.5000 0.8750 1.0313 0.8750 0.5000 ) 12 —0.0225
[0.5010 0 0 0 0] 13 =0.0153
0.5000 0.5010 0 0 0 14 0.0109
Bextract = | 0.5000 0.6255 0.5010 0 0 15 0.0097
0.5000 0.7505 0.7510 0.5010 0
| 0.5000 0.8755 1.0323 0.8764 0.5010 |

Fig. 5.15 Reflection response and lattice polynomials.

In Figs. 5.18 through 5.20 the reflection coefficients have been tapered somewhat
at the ends (windowed) and are {0.3,0.4,0.5,0.4,0.3}. Note the effect of tapering on
the lobes of the reflection frequency response. Figures 5.21 through 5.23 correspond
to the set of reflection coefficients {0.1,0.2,0.3,0.2,0.1}. Note the broad band of fre-
quencies about the Nyquist frequency for which there is very little reflection. In con-
trast, the example in Figs. 5.24 through 5.26 exhibits high reflectivity over a broad
band of frequencies about the Nyquist frequency. Its set of reflection coefficients is
{0.5,-0.5,0.5,-0.5,0.5}.
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0 time response R(k) frequency response | R(w) |2

.6 1 - - T T
0.8
0.6
0.4r
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2 4 6 8 10 12 14 0 0.2 0.4 0.6 0.8 1
time % frequency in cycles/sample

Fig. 5.16 and Fig. 5.17 Reflection responses in the time and frequency domains.

[ 1.0000 0 0 0 0
1.0000  0.1200 0 0 0
Aexact = | 1.0000  0.3200 0.1500 0 0 K R
1.0000 0.5200 0.3340 0.1200 0 003000
| 1.0000 0.6400 0.5224 0.2760 0.0900 | 1 03640
[ 1.0000 0 0 0 0] 2 0.3385
1.0000 0.1200 0 0 0 3 0.0664
Aextract = | 1.0000  0.3200 0.1500 0 0 4 -0.0468
1.0000 0.5200 0.3340 0.1200 0 5 —0.1309
| 1.0000 0.6400 0.5224 0.2760 0.0900 | 6 0.0594
- ) 7 0.0373
0.3000 0 0 0 0 8 —0.0146
0.4000  0.3000 0 0 0 9 —0.0148
Bexact = | 0.5000  0.4600  0.3000 0 0 10 0.0014
0.4000 0.6280 0.5200 0.3000 0 11 0.0075
| 0.3000 0.5560 0.7282 0.5560 0.3000 | 12 —0.0001
[ 0.3000 0 0 0 0] 13~ =0.0029
0.4000  0.3000 0 0 0 14 ~0.0003
Bextract = | 0.5000 0.4600 0.3000 0 0 15 0.0010
0.4000 0.6280 0.5200 0.3000 0
| 0.3000 0.5560 0.7282 0.5560 0.3000 |

Fig. 5.18 Reflection response and lattice polynomials.

In this section we have discussed the inverse problem of unraveling the structure
of a medium from the knowledge of its reflection response. The connection of the dy-
namic predictive deconvolution method to the conventional inverse scattering meth-
ods based on the Gelfand-Levitan-Marchenko approach [139] has been discussed in
[128,140,141]. The lattice recursions characteristic of the wave propagation problem
were derived as a direct consequence of the boundary conditions at the interfaces be-
tween media, whereas the lattice recursions of linear prediction were a direct conse-
quence of the Gram-Schmidt orthogonalization process and the minimization of the
prediction-error performance index. Is there a deeper connection between these two
problems [76,79,80,90-92,142,143]? One notable result in this direction has been to
show that the Cholesky factorization of Toeplitz or near-Toeplitz matrices via the Schur
algorithm can be cast in a wave propagation model and derived as a simple consequence
of energy conservation [87].
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time response R(k) frequency response | R(w) |2
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Fig. 5.19 and Fig. 5.20 Reflection responses in the time and frequency domains.

[ 1.0000 0 0 0 0
1.0000 0.0200 0 0 0
Aexact = | 1.0000 0.0800 0.0300 0 0 K R(K)
1.0000 0.1400 0.0712 0.0200 0 001000
| 1.0000 0.1600 0.1028 0.0412 0.0100 | L 01980
[ 1.0000 0 0 0 0] 2 0.2812
1.0000  0.0200 0 0 0 3 0.1445
Aexract = | 1.0000  0.0800  0.0300 0 0 4 0.0388
1.0000 0.1400 0.0712 0.0200 0 5 —0.0346
| 1.0000 0.1600 0.1028 0.0412 0.0100 | 6 —0.0072
) i} 7 0.0017
0.1000 0 0 0 0 8 0.0015
0.2000 0.1000 0 0 0 9 0.0002
Bexact = | 0.3000 0.2060 0.1000 0 0 10 —0.0002
0.2000 0.3160 0.2120 0.1000 0 11 —0.0001
| 0.1000 0.2140 0.3231 0.2140 0.1000 | 12 0.0000
[ 0.1000 0 0 0 0] 13 0.0000
0.2000 0.1000 0 0 0 14 0.0000
Bextract = | 0.3000  0.2060  0.1000 0 0 15 =0.0000
0.2000 0.3160 0.2120 0.1000 0
| 0.1000 0.2140 0.3231 0.2140 0.1000 |

Fig. 5.21 Reflection response and lattice polynomials.

5.14 Least-Squares Waveshaping and Spiking Filters

In linear prediction, the three practical methods of estimating the prediction error filter
coefficients were all based on replacing the ensemble mean-square minimization crite-
rion by a least-squares criterion based on time averages. Similarly, the more general
Wiener filtering problem may be recast in terms of such time averages. A practical for-
mulation, which is analogous to the Yule-Walker or autocorrelation method, is as follows
[59,60,95,144]. Given a record of available data

Y0,Y15-++3 YN

find the best linear FIR filter of order M

ho,hy, ..., hu
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time response R(k) frequency response | R(w) |2

1 . . . .
0.8
0.6
0.4r
0.2r

-0.1 0 . .

0 2 4 6 8 10 12 14 0 0.2 0.4 0.6 0.8 1
time & frequency in cycles/sample

Fig. 5.22 and Fig. 5.23 Reflection responses in the time and frequency domains.

™ 1.0000 0 0 0 0
1.0000  —0.2500 0 0 0
Awact = | 10000 —0.5000  0.2500 0 0 RO
1.0000 —0.7500 0.5625 —0.2500 0 e
| 10000 -1.0000 0.9375 —0.6250 0.2500 | e
[ 1.0000 0 0 0 0] 2 0.1875
1.0000  —0.2509 0 0 0 3 —0.0234
Aearact = | 1.0000  —0.5009 0.2510 0 0 4 —0.0586
1.0000 —0.7509 0.5638 —0.2508 0 501743
| 1.0000 —1.0009 0.9390 —0.6263 0.2504 | 6  0.1677
i 7 —0.0265
0.5000 0 0 0 0 8 —0.0601
~0.5000  0.5000 0 0 0 9 0.0259
Bewa = | 05000 —0.6250  0.5000 0 0 10 00238
~0.5000 07500 —0.7500  0.5000 0 11 —0.0314
0.5000 -0.8750  1.0313 —0.8750 0.5000 | 12 —0.0225
0.5010 0 0 0 0] 13 00153
~0.5000  0.5010 0 0 0 14 0.0109
Bewrat = | 05000 —0.6255  0.5010 0 0 15 -0.0097
~0.5000 07505 —0.7510  0.5010 0
0.5000 —0.8755  1.0323 —0.8764 0.5010 |

Fig. 5.24 Reflection response and lattice polynomials.

which reshapes y, into a desired signal x;,, specified in terms of the samples:

X0, X1y -+, XN+M

where for consistency of convolution, we assumed we know N + M + 1 samples of the
desired signal. The actual convolution output of the waveshaping filter will be:

min(n,M)
R = > RmXn-m, 0<n<N+M (5.14.1)

m=max (0,n—N)

and the estimation error:

ep=Xn—Xn, 0<nN<N+M (5.14.2)
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Fig. 5.25 and Fig. 5.26 Reflection responses in the time and frequency domains.

As the optimality criterion, we choose the least-squares criterion:

N+M
E= > es=min (5.14.3)
n=0

The optimal filter weights h,, are selected to minimize &. It is convenient to recast
the above in a compact matrix form. Define the (N + M + 1) X (M + 1) convolution data
matrix Y, the (M + 1) X1 vector of filter weights h, the (N + M + 1) x1 vector of desired
samples x, (and estimates X and estimation errors e), as follows:

Yo O 0 ...0
Y1 Yo 0 - 0
Y2 Yo -0 0
. . . . h() X0
. . . . hl X1
Y=|(¥YN YN-1 YN-2 *:* YN-M , h=| . |, x= : (5.14.4)
0 yN YN-1 ' YN-M+1 : :
0 0 YN Tt YN-M+42 hu XN+M
[0 o 0 YN
Equations (5.14.1) through (5.14.3) now become
X=Yh, e=x-%, E=ele (5.14.5)

Minimizing £ with respect to the weight vector h results in the orthogonality equations:
Yle=YT(x-Yh)=0 (5.14.6)

which are equivalent to the normal equations:

YTyh=YTx (5.14.7)

Solving for h, we find
h=(YTY) 'YTx =R 'r (5.14.8)

where the quantities
R=YTy, r=Y"x (5.14.9)

may be recognized (see Section 1.10) as the (M + 1) x (M + 1) autocorrelation matrix
formed by the sample autocorrelations Ryy (0), Ry, (1),...Ryy (M) of y,, and as the
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(M + 1) x1 vector of sample cross-correlations Ry, (0), Ryy (1), ... Ry, (M) between the
desired and the available vectors x, and y,,. We have already used this expression for
the weight vector h in the example of Section 5.11. Here we have justified it in terms
of the least-squares criterion (5.14.3). The subroutine firw may be used to solve for the
weights (5.14.8) and, if so desired, to give the corresponding lattice realization. The
actual filter output X is expressed as

*=Yh=YR'YTx=Px (5.14.10)

where
P=YR YT =yTy) YT (5.14.11)

The error vector becomes e = (I — P)x. The “performance” matrix P is a projection
matrix, and thus, so is (I — P). Then, the error square becomes

E=eTe=xT(I-P)%x=x"(I-P)x (5.14.12)

The (N+M + 1) X (N + M + 1) matrix P has trace equal to M + 1, as can be checked
easily. Since its eigenvalues as a projection matrix are either O or 1, it follows that in
order for the sum of all the eigenvalues (the trace) to be equal to M + 1, there must
necessarily be M + 1 eigenvalues that are equal to 1, and N eigenvalues equal to O.
Therefore, the matrix P has rank M + 1, and if the desired vector x is selected to be any
of the M + 1 eigenvectors belonging to eigenvalue 1, the corresponding estimation error
will be zero.

Among all possible waveshapes that may be chosen for the desired vector x, of
particular importance are the spikes, or impulses. In this case, x is a unit impulse, say
at the origin; that is, x, = 6,. The convolution X,, = hy, * y, of the corresponding filter
with y,, is the best least-squares approximation to the unit impulse. In other words, h,, is
the best least-squares inverse filter to y, that attempts to reshape, or compress, y, into
a unit impulse. Such least squares inverse filters are used extensively in deconvolution
applications. More generally. the vector x may be chosen to be any one of the unit
vectors

0

x=u=|1|« ithslot, i=0,1,..., N+ M (5.14.13)

0

which corresponds to a unit impulse occurring at the ith time instant instead of at the
origin; that is, X, = 6 (n — i). The actual output from the spiking filter is given by

X = Px = Pu; = ith column of P (5.14.14)

Thus, the ith column of the matrix P is the output of the ith spiking filter which
attempts to compress y, into a spike with i delays. The corresponding ith filter is
h = R~1YTy;. Therefore, the columns of the matrix

H=R1YT=(YTy)'yT (5.14.15)
are all the optimal spiking filters. The estimation error of the ith filter is

E=ul(I-Pu;=1-P; (5.14.16)
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where Pjj, is the ith diagonal element of P. Since the delay i may be positioned anywhere
fromi=0toi= N + M, there are N + M + 1 such spiking filters, each with error &;.
Among these, there will be one that has the optimal delay i which corresponds to the
smallest of the &;s; or, equivalently, to the maximum of the diagonal elements P;;.

The design procedure for least-squares spiking filters for a given finite signal yj,
n=0,1,...,N — 1 is summarized as follows:

Compute R = YTY.

Compute the inverse R~! (preferably by the Levinson recursion).
Compute H = R~1YT = all the spiking filters.

Compute P = YH = YR™1YT = all spiking filter outputs.

Select that column i of P for which Pj; is the largest.

vk W

If the Levinson-Cholesky algorithm is used to compute the inverse R !, this design
procedure becomes fairly efficient. An implementation of the procedure is given by the
subroutine spike. The inputs to the subroutine are the N + 1 samples {yo, Y1,...,¥~N},
the desired order M of the spiking filter, and a so-called “prewhitening” or Backus-
Gilbert parameter €, which will be explained below. The outputs of the subroutine are
the matrices P and H.

To explain the role of the parameter €, let us go back to the waveshaping problem.
When the data sequence y, to be reshaped into x,, is inaccurately known—if, for example,
it has been contaminated by white noise v,,—the least-squares minimization criterion
(5.14.3) can be extended slightly to accomplish the double task of (1) producing the
best estimate of x, and (2) reducing the noise at the output of the filter h,, as much as
possible.

The input to the filter is the noisy sequence y,, + v, and its output is h, * y, + hy, *
Vp = Xy + Up, where we set u, = hy * v,. The term u, represents the filtered noise.
The minimization criterion (5.14.3) may be replaced by

E=> e+ AE[u?]=min (5.14.17)
n

where A is a positive parameter which can be chosen by the user. Large A emphasizes
large reduction of the output noise, but this is done at the expense of resolution; that is,
at the expense of obtaining a very good estimate. On the other hand, small A emphasizes
higher resolution but with lesser noise reduction. This tradeoff between resolution and
noise reduction is the basic property of this performance index. Assuming that v, is
white with variance 02, we have

M
Elui]l=02 > hi=o0’h'h
n=0
Thus, Eq. (5.14.17) may be written as
E=eTe+A02h™h = min (5.14.18)

Its minimization with respect to h gives the normal equations:
YTy + Ao2Dh=Y"x (5.14.19)
from which it is evident that the diagonal of YTY is shifted by an amount A02; that is,

Ao2

Ryy(0)— Ry (0)+A02 = (1+€)Ryy(0), €= %, (0)




216 5. Linear Prediction

In practice, € may be taken to be a few percent or less. It is evident from Eq. (5.14.19)
that one beneficial effect of the parameter € is the stabilization of the inverse of the
matrix YTY + Ao2 1.

The main usage of spiking filters is in deconvolution problems [59,60,95,144-146],
where the desired and the available signals x, and y, are related to each other by the
convolutional relationship

Yn =fn*Xn =D fmXn-m (5.14.20)
m

where f}; is a “blurring” function which is assumed to be approximately known. The ba-
sic deconvolution problem is to recover x, from yy, if f;, is known. For example, y,, may
represent the image of an object x,, recorded through an optical system with a point-
spread function f,. Or, y,, might represent the recorded seismic trace arising from the
excitation of the layered earth by an impulsive waveform [}, (the source wavelet) which
is convolved with the reflection impulse response x,, of the earth (in the previous sec-
tion x,, was denoted by R,.) If the effect of the source wavelet f,, can be “deconvolved
away,” the resulting reflection sequence x,, may be subjected to the dynamic predictive
deconvolution procedure to unravel the earth structure. Or, f,, may represent the im-
pulse response of a channel, or a magnetic recording medium, which broadens and blurs
(intersymbol interference) the desired message xy,.

The least-squares inverse spiking filters offer a way to solve the deconvolution prob-
lem: Simply design a least-squares spiking filter h, corresponding to the blurring func-
tion fy; that is, h, * [, = Oy, in the least-squares sense. Then, filtering y,, through h,
will recover the desired signal x,:

Xn=hp*kyn= (hp*fn)*Xn ~0pn % Xp = Xn (5.14.21)

If the ith spiking filter is used, which compresses [} into an impulse with i delays,
hy * fn = 6(n — i), then the desired signal x,, will be recovered with a delay of i units
of time.

This and all other approaches to deconvolution work well when the data y, are not
noisy. In presence of noise, Eq. (5.14.20) becomes

Yn = fn % Xn + Vn (5.14.22)

where v, may be assumed to be zero-mean white noise of variance 0‘2,. Even if the
blurring function f}, is known exactly and a good least-squares inverse filter h,, can be
designed, the presence of the noise term can distort the deconvolved signal beyond
recognition. This may be explained as follows. Filtering y, through the inverse filter h,
results in

hu * yn = (hn * fn) *Xn + hp % Vi = X + Up

where u, = hy * v, is the filtered noise. Its variance is

M
E[ui]=osh™h =02 > h?

n=0

which, depending on the particular shape of h, may be much larger than the original
variance 02. This happens, for example, when f), consists mainly of low frequencies.
For h, to compress f;; into a spike with a high frequency content, the impulse response
hy, itself must be very spiky, which can result in values for h”h which are greater than
one.

To combat the effects of noise, the least-squares design criterion for h must be
changed by adding to it a term /\E[u%] as was done in Eq. (5.14.17). The modified
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design criterion is then

M
E=D(8n—hn*fn)?+A0o3 > hj
n n=0
which effectively amounts to changing the autocorrelation lag R¢¢ (0) into (1+¢€) Rer (0).
The first term in this performance index tries to produce a good inverse filter; the second
term tries to minimize the output power of the noise after filtering by the deconvolu-
tion filter h,. Note that conceptually this index is somewhat different from that of Eq.
(5.14.17), because now v, represents the noise in the data y, whereas there v, repre-
sented inaccuracies in the knowledge of the wavelet f,.

In this approach to deconvolution we are not attempting to determine the best least-
squares estimate of the desired signal x,, but rather the best least-squares inverse to
the blurring function f;,. If the second order statistics of x, were known, we could, of
course, determine the optimal (Wiener) estimate X, of Xx,,. This is also done in many
applications.

The performance of the spiking filters and their usage in deconvolution are illus-
trated by the following example: The blurring function f}, to be spiked was chosen as

£ = gn-25), n=0,1,...,65
" 0, for other n

where g (k) was the “gaussian hat” function:
g (k) = cos (0.15k) exp (—0.004k?)

The signal x, to be recovered was taken to be the series of delayed spikes:

9
Xp = Z a6 (n —n;)
i=0

where the amplitudes a; and delays n; were chosen as
a; =1, 0.8, 0.5, 0.95, 0.7, 0.5, 0.3, 0.9, 0.5, 0.85
n; = 25, 50, 60, 70, 80, 90, 100, 120, 140, 160

fori=0,1,2,3,4,5,6,7,8,9.

Figure 5.27 shows the signal f), to be spiked. Since the gaussian hat is symmetric
about the origin, we chose the spiking delay to be at i = 25. The order of the spiking
filter h, was M = 50. Figure 5.28 shows the impulse response h, versus time. Note the
spiky nature of h, which is required here because f;, has a fairly low frequency content.
Figure 5.29 shows the results of the convolution h, * fj, which is the best least-squares
approximation to the impulse 6 (n — 25).

The “goodness” of the spiking filter is judged by the diagonal entries of the per-
formance matrix P, according to Eq. (5.14.16). For the chosen delay k = 25, we find
P(25,25)= 0.97. To obtain a better picture of the overall performance of the spiking
filters, in Fig. 5.30 we have plotted the diagonal elements P (k,k) versus k. It is seen
that the chosen delay k = 25 is nearly optimal. Figure 5.31 shows the composite signal
Vn obtained by convolving f), and x;, according to Eq. (5.4.20).

Figure 5.32 shows the deconvolved signal x,, according to Eq. (5.14.21). The recovery
of the amplitudes a; and delays n; of x,, is very accurate. These results represent the
idealistic case of noise-free data y, and perfect knowledge of the blurring function f,.
To study the sensitivity of the deconvolution technique to inaccuracies in the knowledge
of the signal f),, we have added a small high frequency perturbation on f}, as follows:

frn=1fn+0.05sin(1.5(n — 25))
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Fig. 5.27 and Fig. 5.28 Reflection responses in the time and frequency domains.
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Fig. 5.29 and Fig. 5.30 Reflection responses in the time and frequency domains.
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Fig. 5.31 and Fig. 5.32 Reflection responses in the time and frequency domains.

The approximate signal f;, is shown in Fig. 5.33. The spiking filter was designed
on the basis of f, rather than f,. The result of filtering the same composite signal y,
through the corresponding inverse filter is shown in Fig. 5.34. The delays and am-
plitudes a; and n; are not well resolved, but the basic nature of x, can still be seen.
Inspecting Fig. 5.28 we note the large spikes that are present in the impulse response
h,; these can cause the amplification of any additive noise component. Indeed, the
noise reduction ratio of the filter h, is hTh = 612, thus it will tend to amplify even
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Fig. 5.33 and Fig. 5.34 Reflection responses in the time and frequency domains.

small amounts of noise.

To study the effect of noise, we have added a noise term v,, as in Eq. (5.14.22), with
variance equal to 10~ (this corresponds to just 1% of the amplitude a); the composite
signal y,, is shown in Fig. 5.35. One can barely see the noise. Yet, after filtering with
the inverse filter h, of Fig. 5.28, the noise component is amplified to a great extent.
The result of deconvolving the noisy y,, with h, is shown in Fig. 5.36. To reduce the
effects of noise, the prewhitening parameter € must be chosen to be nonzero. Even a
small nonzero value of € can have a beneficial effect. Figures 5.37 and 5.38 show the
deconvolved signal x,, when the filter h, was designed with the choices € = 0.0001 and
€ = 0.001, respectively. Note the trade-off between the noise reduction and the loss of
resolution in the recovered spikes of x;,.

composite signal plus noise deconvolution of noisy data

—e=0
0.8

0.6

0.4

0.2

.4 -0.
0 20 40 60 80 100 120 140 160 180 200 0 20 40 60 80 100 120 140 160 180 200
time samples time samples

Fig. 5.35 and Fig. 5.36 Reflection responses in the time and frequency domains.

Based on the studies of Robinson and Treitel [59], Oldenburg [145], and others, the
following summary of the use of the above deconvolution method may be made:

1. If the signal f;, to be spiked is a minimum-phase signal, the optimal spiking delay
must be chosen at the origin i = 0. The optimality of this choice is not actually
seen until the filter order M is sufficiently high. The reason for this choice has to
do with the minimum-delay property of such signals which implies that most of
their energy is concentrated at the beginning, therefore, they may be more easily
compressed to spikes with zero delay.

2. If f,, is a mixed-delay signal, as in the above example, then the optimal spiking
delay will have some intermediate value.
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L deconvolution of noisy data ) deconvolution of noisy data
—&=0.0001 —e=0.001
0.81 0.8
0.6f 0.6
0.4f 0.4
0.2f 0.2
oF 0
-0.2r -0.2
-0.4 -0.4
0 20 40 60 80 100 120 140 160 180 200 0 20 40 60 80 100 120 140 160 180 200
time samples time samples

Fig. 5.37 and Fig. 5.38 Reflection responses in the time and frequency domains.

3. Even if the shape of f) is not accurately known, the deconvolution procedure
based on the approximate f,, might have some partial success in deconvolving the
replicas of fj,.

4. In the presence of noise in the data y, to deconvolved, some improvement may
result by introducing a nonzero value for the prewhitening parameter €, where
effectively the sample autocorrelation Ry (0) is replaced by (1 + €) Ry (0). The
trade-off is a resulting loss of resolution.

The deconvolution problem of Egs. (5.14.20) and (5.14.22) has been approached by a
wide variety of other methods. Typically, a finite number of samples y,, n = 0,1,...,N
is available. Collecting these into a vector y = [yo,1,...,V~n]7, we write Eq. (5.14.22)
in an obvious vectorial form

y=Fx+vVv (5.14.23)

Instead of determining an approximate inverse filter for the blurring function F, an
alternative method is to attempt to determine the best—in some sense—vector x which
is compatible with these equations. A popular method is based on the least-squares
criterion [147,148]

N
E= Z vf, =vlv= (y — FX)T(Y — Fx)= min (5.14.24)

That is, x is chosen so as to minimize £. Setting the derivative with respect to x to
zero gives the standard least-squares solution

%= (FTF)"'FTy

A prewhitening term can be added to the right of the performance index to stabilize
the indicated inverse
E=vlv+axTx

with solution ® = (FTF + AI) "'FTy. Another approach that has been used with success
is based on the L;-norm criterion

N
E= > |val =min (5.14.25)

This quantity is referred to as the L; norm of the vector v. The minimization of
this norm with respect to x may be formulated as a linear programming problem [149-
155]. It has been observed that this method performs very well in the presence of
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noise, and it tends to ignore a few “bad” data points—that is, those for which the noise
value v, might be abnormally high—in favor of the good points, whereas the standard
least-squares method based on the L,-norm (5.14.24) will spend all its efforts trying to
minimize the few large terms in the sum (5.14.24), and might not result in as good an
estimate of x as it would if the few bad data points were to be ignored.

Another class of deconvolution methods are iterative methods. Such methods, like
the linear programming method mentioned above, offer the additional option of enforc-
ing priori constraints that may be known to be satisfied by x, for example, positivity,
band-limiting, or time-limiting constraints. The imposition of such constraints can im-
prove the restoration process dramatically. The interested reader is referred to the
review article [156].

5.15 Problems

5.1 (a) Following the methods of Section 5.1, show that the optimal filter for predicting D
steps into the future—i.e., estimating y (n + D) on the basis of {y(m); m < n}—is

given by
1

H(z)= B2

[2°B()],
(b) Express [zPB(z)], in terms of B(z) itself and the first D — 1 impulse response coef-
ficients by, m=1,2,...,D — 1 of B(z).

(c) For the two random signals y, defined in Examples 5.1.1 and 5.1.2, find the optimal
prediction filters for D = 2 and D = 3, and write the corresponding I/0 equations.

5.2 Consider the order-p autoregressive sequence y, defined by the difference equation (5.2.3).
Show that a direct consequence of this difference equation is that the projection of y, onto
the subspace spanned by the entire past {y,_;; 1 < < oo} is the same as the projection of
Yn onto the subspace spanned only by the past p samples {y,_;; 1 <i < p}.

5.3  (a) Show that the performance index (5.3.2) may be written as
E=E[e?]=a"Ra
where a = [1,ay,...,ap] T is the order-p prediction-error filter, and R the autocorre-
lation matrix of yy; thatis, Rjj = E[yn-iyn—j].

(b) Derive Eq. (5.3.7) by minimizing the index &£ with respect to the weights a, subject
to the linear constraint that ap = 1, and incorporating this constraint by means of a
Lagrange multiplier.

5.4 Take the inverse z-transform of Eq. (5.3.17) and compare the resulting equation with Eq. (5.3.15).

5.5 Verify that Egs. (5.3.22) and (5.3.23) are inverses of each other.

5.6 A fourth order all-pole random signal process y (n) is represented by the following set of
signal model parameters (reflection coefficients and input variance):

{¥1,¥2,¥3,¥4,0%} = {0.5, =0.5, 0.5, —0.5, 40.5}

(a) Using the Levinson recursion, find the prediction error filter A4 (z).

(b) Determine 0')2, = R,y (0). Using intermediate results from part (a), determine the au-
tocorrelation lags Ry, (k), k = 1,2,3,4.

5.7 The first five lags of the autocorrelation function of a fourth-order autoregressive random
sequence y (n) are

{R(0),R(1), R(2), R(3), R(4)} = {256, 128, —32, —16, 22}

Determine the best prediction-error filters and the corresponding mean-square errors of
orders p = 1,2, 3,4 by using Levinson’s algorithm in matrix form.
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5.8

5.9

5.10

5.11

5.12

5.13
5.14

5.16

5.17

5. Linear Prediction

The fourth-order prediction-error filter and mean-square prediction error of a random signal
have been determined to be

Ay(z)=1-1.252""1 +1.3125272 -z % +0.5z7%, E,;=0.81
Using the subroutine rlev, determine the autocorrelation lags R (k), 0 < k < 4, the four

reflection coefficients, and all the lower order prediction-error filters.

Verify the results of Example (5.3.1) using the subroutines lev, frwlev, bkwlev, and rlev, as
required.

(a) Given the five signal samples
Yo, yu,y2,y3,yat =11, -1, 1, -1, 1}

compute the corresponding sample autocorrelation lags R(k), k = 0,1,2,3,4, and
send them through the routine lev to determine the fourth-order prediction error filter
A4(2).

(b) Predict the sixth sample in this sequence.
(c) Repeat (a) and (b) for the sequence of samples {1, 2,3,4,5}.

Find the infinite autoregressive or maximum-entropy extension of the two autocorrelation
sequences

(@ {R(0),R(1)} = {1, 0.5}

(b) {R(0), R(1), R(2)} = {4, 0, 1}
In both cases, determine the corresponding power spectrum density Sy, (z) and from it
calculate the R (k) for all lags k.

Write Eq. (5.3.24) for order p + 1. Derive Eq. (5.5.1) from Eq. (5.3.24) by replacing the filter
ap+1 in terms of the filter a, via the Levinson recursion.

Do Problem 5.7 using the split Levinson algorithm.

Draw the lattice realization of the analysis and synthesis filters A4 (a) and 1/ A4 (z) obtained
in Problems 5.6, 5.7, and 5.8.

Test the minimum-phase property of the two polynomials
A(z) =1-1.08z"' +0.1327% +0.24z% - 0.527*
A(z) =1+0.18z7' - 0.12227% - 0.39273 - 0.527*
(a) The entropy of an M-dimensional random vector is definedby S = — [ p(y)Inp (y) dMy.

Show that the entropy of a zero-mean gaussian y with covariance matrix R is given,
up to an additive constant, by § = % In(detR).

g

With the help of the LU factorization (5.9.1), show that ratio of the determinants of an
order M autocorrelation matrix and its order p (p < M) submatrix is

M
detRy

- E;
detR, [T E

i=p+1

e

Consider all possible autocorrelation extensions of the set {R(0), R(1), ..., R(p)}
up to order M. For gaussian processes, use the results in parts (a) and (b) to show that
the particular extension defined by the choice y; = 0,i = p + 1,..., M maximizes the
entropy of the order-M process; hence, the name maximum entropy extension.

Consider the LU factorization LRLT = D of an order-M autocorrelation matrix R. Denote
by bg, p = 0,1,...,M the rows of L. They are the backward prediction filters with zeros
padded to their ends to make them (M + 1)-dimensional vectors.

(a) Show that the inverse factorization R~! = LTD~!'L can be written as

Moy

- T

R = § byb,
p=0 Eﬂ
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(b) Define the “phasing” vectorss(z)= [1, z™!, z72, ..., z“M]T, Show that the z-transform
of an order-M filter and its inverse can be expressed compactly as

A(z)=s(z)Ta, a= jg A(z)s(z7Y) —
u.c 2Tjz
(c) Define the “kernel” vector k(w)= R~!s(w). The z-transform of this vector is called a
reproducing kernel [57,58,66]. Show that it can be written in the alternative forms

K(z,zw)=s(z)Tkw)=k(2)Ts(w)=k(z) TRk(W)=s(z) TR 's(w)

(d) Let J denote the (M + 1)x (M + 1) reversing matrix. Show that Js(z)= z"Ms(z1).
And that K (z,w)= zMwMK (z7} w~1).

(e) Show that K (z, w) admits the following representations in terms of the backward and
forward prediction polynomials

M M
1 1
K(z,w)= > —By(2)Bp(W)= > — Ap(2) Ay (w)z=M-Plyy~M=P)
p=0 Ep p=0 Ep
5.18 Let Sy, (z) be the power spectral density of the autocorrelation function R (k) from which
we build the matrix R of the previous problem. Show that R and R~ admit the following
representations in terms of the phasing and kernel vectors:

R= ﬂg Sy (2)s(z Vs(z)T § Sy (Dk(z Hk(z)T

21TJZ 2'ITJZ
Then, show the reproducing kernel property
K(z,w)= fJE K(z,u ™ )K(w,u)Syy (u) ~———
2'ITJL1
519 (@) Letsy(z)=[1, z71,z72, ..., z7P]T. Using the order-updating formulas for R;l show
that the kernel vector kj, (w) = R;lsp (w) satisfies the following order-recursive equa-
tions
kp,1 (W) 1 0 1
ky (w)= [ 0 + E, byBy (W), kp(w)= wky1 (W) + E, apAp(w)
(b) Show that the corresponding reproducing kernels satisfy

Ky (z,w) = Kp_1(z, W)+E By (z)Bp (W)

Kp(z,w) =z 'wKp_1 (2, W)+ Ap(z)Ap(w)

e

Using part (b), show the Christoffel-Darboux formula [57,58,66]

1 Ap(2)Ap(W)—z"'w™ !B, (2)B, (W)
Ep 1—-ztw-!

Ky(z,w)=

(d) Let z; be the ith zero of the prediction polynomial A, (z). Using part (c), evaluate
Ky (zi,z¥) and thereby show that necessarily |z;| < 1. This is yet another proof of
the minimum-phase property of the prediction-error filters. Show further that if the
prediction filter a, is symmetric; i.e., ap = aﬁ, then its zeros lie on the unit circle.

Show the Christoffel-Darboux formula [57,58,66]

—
e

1 Ap(z)Ap (W) =By (2) By (W)
Ep 1—z 1wl

Ky 1(z,w)=

and use this expression to prove the result in (d) that |z;| < 1.
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5.20 Do Problem 5.7 using the Schur algorithm, determine the Cholesky factor G, and verify
R = GD~'GT by explicit matrix multiplication.

5.21 For the Example 5.10.2, compute the entries of the output matrices Y * by directly convolving
the forward/backward prediction filters with the input autocorrelation lags.

5.22 Do Problem 5.7 using the split Schur algorithm, and determine the Cholesky factor G by the
recursion (5.10.21).

5.23 (@) Show the identity

-1z -lal?)
[1—az-1|?

2
—a* +z7!
1—-az!

(b) Using part (a), show that the all-pass Schur function S, (z) defined by Eq. (5.10.22)
satisfies the boundedness inequality (5.10.23), with equality attained on the unit circle.
Show that it also satisfies [S, (z)| > 1 for |z| < 1.
5.24 Define the Schur function
0.125 — 0.875z72 + z73
$3(2)= - =
1-0.875z71 +0.125z
Carry out the recursions (5.10.24) and (5.10.25) to construct the lower order Schur functions
Sp(z),p =2,1,0, and, in the process, extract the corresponding reflection coefficients.

5.25 Consider a generalized version of the simulation example discussed in Section 5.11, defined
by
x(n)=sm)+vi(n), y(n)=v(n)

where
s(n) = sin(woen + ¢P)

vi(n) =aivi(n-1)+v(n)

Vva(n) = axva(n—1)+v(n)
where v (n) is zero-mean, unit-variance, white noise, and ¢ is a random phase independent
of v(n). This ensures that the s(n) component is uncorrelated with v; (n) and v, (n).

(@) Show that
k

ak a
ny(k):1 ! Ryy(k):?zag, k>0

(b) Show that the infinite-order Wiener filter for estimating X (n) on the basis of y (n) has
a (causal) impulse response

ho=1, hy=(a;-a)ak?', k=1

(c) Next, consider the order-M FIR Wiener filter. Send the theoretical correlations of part
(a)fork = 0,1,..., M through the subroutine firw to obtain the theoretical Mth order
Wiener filter realized both in the direct and the lattice forms. Draw these realizations.
Compare the theoretical values of the weights h, g, and y with the simulated values
presented in Section 5.11 that correspond to the choice of parameters M = 4, a; =
—0.5, and a, = 0.8. Also compare the answer for h with the first (M + 1) samples of
the infinite-order Wiener filter impulse response of part (b).

(d) Repeat (c) with M = 6.
5.26 A closed form solution of Problem 5.25 can be obtained as follows.

(a) Show that the inverse of the (M + 1)X (M + 1) autocorrelation matrix defined by
the autocorrelation lags Ry, (k), k = 0,1,...,M of Problem 5.25(a) is given by the
tridiagonal matrix:

1 —a; 0 R 0 0
—dp b —ap e 0 0
. 0 —a; b R 0 0
Ry, = :
0 0 0 b —a;
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where b = 1 + a3.
(b) Using this inverse, show that the optimal Mth order Wiener filter has impulse response

ho=1, hy=(a,—a»)a‘?', for 1<k<M-1, and hy = Maﬁ”“

1- arap

(c) Show that the lattice weights g can be obtained from h by the backward substitution
gu =hy, and gm = dogms1 + hm, Mm=M-1,M-2,...,1,0

(d) For M = 4, a; = —0.5, a, = 0.8, compute the numerical values of h and g using the
above expressions and compare them with those of Problem 5.25(c).

5.27 Computer Experiment. Consider the noise canceling example of Section 5.11 and Problem
5.25, defined by the choice of parameters

wo = 0.0757 [radians/sample], ¢ =0, a; =-0.5, a,=08, M=4

B

Generate 100 samples of the signals x(n), s(n), and y(n). On the same graph, plot
x(n) and s(n) versus n. Plot y(n) versus n.

(b) Using these samples, compute the sample correlations I?yy(k), ﬁxy (k), fork = 0,1,
..., M, and compare them with the theoretical values obtained in Problem 5.25(a).

(c) Send these lags through the routine firw to get the optimal Wiener filter weights h and
g, and the reflection coefficients y. Draw the lattice and direct-form realizations of the
Wiener filter.

(d) Filter y(n) through the Wiener filter realized in the lattice form, and plot the output
e(n)=x(n)—X(n) versus n.

(e) Repeat (d) using the direct-form realization of the Wiener filter.

(f) Repeat (d) when M = 6.
5.28 The following six samples

D0, Y1,Y2, Y3, V4, ys} = {4.684, 7.247, 8.423, 8.650, 8.640, 8.392}

have been generated by sending zero-mean unit-variance white noise through the difference
equation

Yn = aA1Yn-1 +acyn-2 + €n
where a; = 1.70 and a, = —0.72. Iterating Burg’s method by hand, obtain estimates of the
model parameters a;, a,, and og.

5.29 Derive Eq. (5.12.11).

5.30 Computer Experiment. Ten samples from a fourth-order autoregres- n y(n)
sive process y(n) are given. It is desired to extract the model pa- 0 4503
rameters {ai, dz, ds, ds, 0%} as well as the equivalent parameter set 1| -10.841
Y1, ¥2,¥3, 4,08} 2 | —24.183

(a) Determine these parameters using Burg’s method. 3] —25.662

(b) Repeat using the Yule-Walker method. ;1 - 1‘1122(3)

Note: The exact parameter values by which the above simulated sam- 6 10.980
ples were generated are 7 13.679
) 8| 15.517

{ay,az,a3,a4,0:} = {—2.2137, 2.9403, —2.2697, 0.9606, 1} 9 15.037

5.31 Using the continuity equations at an interface, derive the transmission matrix equation
(5.13.2) and the energy conservation equation (5.13.4).

5.32 Show Eq. (5.13.6).
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5.33 Figure 5.14 defines the scattering matrix S. Explain how the principle of linear superposition
may be used to show the general relationship

|7 -k ]

between incoming and outgoing fields.
5.34 Show the two properties of the matrix (/,, (z) stated in Egs. (5.13.13) and (5.13.14).
5.35 Show Egs. (5.13.25).
5.36 The reflection response of a stack of four dielectrics has been found to be

—0.25 + 0.0313z7! + 0.2344z7% — 0.265627° + 0.25z7*

R =
2 1-0.1252-1 + 0.0664z3 — 0.06252—2

Determine the reflection coefficients {py, p1, P2, P3, P4}.

5.37 Computer Experiment. It is desired to probe k R(k)
the structure of a stack of dielectrics from 0 | =0.2500
its reflection response. To this end, a unit 1 0.0000
impulse is sent incident on the stack and the 2 0.2344
reflection response is measured as a func- 3| —0.2197
tion of time. 4 0.2069
It is known in advance (although this is not 5 0.0103
necessary) that the stack consists of four 6 0.0305
equal travel-time slabs stacked in front of 7 | —0.0237
a semi-infinite medium. 8 0.0093
Thirteen samples of the reflection response 9 | —0.0002
are collected as shown here. Determine the 10 0.0035
reflection coefficients {po, p1, P2, P3, P4} by 11 | —0.0017
means of the dynamic predictive deconvolu- 12 0.0004

tion procedure.

5.38 Computer Experiment. Generate the results of Figures 5.16-5.17 and 5.25-5.26.

5.39 Computer Experiment. This problem illustrates the use of the dynamic predictive deconvolu-
tion method in the design of broadband terminations of transmission lines. The termination
is constructed by the cascade of M equal travel-time segments of transmission lines such
that the overall reflection response of the structure approximates the desired reflection re-
sponse. The characteristic impedances of the various segments are obtainable from the
reflection coefficients {pg, p1,...,Pm}. The reflection response R (w) of the structure is a
periodic function of w with period wg = 277/T>, where T is the two-way travel time delay
of each segment. The design procedure is illustrated by the following example: The desired
frequency response R (w) is defined over one Nyquist period, as shown in Fig. 5.39:

{0, for 0.25w, < w < 0.75ws
R(w)=
0.9, for 0 <w <0.25ws and 0.75wW; < W < Wy

R(w)

0.9 —

- w
0 025wy 0.75wg  wy

Fig. 5.39 Desired reflection frequency response.
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(a) Using the Fourier series method of designing digital filters, design an N = 21-tap
filter with impulse response R (k), k = 0,1,...,N — 1, whose frequency response
approximates the desired response defined above. Window the designed reflection
impulse response R (k) by alength-N Hamming window. Plot the magnitude frequency
response of the windowed reflection series over one Nyquist interval 0 < w < w;.

(b) For M = 6, send the N samples of the windowed reflection series through the dynamic
predictive deconvolution routine dpd to obtain the polynomials Ay (z) and By (z)
and the reflection coefficients {pg, p1,...,Pm}. Plot the magnitude response of the
structure; that is, plot

By (2)

R = | 42

, Z=exp(jwT,)=exp (anwﬂ>
S

and compare it with the windowed response of part (a). To facilitate the comparison,
plot both responses of parts (a) and (b) on the same graph.

(c) Repeat part (b) for M =2, M = 3,and M = 10.
(d) Repeat parts (a) through (c) for N = 31 reflection series samples.

(e) Repeat parts (a) through (c) for N = 51.

5.40 Show that the performance matrix P defined by Eq. (5.14.11) has trace equal to M + 1.
5.41 Computer Experiment. Reproduce the results of Figs. 5.27 through 5.34.
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6

Spectrum Estimation

6.1 Spectrum Estimation by Autoregressive Modeling

When a block of signal samples is available, it may be too short to provide enough
frequency resolution in the periodogram spectrum. Often, it may not even be correct
to extend the length by collecting more samples, since this might come into conflict
with the stationarity of the segment. In cases such as these, parametric representation
of the spectra by means of autoregressive models can provide much better frequency
resolution than the classical periodogram method [1-15]. This approach was discussed
briefly in Section 1.11.

The spectrum estimation procedure is as follows: First, the given data segment
{Yo,¥1,.--,¥N-1} is subjected to one of the analysis methods discussed in Section 5.12
to extract estimates of the LPC model parameters {ai, a», ..., am; Eym}. The choice of the
order M is an important consideration. There are a number of criteria for model order
selection [1], but there is no single one that works well under all circumstances. In fact,
selecting the right order M is more often an art than science. As an example, we men-
tion Akaike’s final prediction error (FPE) criterion which selects the M that minimizes
the quantity

where E); is the estimate of the mean-square prediction error for the Mth order predic-
tor, and N is the length of the sequence y,. As M increases, the factor F); decreases
and the second factor increases, thus, there is a minimum value. Then, the spectrum
estimate is given by

_ Ey _ Ey
| Ay (w) }2 |1+ aje @ + aye 2w + .. . + gpye-Miw |2

Sar(w) (6.1.1)

Note that this would be the exact spectrum if y, were autoregressive with the above
set of model parameters. Generally, spectra that have a few dominant spectral peaks
can be modeled quite successfully by such all-pole autoregressive models. One can also
fit the given block of data to more general ARMA models. The decision to model a spec-
trum by ARMA, AR, or MA models should ultimately depend on some prior information
regarding the physics of the process y,. The reader is referred to the exhaustive review
article of Kay and Marple [1], to the special issue [10], and to [2,4,11,13-15], for the
discussion of essentially all currently available spectrum estimation techniques, and to
Robinson’s interesting historical account [12].

Next, we compare by means of a simulation example the classical periodogram
method, the Yule-Walker method, and Burg’s method of computing spectrum estimates.
Generally, the rule of thumb to follow is that Burg’s method should work better than the
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other methods on short records of data, and that all three methods tend to improve as
the data record becomes longer. For our simulation example, we chose a fourth order
autoregressive model characterized by two very sharp peaks in its spectrum. The signal
generator for the sequence y, was

Yn +aAi1Yn-1 + d2Yn-2 + A3Yn-3 + A4Yn-4 = €n

where €, was zero-mean, unit-variance, white noise. The prediction-error filter A (z)
was defined in terms of its four zeros:

AZ) =1+az ' +arz? +asz% +asz™*

=(1-z1zHA-zfzHY A -zz7H) (1 - 2zFz7Y)
where the zeros were chosen as
71 = 0.99exp (0.217j), z» = 0.99exp (0.417j)
This gives for the filter coefficients
a; = —2.2137, ap =2.9403, az = -2.1697, a4 = 0.9606

The exact spectrum is given by Eq. (6.1.1) with E; = 02 = 1. Since the two zeros
7z, and zp, are near the unit circle, the spectrum will have two very sharp peaks at the
normalized frequencies

wy =0.21m, Wy = 0.47 [radians/sample]

Using the above difference equation and a realization of €,, a sequence of length 20
of y, samples was generated (the filter was run for a while until its transients died out
and stationarity of y,, was reached). The same set of 20 samples was used to compute the
ordinary periodogram spectrum and the autoregressive spectra using the Yule-Walker
and Burg methods of extracting the model parameters. Then, the length of the data
sequence y, was increased to 100 and the periodogram, Yule-Walker, and Burg spectra
were computed again.

Figures 6.1 and 6.2 show the periodogram spectra for the two signal lengths of 20
and 100 samples. Figs. 6.3 and 6.4 show the Yule-Walker spectra, and Figs. 6.5 and 6.6,
the Burg spectra.

4th order / 20 samples 4th order / 100 samples

50

50

xact AR xact AR
eriodogram | | 0l eriodogram | |

401

I
; ; ; ; 0 ; ;
0 0.1 0.2 0.3 0.4 0.5 0.6 0 0.1 0.2 0.3 0.4 0.5 0.6
digital frequency o in units of 7 digital frequency o in units of 7

Fig. 6.1 and Fig. 6.2 Periodogram spectra based on 20 and 100 samples.

The lack of sufficient resolution of both the periodogram and the Yule-Walker spec-
trum estimates for the shorter data record can be attributed to the windowing of the
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Yule-Walker | |
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Fig. 6.3 and Fig. 6.4 Yule-Walker spectra based on 20 and 100 samples.
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Fig. 6.5 and Fig. 6.6 Burg spectra based on 20 and 100 samples.

signal y,,. But as the length increases the effects of windowing become less pronounced
and both methods improve. Burg’s method is remarkable in that it works very well
even on the basis of very short data records. The Burg spectral estimate is sometimes
called the “maximum entropy” spectral estimate. The connection to entropy concepts
is discussed in the above references.

6.2 Spectral Analysis of Sinusoids in Noise

One of the most important signal processing problems is the estimation of the frequen-
cies and amplitudes of sinusoidal signals buried in additive noise [1,2,4,5,8,10-24]. In
addition to its practical importance, this problem has served as the testing ground for all
spectrum estimation techniques, new or old. In this section we discuss four approaches
to this problem: (1) the classical method, based on the Fourier transform of the win-
dowed autocorrelation; (2) the maximum entropy method, based on the autoregressive
modeling of the spectrum; (3) the maximum likelihood, or minimum energy, method;
and (4) Pisarenko’s method of harmonic retrieval which offers the highest resolution.

Consider a signal consisting of L complex sinusoids with random phases in additive
noise:

L
Vn=vnt S Aefemsit (6.2.1)

i=1
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where the phases ¢; are uniformly distributed and independent of each other, and v,
is zero-mean white noise of variance 02, assumed to be independent of the phases ¢;:

E[Vivm]= 026nm, El¢pival=0 (6.2.2)

Under these assumptions, the autocorrelation of y,, is easily found to be

L
R(K)= Elyn:kyi]= 028 (k) + > Pielik (6.2.3)

i=1

where P; denotes the power of the ith sinusoid; that is, P; = |A;|?. The basic problem
is to extract the set of frequencies {w1, w>,...,w} and powers {Py,Ps,...,Pr} by
appropriate processing a segment of signal samples y,. The theoretical power spectrum
is a line spectrum superimposed on a flat white-noise background:

L
S(w)= 02+ > Pi2ms (w — w;) (6.2.4)
i1

which is obtained by Fourier transforming Eq. (6.2.3):

S(w)= > R(k)e @k (6.2.5)
k=—oc0
Given a finite set of autocorrelation lags {R (0), R(1), ..., R(M)}, the classical spec-
trum analysis method consists of windowing these lags by an appropriate window and
then computing the sum (6.2.5), truncated to —M < k < M. We will use the triangular
or Bartlett window which corresponds to the mean value of the ordinary periodogram
spectrum [25]. This window is defined by

M+1- k|

wg (k) = M+1 ’
0, otherwise

if —-M<k=<M

Replacing R (k) by wg (k)R (k) in Eq. (6.2.5), we obtain the classical Bartlett spectrum

estimate:
M

Sp(w)= > wg(k)R(k)e wk (6.2.6)
k=-M

We chose the Bartlett window because this expression can be written in a compact
matrix form by introducing the (M + 1)-dimensional phase vector

e-Mjw
and the (M + 1) X (M + 1) autocorrelation matrix R, defined as

L
Rim = R(k —m)=025(k —m)+ > Pie/®ik=m = 0 <km <M
i=1

Ignoring the 1/ (M +1) scale factor arising from the definition of the Bartlett window,
we may write Eq. (6.2.6) as

Sp(w) = sk Rsy (classical Bartlett spectrum) (6.2.7)
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The autocorrelation matrix R of the sinusoids can also be written in terms of the

phasing vectors as
L

R =021+ Piswsh, (6.2.8)
i=1

where [ is the (M + 1) X (M + 1) identity matrix. It can be written even more compactly
by introducing the L XL diagonal power matrix, and the (M + 1) XL sinusoid matrix

P = diag{P1,P>,...,Pr}, S=[Sw,,Sw, --->Sw;]

Then, Eq. (6.2.8) becomes
R = oI + SPSt (6.2.9)

Inserting Eq. (6.2.8) into Eq. (6.2.7) we find
i L
Sp(w)= 02 sksw + > Pislyswsh,sw

i=1

Defining the function

. (w(M+1)
M ) 1— ei‘jw(M+1) sin # )
Wiw)= 3, e M = ——=——— = © e JwM/2 (6.2.10)
"o ‘ sin ()

we note that
8HSw = W(w - w;) and sls, =W(0)=M+1

Then, in this notation, the Bartlett spectrum (6.2.7) becomes

L
Sp(w)=02(M+1)+ > Pi|W(w - w)|° (6.2.11)
i=1

The effect of W(w — w;) is to smear each spectral line 6 (w — w;) of the true
spectrum. If the frequencies w; are too close to each other the smeared peaks will
tend to overlap with a resulting loss of resolution. The function W (w) is the Fourier
transform of the rectangular window and is depicted below:

2
W()” T ppe T
13 dB
1 ; w
- _Am _2m 0 2w 4w ™
M+1 M+1 M+1  M+1

It has an effective resolution width of Aw = 21/(M + 1). For fairly large Ms,
the first side lobe is about 13 dB down from the main lobe. As M increases, the main
lobe becomes higher and thinner, resembling more and more a delta function, which
improves the frequency resolution capability of this estimate.

Next, we derive a closed form expression [20,24] for the AR, or maximum entropy,
spectral estimate. It is given by Eq. (6.1.1) and is obtained by fitting an order-M autore-
gressive model to the autocorrelation lags {R (0), R(1), ..., R(M)}. This can be done
for any desired value of M. Autoregressive spectrum estimates generally work well in
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modeling “peaked” or resonant spectra; therefore, it is expected that they will work in
this case, too. However, it should be kept in mind that AR models are not really appro-
priate for such sinusoidal signals. Indeed, AR models are characterized by all-pole stable
filters that always result in autocorrelation functions R (k) which decay exponentially
with the lag k; whereas Eq. (6.2.3) is persistent in k and never decays.

As arule, AR modeling of sinusoidal spectra works very well as long as the signal to
noise ratios (SNRs) are fairly high. Pisarenko’s method, to be discussed later, provides
unbiased frequency estimates regardless of the SNRs. The LPC model parameters for the
AR spectrum estimate (6.1.1) are obtained by minimizing the mean-square prediction
error:

M
E=Elejeys]=a'Ra=min, e, = > amyn-m (6.2.12)

m=0
where a = [1,a,,4ay,...,ayu]T is the prediction-error filter and R, the autocorrelation

matrix (6.2.9). The minimization of £ must be subject to the linear constraint that the
first entry of a be unity. This constraint can be expressed in vector form

ap=ula=1 (6.2.13)

whereug = [1,0,0,...,0]7 is the unit vector consisting of 1 followed by M zeros. Incor-
porating this constraint with a Lagrange multiplier, we solve the minimization problem:

E=a'Ra+pu(1 fuga): min
Differentiating with respect to a we obtain the normal equations:
Ra = puuy

To fix the Lagrange multiplier, multiply from the left by at and use Eq. (6.2.13) to
get atRa = pafug, or, £ = p. Thus, u is the minimized value of &, which we denote by
E. In summary, we have

Ra=Fu;, = a=ER 'u (6.2.14)

Multiplying from the left by ug, we also find 1 = E (ugR’luo), or
E'=ulRuy = (R ") (6.2.15)

which is, of course, the same as Eq. (5.9.18). The special structure of R allows the
computation of a and the AR spectrum in closed form. Applying the matrix inversion
lemma to Eq. (6.2.9), we find the inverse of R:

1
R™'= 5 (I+5SDS") (6.2.16)
gy
where D is an L XL matrix given by
D=—[oZPt+5ts]7! (6.2.17)

Equation (6.2.16) can also be derived directly by assuming such an expression for
R~! and then fixing D. The quantity ¢2P~! in D is a matrix of noise to signal ratios.
Inserting Eq. (6.2.16) into (6.2.14), we find for a:

a= ER71u0 = % [ug + SDSTII()]= % [ug + Sd]
O-v O-V

where we used the fact that s};;,.uo = 1, which implies that

St 1
s:ﬂ,z 1 .
Stug = . uy = =V (i.e., a column of L ones)

; 1

Swi,
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and defined
d:
d> L
d= . =DV, or, di=ZDij
: j=1
dr

Using Eq. (6.2.15), we have also
1

1
E™' =ulR g = —ul[I+SDST]= —[1+ v Dv]
Oy Oy

1 1 L
=—[1+de]=—[1+ dl]
o3 o3 IZZI '
and, therefore,

L -1
E= 05[1 + Zdi] (6.2.18)
i=1

We finally find for the prediction-error filter

L
Uup + Zd,—swi
_ g + Sd _ i=1

T 14+vid L
1+Zdi
i=1

(6.2.19)
The frequency response A (w) of the prediction-error filter is obtained by dotting
the phasing vector s, into a:

L
1+ > dislsw,

i=1

Mz

A(w)= ame®M =sfa=

0 l-‘eri

m

using the result that sst, =W (w — wj), we finally find:

L
1+ ZdIW(w — wj)
Alw)= —1=1 (6.2.20)

E _ o
lA(w) 2 7Y

N
Il
—

Sar(w)= > (6.2.21)

1+ ZdIW((U - wj)

i=1

The frequency dependence is shown explicitly. Note, that the matrix StS appearing
in the definition of D, can also be expressed in terms of W (w). Indeed, the ijth element
of STSis, for 0 < i,j < L:

(STS)ij= sly;50, = W(w;i — w))
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One interesting consequence of Eq. (6.2.21) is that in the limit of very weak noise
02 — 0, it vanishes. In this limit the mean-square prediction error (6.2.18) vanishes.
This is to be expected, since in this case the noise term v, is absent from the sum
(6.2.1), rendering y, a deterministic signal; that is, one that can be predicted from a few
past values with zero prediction error. To avoid such behavior when O"Z, is small, the
factor E is sometimes dropped altogether from the spectral estimate resulting in the

“pseudo-spectrum”
1

Sar(w) A2 (6.2.22)
This expression will exhibit fairly sharp peaks at the sinusoid frequencies, but the
magnitude of these peaks will no longer be representative of the power levels P;. This ex-
pression can only be used to extract the frequencies w;. Up to a scale factor, Eq. (6.2.22)
can also be written in the form
1

Sarl@)=
AR |sbR1uo |°

Example 6.2.1: To see the effect of the SNR on the sharpness of the peaks in the AR spectrum,
consider the case M = L = 1. Then,

| 1 i 1
STS =iy, 80, = [1, 7] [e,‘wl ] =M+1=2

D=—[ogiPi" +2]7!

U +diSw; d 1
- T 2L piwn
1+ dl 1+ dl
Using d; = D, we find
1
a=| P plwr | Az)=1+a,z!
Py + 0%

The prediction-error filter has a zero at

P, :
Z1=-a) = e/l
P+ 0'\2/

The zero z; is inside the unit circle, as it should. The lower the SNR = PI/U‘Z,, the more
inside it lies, resulting in a more smeared peak about w;. As the SNR increases, the zero
moves closer to the unit circle at the right frequency w1, resulting in a very sharp peak in
the spectrum (6.2.22). [m}

Example 6.2.2: For the case of a single sinusoid and arbitrary order M, compute the 3-dB width
of the spectral peak of AR spectrum and compare it with the width of the Bartlett spectrum.
Using Eq. (6.2.20), we have

_ 1+diW(w - wy)

, di=—-[SNR'+M+1]7!
1+d1 ! [ ]

A(w)

where we set SNR = P,/ (75. The value of A (w) at the sinusoid frequency is

1+d1W(O) 1
A = =
(1) 1+d 1+SNR-M

It is small in the limit of high SNR resulting in a high peak in the spectrum. The half-width
at half-maximum of the AR spectrum is defined by the condition
[A(wi +Aw) |

[A(wy)|?

S(wr +4Aw) _ 1 or, equivalentl
S(wy) 20 0 :
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To first order in Aw, we have

M M
W(Aw)= > e Mm@ = %' (1 - jmAw)= (M + 1)—%]M(M+ 1Aw

m=0 m=0

where we used Z%:o m=M(M + 1) /2. Then, we find

Alw +Aw)  1+diW(Aw) 1 .
Ay = 1idwo) =1 2SNR JM(M +1)Aw

The condition for half-maximum requires that the above imaginary part be unity, which
gives for the 3-dB width [18]

4

(AW)san = 240 = oop M+ 1)

Thus, the peak becomes narrower both with increasing SNR and with order M. Note that
it depends on M like O (1/M?), which is a factor of M smaller than the Bartlett width that
behaves like O (1/M). [}

More generally, in the case of multiple sinusoids, if the SNRs are high the spectrum
(6.2.22) will exhibit sharp peaks at the desired sinusoid frequencies. The mechanism by
which this happens can be seen qualitatively from Eq. (6.2.20) as follows: The matrix
STSin D introduces cross-coupling among the various frequencies w;. However, if these
frequencies are well separated from each other (by more than 27t/ (M + 1),) then the off-
diagonal elements of STS, namely W (w; — w ;) will be small, and for the purpose of this
argument may be taken to be zero. This makes the matrix StS approximately diagonal.
Since W (0)= M + 1 it follows that STS = (M + 1)1, and D will become diagonal with

diagonal elements
di=Djj=—-[o2P7' + M +1]7'= SR ¢ R
! . Vit o+ (M +1)P;

Evaluating A (w) at w; and keeping only the ith contribution in the sum we find,
approximately,

1+d;W (0 1 1
Alwp= = I 2 - L Pi
1+ > d; 1+Zdjl+(M+1)((73)
=0 =0

which shows that if the SNRs P;/ 0'3 are high, A (w;) will be very small, resulting in large
spectral peaks in Eq. (6.2.22). The resolvability properties of the AR estimate improve
both when the SNRs increase and when the order M increases. The mutual interaction
of the various sinusoid components cannot be ignored altogether. One effect of this
interaction is biasing in the estimates of the frequencies; that is, even if two nearby
peaks are clearly separated, the peaks may not occur exactly at the desired sinusoid
frequencies, but may be slightly shifted. The degree of bias depends on the relative
separation of the peaks and on the SNRs. With the above qualifications in mind, we can
state that the LPC approach to this problem is one of the most successful ones.

The maximum likelihood (ML), or minimum energy, spectral estimator is given by
the expression [16] )

Syr(w)= ————
ME sLR*lsw

(6.2.23)

It can be justified by envisioning a bank of narrowband filters, each designed to allow
a sinewave through at the filter’s center frequency and to attenuate all other frequency
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components. Thus, the narrowband filter with center frequency w is required to let this
frequency go through unchanged, that is,

while at the same time it is required to minimize the output power
a'Ra = min

The solution of this minimization problem subject to the above constraint is readily
found to be
R 1s,
a= T o1
swR1sy

which gives for the minimized output power at this frequency

1
afRa = T
SR 1sy
Using Eq. (6.2.16), we find
1 L
s R sy = = [sst + > DijSLSwiSLij]
v ij=1

L
1

?[(M+ D+ > DyW(w — w)W*(w — wj)]
v ij=1

and the theoretical ML spectrum becomes in this case:

o}

Sm(w)= I (6.2.24)
[(M + 1)+ > DyW(w — w)W* (w — wj)]
ij=1
Example 6.2.3: Determine the matrix D and vector d for the case of L = 2 and arbitrary M.
The matrix StS is in this case

stg = W(0) W(wi—w2) | [M+1 Wi
T Wilw - wn) W (0) =l owy M1
where W1, = W (w; — wy). Then, D becomes
De-— 0Pt + M+ 1 Wi -
- Wi, oPte M1 | 0 00
D= 1 02Ps ' + M+ 1 ~Wis
T W2 — (02PT + M+ 1) (02P; + M+ 1) W G2P M 41
and, hence
a=p| |- 1 O A M+ 1 -Wy,
T T WLl = (03P T+ M 1) (03P + M+ 1) | 02PN+ M 1 - W,

Using the results of Example 6.2.3, we have carried out a computation illustrating
the three spectral estimates. Figure 6.7 shows the theoretical autoregressive, Bartlett,
and maximum likelihood spectral estimates given by Egs. (6.2.11), (6.2.22), and (6.2.24),
respectively, for two sinusoids of frequencies

wy =041, wy =0.61T
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and equal powers SNR = 10log,,(P1/02)= 6 dB, and M = 6. To facilitate the com-
parison, all three spectra have been normalized to 0 dB at the frequency w; of the first
sinusoid. Itis seen that the length M = 6 is too short for the Bartlett spectrum to resolve
the two peaks. The AR spectrum is the best (however, close inspection of the graph will
reveal a small bias in the frequency of the peaks, arising from the mutual interaction of
the two sinewaves). The effect of increasing the SNR is shown in Fig. 6.8, where the SNR
has been changed to 12 dB. It is seen that the AR spectral peaks become narrower, thus
increasing their resolvability.

M =6, SNR=6dB M =6, SNR=12dB
— AR — AR
- - - Bartlett - - - Bartlett
of S - ML of -- ML

=] =] ‘ S
S] LS| 4 ~
-20F Y1) S I
-30 -30
9% N S S BN S U B B N o~ N
0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1
digital frequency  in units of = digital frequency ® in units of =

Fig. 6.7 and Fig. 6.8 AR, Bartlett, and ML spectrum estimates.

To show the effect of increasing M, we kept SNR = 6 dB, and increased the order to
M =12 and M = 18. The resulting spectra are shown in Figs. 6.9 and 6.10. It is seen
that all spectra tend to become better. The interplay between resolution, order, SNR,
and bias has been studied in [18,20,23].

M =12, SNR=6dB M =18, SNR=6dB
— AR —AR
- - - Bartlett - - - Bartlett
ok -~ ML

0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1
digital frequency  in units of 7= digital frequency ® in units of

Fig. 6.9 and Fig. 6.10 AR, Bartlett, and ML spectrum estimates.

The main motivation behind the definition (6.2.22) for the pseudospectrum was to
obtain an expression that exhibits very sharp spectral peaks at the sinusoid frequencies
w;. Infinite resolution can, in principle, be achieved if we can find a polynomial A (z)
that has zeros on the unit circle at the desired frequency angles; namely, at

zi=el®i, i=1,2,...,L (6.2.25)

Pisarenko’s method determines such a polynomial on the basis of the autocorrelation
matrix R. The desired conditions on the polynomial are

A@z)=A(w)=0, i=1,2,...,L (6.2.26)
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where we slightly abuse the notation and write A (e/®)= A (w). To satisfy these con-
ditions, the degree M of the polynomial A (z) must necessarily be M > L; then, the
remaining M — L zeros of A (z) could be arbitrary. Let a be the vector of coefficients of
A(z), so that

dao

a

a=| . |, A@=ap+a;z’!

+ootayz ™

am
Noting that A (w) = sLa, Egs. (6.2.26) may be combined into one vectorial equation

+

Sw, A(wy)
St A(wy)

Sta=| " |a= . =0 (6.2.27)
Sy A(wp)

But then, Eq. (6.2.9) implies that
Ra = ola+SPSta=o02a
or, that 02 must be an eigenvalue of R with a the corresponding eigenvector:
Ra=o2a (6.2.28)

The quantity o2 is actually the smallest eigenvalue of R. To see this, consider any
other eigenvector a of R, and normalize it to unit norm

Ra=Aa, with afa=1 (6.2.29)
Then, (6.2.9) implies that
A = Aafa = afRa = o2afa + asPSta
P1 A(wl)
) P> A(w?)
=0y + [Alw)*, Alw2)*, ..., Alwr)*] :
Pr A(wr)

L
o2+ > PilA(wi)|?
i=1

which shows that A is equal to o2 shifted by a non-negative amount. If the eigenvector
satisfies the conditions (6.2.26), then the shift in A vanishes. Thus, the desired poly-
nomial A (z) can be found by solving the eigenvalue problem (6.2.29) and selecting the
eigenvector belonging to the minimum eigenvalue. This is Pisarenko’s method [19]. As
a byproduct of the procedure, the noise power level 0'5 is also determined, which in turn
allows the determination of the power matrix P, as follows. Writing Eq. (6.2.9) as

R - o2l = spst
and acting by ST and S from the left and right, we obtain
P=UYR-02)U, where U=5(Sts)"! (6.2.30)

Since there is freedom in selecting the remaining M — L zeros of the polynomial
A(z), it follows that there are (M — L) +1 eigenvectors all belonging to the minimum
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eigenvalue 02. Thus, the (M + 1)-dimensional eigenvalue problem (6.2.29) has two sets
of eigenvalues: (a) M + 1 — L degenerate eigenvalues equal to 02, and (b) L additional
eigenvalues which are strictly greater than g.

The (M + 1 — L)-dimensional subspace spanned by the degenerate eigenvectors be-
longing to o2 is called the noise subspace. The L-dimensional subspace spanned by
the eigenvectors belonging to the remaining L eigenvalues is called the signal subspace.
Since the signal subspace is orthogonal to the noise subspace. and the L linearly inde-
pendent signal vectors Sq,;, I = 1,2,...,L are also orthogonal to the noise subspace, it
follows that the signal subspace is spanned by the s,s.

In the special case when L = M (corresponding to the Pisarenko’s method), there is
no degeneracy in the minimum eigenvalue, and there is a unigue minimum eigenvector.
In this case, all M = L zeros of A(z) lie on the unit circle at the desired angles wj.

Example 6.2.4: Consider the case L = M = 2. The matrix R is written explicitly as:

R = 021 + Pisw, 8k, + Pasw,sh,, o,
0"2/+P1 + P, Ple‘f‘”l +P2€_jw2 Ple‘z-i‘”l +P2€_2~iw2
R = Plef“’l +P2€~iw2 0"2,+P1 + P, Ple‘j‘“l -i—Pze_jUUZ
Pl(‘lew1 +P2€2jw2 Plej“” +P2€jw2 (7‘2, + P+ P,

It is easily verified that the (unnormalized) vector

ao 1
a=|a; |=]| —(e/®1 +el®2)
a, eJw1 pjw2

is an eigenvector of R belonging to A = ¢2. In this case, the polynomial A (z) is
A(z) =ap+ a1z ' +az™® =1 — (/01 + @/®2) 77! 4 @/W1pjw2772
= (1-e®z7 (1 -ew2z7))
exhibiting the two desired zeros at the sinusoid frequencies. ]
Example 6.2.5: Consider the case M = 2, L = 1. The matrix R is

0'\2, + P Pleijwl Pleizjwl
R =02 +Pise, sy, =| P&/ 0+Py P
P162~”“1 PleJ‘“l 0"2, +P1

It is easily verified that the three eigenvectors of R are

1 0 1
ep=| - || e = 1 , e =| e
0 —elw1 eljw1

belonging to the eigenvalues

2

A=02, A=0%, A=0+3P;

The first two eigenvectors span the noise subspace and the third, the signal subspace. Any
linear combination of the noise eigenvectors also belongs to A = 2. For example, if we

take
[70) 1 0 1
a=|a [=| -e [-p 1 =| —(p+en)
a 0 _elwi pejwl

the corresponding polynomial is
AZ)=1-(p+e/®)z7l 4+ pel/®1z72 = (1 —e®1z71) (1 - pz7!)

showing one desired zero at z; = /%! and a spurious zero. [}
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The Pisarenko method can also be understood in terms of a minimization criterion
of the type (6.2.12), as follows. For any set of coefficients a, define the output signal

M

en = z amyYn-m = AoYn + A1Yn-1 + - -+ AMYn-M
m=0

Then, the mean output power is expressed as

L
E=Elejeq]l=a'Ra=clata+ > PilA(w))|?
i=1

Imposing the quadratic constraint
ata=1 (6.2.31)
we obtain .
E=Elejesl=atRa= 0 + > PilA(w))|? (6.2.32)
i=1

Itis evident that the minimum of this expression is obtained when conditions (6.2.26)
are satisfied. Thus, an equivalent formulation of the Pisarenko method is to minimize
the performance index (6.2.32) subject to the quadratic constraint (6.2.31). The AR
and the Pisarenko spectrum estimation techniques differ only in the type of constraint
imposed on the filter weights a.

We observed earlier that the AR spectral peaks become sharper as the SNR increases.
One way to explain this is to note that in the high-SNR limit or, equivalently, in the
noiseless limit 02 — 0, the linear prediction filter tends to the Pisarenko filter, which
has infinite resolution. This can be seen as follows. In the limit 02 — 0, the matrix D
defined in Eq. (6.2.17) tends to

D - —(sts)!

and therefore, R~! given by Eq. (6.2.16) becomes singular, converging to
1
R — S [I-5(5TS)71st]
Oy

Thus, up to a scale factor the linear prediction solution, R ~'ug will converge to
a=[I-5(5t8)7'St]ug (6.2.33)

The matrix [I — S(STS)~1St] is the projection matrix onto the noise subspace, and
therefore, a will lie in that subspace, that is, STa = 0. In the limit 02 — 0, the noise
subspace of R consists of all the eigenvectors with zero eigenvalue, Ra = 0. We note
that the particular noise subspace eigenvector given in Eq. (6.2.33) corresponds to the
so-called minimum-norm eigenvector, discussed in Section 6.6.

In his original method, Pisarenko considered the special case when the number of
sinusoids was equal to the filter order, L = M. This implies that the noise subspace is
one-dimensional, M + 1 — L = 1, consisting of a single eigenvector with zero eigenvalue,
such that Ra = 0. In this case, the (M + 1) X (M + 1) singular matrix R has rank M
and all its principal submatrices are nonsingular. As we mentioned in Section 5.5, such
singular Toeplitz matrices admit a general sinusoidal representation. It is obtained by
setting 02 = 0 and L = M in Eq. (6.2.8):

L L
R = ZP,-swisZ,i, or, R(k)= ZP,-ej‘”’k
i=1 i=1
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In summary, we have discussed the theoretical aspects of four methods of estimating
the frequencies of sinusoids in noise. In practice, an estimate of the correlation matrix
R can be obtained in terms of the sample autocorrelations from a block of data values:

-1-
Z VooV, k=0,1,....M

The quality of the resulting estimates of the eigenvectors will be discussed in Section
6.11. The AR and Pisarenko methods can also be implemented adaptively. The adaptive
approach is based on the minimization criteria (6.2.12) and (6.2.32) and will be discussed
in Chapter 7, where also some simulations will be presented.

6.3 Superresolution Array Processing

One of the main signal processing functions of sonar, radar, or seismic arrays of sen-
sors is to detect the presence of one or more radiating point-sources. This is a problem
of spectral analysis, and it is the spatial frequency analog of the problem of extracting
sinusoids in noise discussed in the previous section. The same spectral analysis tech-
niques can be applied to this problem. All methods aim at producing a high-resolution
estimate of the spatial frequency power spectrum of the signal field incident on the ar-
ray of sensors. The directions of point-source emitters can be extracted by identifying
the sharpest peaks in this spectrum.

In this section, we discuss conventional (Bartlett) beamforming, as well as the max-
imum likelihood, linear prediction, and eigenvector based methods, all of which are of
current interest [28-88]. We also discuss some aspects of optimum beamforming for
interference nulling [29-31,103-107].

Consider a linear array of M + 1 sensors equally spaced at distances d, and a plane
wave incident on the array at an angle 8, with respect to the array normal, as shown
below.

wavefront

dsind - ‘\MdsinOl
. Tdsind \2 sin0; \ .
. X - axis

—= e(h)

The conventional beamformer introduces appropriate delays at the outputs of each
sensor to compensate for the propagation delays of the wavefront reaching the array.
The output of the beamformer (the “beam”) is the sum

M
e()= > Ym(t—Tm) (6.3.1)
m=0

where y,, (t), m = 0,1,...,M is the signal at the mth sensor. To reach sensor 1, the
wavefront must travel an extra distance d sin 61, to reach sensor 2 it must travel dis-
tance 2d sin 01, and so on. Thus, it reaches these sensors with a propagation delay of
dsin0,/c,2dsin 01/c, and so on. The last sensor is reached with a delay of Md sin 0, /c
seconds. Thus, to time-align the first and the last sensor, the output of the first sensor
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must be delayed by To = Md sin 6, /c, and similarly, the mth sensor is time-aligned with
the last one, with a delay of

1

= E(M—m)dsin91 (6.3.2)

Tm
In this case, all terms in the sum (6.3.1) are equal to the value measured at the
last sensor, that is, y,, (t — Tm)= ym(t), and the output of the beamformer is e(t) =
(M + 1)ypm (1), thus enhancing the received signal by a factor of M + 1 and hence its
power by a factor (M + 1)2. The concept of beamforming is the same as that of signal
averaging discussed in Example (2.3.5). If there is additive noise present, it will con-
tribute incoherently to the output power, that is, by a factor of (M + 1), whereas the
signal power is enhanced by (M + 1)2. Thus, the gain in the signal to noise ratio at the
output of the array (the array gain) is a factor of M + 1.
In the frequency domain, the above delay-and-sum operation becomes equivalent to
linear weighting. Fourier transforming Eq. (6.3.1) we have

M
e(w)= > ym(w)e /o™
m=0
which can be written compactly as:
e=aly (6.3.3)

where a and y are the (M + 1)-vectors of weights and sensor outputs:

e Jem Yo(w)

e Jom y1(w)
a= : Y= :

e JoTH yum (w)

From now on, we will concentrate on narrow-band arrays operating at a given fre-
quency w and the dependence on w will not be shown explicitly. This assumes that the
signals from all the sensors have been subjected to narrow-band prefiltering that leaves
only the narrow operating frequency band. The beamformer now acts as a linear com-
biner, as shown in Fig. 6.11. A plane wave at the operating frequency w, of amplitude
A1, and incident at the above angle 61, will have a value at the space-time point (t,r)
given by

A el0t-ikr

Dropping the sinusoidal t-dependence and evaluating this expression on the x-axis,
we have

Alefjkxx

X - axis

Fig. 6.11 Beamforming
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where ky is the x-components of the wave vector k
w
ky = —sin 0,
c
The value of this field at the mth sensor, x,,, = md, is then
Aleijmkl

where k; denotes the normalized wavenumber

k1 = kxd = wTd sin@; = ? sin@,, A = wavelength (6.3.4)

This is the spatial analog of the digital frequency. To avoid aliasing effects arising

from the spatial sampling process, the spatial sampling frequency 1/d must be greater

than or equal to twice the spatial frequency 1/A of the wave. Thus, we must have

d™! = 2A7!, or d < A/2. Since sin0; has magnitude less than one, the sampling
condition forces k; to lie within the Nyquist interval

—-mm<ky <1

In this case the correspondence between k; and 01, is unique. For any angle 8 and
corresponding normalized wavenumber k, we introduce the phasing, or steering vector

1
eJk
2jk

B T B ?me (6.3.5)
e‘Mjk

In this notation, the plane wave measured at the sensors is represented by the vector

1

eIk
—2jk1

Yy = Als,fl = A1 e

o—Miki

The steering vector of array weights a, steered towards an arbitrary direction 6, is
also expressed in terms of the phasing vector sg; we have
am = e—jw'rm — e—jw(M—m)(dsinQ/c) _ e—ijejmk

or, ignoring the overall common phase e /M we have

2mrd
a = sg (steering vector towards k = % sin 0) (6.3.6)

The output of the beamformer, steered towards 0, is
e=aly=s{y=A;s{s} = A s}:lsk =AWk -ky)*

where W (-) was defined in Section 6.2. The mean output power of the beamformer
steered towards k is

S(k)= E[e*e]l=a'E[y*y'la=a'Ra= s,ﬁRsk
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Usingy = As , we find R = E[y*yT]= Plsklszl , where P; = E[|A;/?], and

S(k)
P (M+1)?

Sk) = s,tRsk = Pls}:sk] s,‘; Sk

= PiW (k = k1) |?

ki

If the beam is steered on target, thatis, if @ = 01, or,k = k;, then S(ky)= P; (M +1)?
and the output power is enhanced. The response pattern of the array has the same shape
as the function W (k), and therefore its resolution capability is limited to the width
Ak = 21/ (M + 1) of the main lobe of W (k). Setting Ak = (21td/A)AO, we find the
basic angular resolution tobe A = A/ ((M +1)d), or, AO = A/D,where D = (M +1)d
is the effective aperture of the array. This is the classical Rayleigh limit on the resolving
power of an optical system with aperture D [28].

Next, we consider the problem of resolving the directions of arrival of multiple plane
waves incident on an array in the presence of background noise. We assume L planes
waves incident on an array of M + 1 sensors from angles 0;,i = 1,2,..., L. The incident
field is sampled at the sensors giving rise to a series of “snapshots.” At the nth snapshot
time instant, the field received at the mth sensor has the form [35]

L
Ym(n)=vm(n)+ > Aj(n)ye ™k m=0,1,...,.M (6.3.7)
i=1

where A;(n) is the amplitude of the ith wave (it would be a constant independent of
time if we had exact sinusoidal dependence at the operating frequency), and k; are the
normalized wavenumbers related to the angles of arrival by

ki:m;Jsinei, i=1,2,...,L (6.3.8)

and vy, (n) is the background noise, which is assumed to be spatially incoherent, and
also uncorrelated with the signal amplitudes A;(n); that is,

E[vm(n)*vk(n)1= 0%6mk, Elvm(n)*A;j(n)]=0 (6.3.9)
Eq. (6.3.7) can be written in vector form as follows
L
y(n)=v(n)+ Y Ai(n)sf, (6.3.10)
i=1
The autocorrelation matrix of the signal field sensed by the array is
L
R=Ely(m*ymT]= 03+ Y siPysy, (6.3.11)
ij=1
where [ is the (M +1) X (M + 1) unit matrix, and P;; is the amplitude correlation matrix
Pij = E[Aj(}’l)*Aj(l’l)] , 1< i,j <L (6.3.12)

If the sources are uncorrelated with respect to each other, the power matrix P;j; is
diagonal. Introducing the (M + 1) XL signal matrix

S = [Sky» Skys «+vs Sk; ]
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we may write Eq. (6.3.11) as
R = o2l + Spst (6.3.13)

which is the same as Eq. (6.2.9) of the previous section. Therefore, the analytical expres-
sions of the various spectral estimators can be transferred to this problem as well. We
summarize the various spectrum estimators below:

iy (k)= s}:Rsk (conventional Bartlett beamformer)
A 1
Sip(k)= —————  (LP spectrum estimate)
| s;R~1up |
S (k)= —— (ML spectrum estimate)
spR~1sk

For example, for uncorrelated sources Pj; = P;§;j, the Bartlett spatial spectrum will be

L
Sp(k)=siRsk = 02(M + 1)+ > Pi|W (k — k) |?
i=1
which gives rise to peaks at the desired wavenumbers k; from which the angles 0; can
be extracted. When the beam is steered towards the ith plane wave, the measured power
at the output of the beamformer will be

Sg(ki)= 02(M + 1) +P;(M + 1)%+ > Pj|W (ki — kj) |2
J#i
Ignoring the third term for the moment, we observe the basic improvement in the
SNR offered by beamforming:

. 2 .
Plz(M +1) _ &2 M+1)
oy(M+1) oy

If the sources are too close to each other [closer than the beamwidth of W (k)], the
resolution ability of the beamformer worsens. In such cases, the alternative spectral
estimates offer better resolution, with the LP estimate typically having a better perfor-
mance. The resolution capability of both the ML and the LP estimates improves with
higher SNR, whereas that of the conventional beamformer does not.

The Pisarenko method can also be applied here. As discussed in the previous section,
the (M + 1)-dimensional eigenvalue problem Ra = Aa has an L-dimensional signal sub-
space with eigenvalues greater than 02, and an (M + 1 — L) -dimensional noise subspace
spanned by the degenerate eigenvectors belonging to the minimum eigenvalue of 073.
Any vector a in the noise subspace will have at least L zeros at the desired wavenumber
frequencies k;, that is, the polynomial

2 M

A@Z)=ao+az t +arz? + - +ayz”

will have L zeros at
zi=ek, i=1,2,...,L

and (M — L) other spurious zeros. This can be seen as follows: If Ra = ¢2a, then
Eg. (6.3.13) implies that

(o2 +SPSt)a=o02a = SPSta=0

Dotting with af, we find that afSPSta = 0, and since P is assumed to be strictly
positive definite, it follows that STa = 0, or
A(ky)
A(kz)
sta= ) =0

A(kr)
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The L largest eigenvalues of R correspond to the signal subspace eigenvectors and
can be determined by reducing the original (M + 1) X (M + 1) eigenvalue problem for
R into a smaller L XL eigenvalue problem.

Let e be any eigenvector in the signal subspace, that is, Re = Ae, with A > 03. It
follows that SPSte = (A — 02) e. Multiplying both sides by ST we obtain (STSP) (Ste)=
(A — 02) (STe), which states that the L-dimensional vector STe is an eigenvector of the
LxL matrix STSP. We can turn this into a hermitian eigenvalue problem by factoring the
power matrix P into its square root factors, P = GG, and multiplying both sides of the
reduced eigenvalue problem by G*. This gives (GTSTSG) (GtSTe)= (A — 032) (GtSte).
Thus, we obtain the L XL hermitian eigenvalue problem

Ff= (A —02)f, where F=G!SSG, f=GlSte (6.3.14)

The L signal subspace eigenvalues are obtained from the solution of this reduced
eigenproblem. From each L-dimensional eigenvector f, one can also construct the cor-
responding (M + 1)-dimensional eigenvector e. Because e lies in the signal subspace, it
can be expressed as a linear combination of the plane waves

C1

L Co
e=ZCisk,=[sk],sk2, o S ll . | =Sc
i=1 :

L
It, then, follows from Eq. (6.3.14) that
f=Giste=GIStsc = c=(sT9)'G '

and therefore,
e=Sc=S(STS) ¢ Tt (6.3.15)

Example 6.3.1: Using the above reduction method, determine the signal subspace eigenvectors
and eigenvalues for the case of two equal-power uncorrelated plane waves and arbitrary
M. The 2x2 matrix P becomes proportional to the identity matrix P = P;I. The reduced

matrix F is then
T t
SiS1  SiS2 M+1 W
F=PSts=p |} =P
! ! [s;fs] siso ] ! [ Wi M+l

where s; = s, S» = Sg,, and Wi» = W(k, — ko). In the equal-power case, F is always
proportional to STS, and therefore, f is an eigenvector of that. It follows that (STS) ~f will
be a scalar multiple of f and that Eq. (6.3.15) can be simplified (up to a scalar factor) to
e = Sf. The two eigenvalues and eigenvectors of F are easily found to be
1
A-0p =P (M+1=x|Wyl|), f= [ ©oi00 ]
where 01 is the phase of Wi,. Using e = Sf, it follows that the two signal subspace

eigenvectors will be
e=s +e /g,
The eigenvalue spread of R is in this case
Amax _ 0-\2/ + (M+ 1+ |W12‘)P1

=14+SNR- (M +1+|W
Amin U—\Zz ( l 12‘)

where SNR = P, /(T?,. It can be written in the form

A
T = 1+ SNRegr - (1 + | cos ¢pizl)

min
where SNResr = SNR - (M + 1) is the effective SNR of the array, or the array gain, and ¢1»
is the angle between the two signal vectors, that is, cos ¢ = stz/ (IIsy 1l - IIs211). O
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In practice, estimates of the covariance matrix R are used. For example, if the sensor
outputs are recorded over N snapshots, that is, y(n), n = 0,1,...,N — 1, then, the
covariance matrix R may be estimated by replacing the ensemble average of Eq. (6.3.11)
with the time-average:

N-—

1
N

n=

1
R= y(n)*y(n)T  (empirical R)
0

Since the empirical R will not be of the exact theoretical form of Eq. (6.3.11) the
degeneracy of the noise subspace will be lifted somewhat. The degree to which this
happens depends on how much the empirical R differs from the theoretical R. One
can still use the minimum eigenvector a to define the polynomial A (z) and from it an
approximate Pisarenko spectral estimator

Sp(k)= where z = o/

_1
[A(z) 2’
which will have sharp and possibly biased peaks at the desired wavenumber frequencies.

Example 6.3.2: Consider the case L = M = 1, defined by the theoretical autocorrelation matrix

2 —jk
o, + P Pe /X1
R= O'\Z)I‘Fplsle;:l = [ vt ! ]

Pt g2+ P

1 1
€ = _ejkl » €1 =Sk = ejkl

belonging to the eigenvalues Ao = 02 and A; = 02 + 2Py, respectively. Selecting as the

array vector
o 1
a=e¢y = _ejkl

we obtain a polynomial with a zero at the desired location:

Its eigenvectors are:

AZ)=ap+ayzt =1-ekiz1

Now, suppose that the analysis is based on an empirical autocorrelation matrix R which
differs from the theoretical one by a small amount:

R=R+AR
Using standard first-order perturbation theory, we find the correction to the minimum

eigenvalue A, and eigenvector e,

j\():/\()-f-A/\(), &) =ey+ Ace;

where the first-order correction terms are

T T
e, (AR)eg e; (AR)eg
5, AcC =

ejep (Ao —Ar)eje

The change induced in the zero of the eigenpolynomial is found as follows
A A 1 1 1+ Ac
a=e€ =k [T Ac ek | T (1= Ac)eit

A(z)= (1 +Ac)-(1 - Ac)ekiz!

so that
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and the zero is now at
_1-Ac

_ iK1 ~ _ Jk1
1+ Ac e/l (1 -2Ac)e

Z

to first-order in Ac. Since Ac is generally complex, the factor (1 — 2Ac) will cause both a
change (bias) in the phase of the zero e/¥1, and will move it off the unit circle reducing the
resolution. Another way to see this is to compute the value of the polynomial steered on
target; that is,

Aky)= s,tla = szl (eo + Acey) = Aclee] =2Ac

which is small but not zero. O

The high resolution properties of the Pisarenko and other eigenvector methods de-
pend directly on the assumption that the background noise field is spatially incoherent,
resulting in the special structure of the autocorrelation matrix R. When the noise is
spatially coherent, a different eigenanalysis must be carried out. Suppose that the co-
variance matrix of the noise field v is

E[v*vT]=02Q

where Q reflects the spatial coherence of v. Then the covariance matrix of Eq. (6.3.13)
is replaced by
R = 02Q + spst (6.3.16)

The relevant eigenvalue problem is now the generalized eigenvalue problem

Ra=AQa (6.3.17)

Consider any such generalized eigenvector a, and assume it is normalized such that
afQa=1 (6.3.18)
Then, the corresponding eigenvalue is expressed as
A = AafQa =a'Ra = cZa'Qa +afSPSta = o2 + atSPSta

which shows that the minimum eigenvalue is 05 and is attained whenever at SPSTa = 0,
or equivalently (assuming that P has full rank), Sta = 0, or, A(k;)=0,i = 1,2,...,L.
Therefore, the eigenpolynomial A (z) can be used to determine the wavenumbers k;.
Thus, the procedure is to solve the generalized eigenvalue problem and select the
minimum eigenvector. This eigenvalue problem is also equivalent to the minimization
problem
£=a'Ra=min, subjectto alQa=1 (6.3.19)

This criterion, and its solution as the minimum eigenvector, is equivalent to the
unconstrained minimization of the Rayleigh quotient, that is,

% =min < Ra=ApnQa (6.3.20)

The practical implementation of the method requires knowledge of the noise covari-
ance matrix Q, which is not always possible to obtain. Covariance difference methods
[71-74] can be used in the case of unknown Q. Such methods work with measurements
from two different arrays, translated or rotated with respect to each other. Assuming
that the background noise is invariant under translation or rotation, the covariance ma-
trices of the two arrays will be Ry = $1P1S! + 02Q and R, = S»P,S} + 02Q. The
eigenstructure of the covariance difference Ry — Ry = SlPlSIr — SszSér can be used to
extract the signal information.
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The two spectral analysis problems discussed in this and the previous section—
direction finding and harmonic retrieval—are dual to each other; one dealing with spatial
frequencies and the other with time frequencies. The optimum processing part is the
same in both cases. The optimum processor does not care how its inputs are supplied, it
only “sees” the correlations among the inputs and its function is to “break down” these
correlations thereby extracting the sinusoidal components. The two cases differ only in
the way the inputs to the optimum processor are supplied. This conceptual separation
between the input part and the optimum processing part is shown in Fig. 6.12. In the
time series case, the correlations among the inputs are sequential correlations in time,
whereas in the array case they are spatial correlations, such as those that exist along a
coherent wavefront.

01 -
0> T

: input
or part

;

v 1
Vo) yl (n) y(n) . () linear

combiner
a()(n)‘ a‘ (n)‘ az(ﬂ)‘ . part
i e(n) L
Y y y ¥ Tt
n n-1 n-2 n-M inpu
B i
Yo(m) () () e V() T
linear

‘“()(”)‘ ‘al (”)‘ ‘02('1)‘ e a,,(n) combiner
part
e(n) i

Fig. 6.12 Duality between time series and array problems.

A problem related, but not identical, to direction finding is that of optimum beam-
forming for interference nulling [29-31,103-107]. In this case, one of the plane waves,
say, Sk,, is assumed to be a desired plane wave with known direction of arrival 8;, or
wavenumber k;. The other plane waves are considered as interferers or jammers to
be nulled. Assuming for simplicity uncorrelated sources, the covariance matrix (6.3.11)
may be decomposed into a part due to the desired signal and a part due to the noise
plus interference:

L L
R = O"Z,I+ ZPI'S[SIT = Plslsir + |:O"2,I+ ZP,-sl-slT] = P15151r + Ry
i=1 i=2
where we denoted s; = sg,. The output power of the array with weights a will be
&=a'Ra=P;|slal? +alR,a (6.3.21)

The first term is the output power due to the desired signal; the second term is
due to the presence of noise plus interference. This expression suggests two possible
optimization criteria for a. First, choose a to maximize the relative signal to noise plus
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interference ratio (SNIR):

Pylsial? 3

SNIR = m = max (6322)

The second criterion is to keep the output of the array toward the look direction s;
fixed, while minimizing the output power:

sfa=1 and £=a'Ra=P; +a'R,a=min (6.3.23)

This is equivalent to minimizing the noise plus interference term a’R,a. These two

criteria are essentially equivalent. This is seen as follows. Equation (6.3.22) is equivalent

to minimizing the inverse function SNIR"!. Adding one to it, we obtain the equivalent

criterion . .
a'Rpa a'Ra
1+SNIR"'=1+ T = - = min
Plsjal2  Pqlsjal?

This is identical to the Rayleigh quotient (6.3.20) with the choice Q = Plsls}L. It is
equivalent to the minimum eigenvector solution of

Ra=AQa=APs;sla=pus; = a=puR's

where we put all the scalar factors into p. Similarly, the constraint S}La = 1 implies

thatafQ;a = 1 with Q; = slsir. It follows from Eq. (6.3.19), applied with Q;, that the
solution of Eq. (6.3.23) is again the generalized eigenvector

Ra=A;Qia=As;sla=pys; = a=mR's
Thus, up to a scale factor, the optimum solution for both criteria is
a=Rlg (6.3.24)

This solution admits, yet, a third interpretation as the Wiener solution of an ordinary
mean-square estimation problem. The term y, (n)= A; (n)s{ of Eq. (6.3.10) is the de-
sired signal. A reference signal x(n) could be chosen to correlate highly with this term
and not at all with the other terms in Eq. (6.3.10). For example, x(n)= f(n) A (n). The
array weights can be designed by demanding that the scalar output of the array, a’y(n),
be the best mean-square estimate of x(n). This gives the criterion

E[Ix(n)-aTy(n)|?] = E[|x(n)|?] —a'r —rfa+a'Ra

where we setr = E[x(n)y(n)*]. Minimizing with respect to a (and a*) gives the Wiener
solution a = R~'r. Now, because x(n) is correlated only with y; (n), it follows that r
will be proportional to s;:

r=E[x(n)yn)*]=E[x(n)y; (n)*]1= E[x(n) A, (n)*] s

Thus, again up to a scale, we obtain the solution (6.3.24). Using the matrix inversion
lemma (see Problem 6.6), we can write the inverse of R = Plslsir + Ry, in the form

R =R;' = cR;'sis{R,', c= (P7! +s{R;'s1) 7!

Acting by both sides on s;, we find

R"lsl = Clelsl, C1 = CPl_l
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Therefore, the optimal solution can also be written (up to another scale factor) in
terms of the noise plus interference covariance matrix R:

a=Ry's (6.3.25)

These solutions, known as steered solutions, are sometimes modified to include arbi-
trary tapering weights for the array—replacing the steering vector s; with a generalized
steering vector

by
blefkl
s=| . = Bs;, B =diag{bg,b1,...,bu} (6.3.26)

bMejk‘M

The weights by, can be chosen to attain a prescribed shape for the quiescent response
of the array in absence of interference. Typical choices are (with k; = 0)

To appreciate the properties of the optimum solution, we consider the case of one
jammer, so that
R =Pisisi +R,, Rp=02I+Pssys!

Using the matrix inversion lemma on R,!, we obtain

1 1 :
— |- ———+—sos,
oy [ 0P +sis, Z]

Therefore, the optimum solution given by Eq. (6.3.25) becomes

a—R:ls; = 1 |s _ PaWike —ky) s
n >t e, M)t

R,! =

o3

where we used s;fsz =M +1 and s;rsl = W (k, — k;). Dropping the overall factor of
1/02, we find for the array pattern as a function of wavenumber k or angle 0

P W (k> — k1)

A(k)=sfa=W(k—k)——
(k) =sa=Wik=ki) = o M+1)

W(k — k2) (6.3.27)

In the absence of the jammer, P, = 0, we obtain the usual quiescent Bartlett response,
W (k — kq). The presence of the second term, called a retrodirective beam, will partially
distort the quiescent pattern but it will suppress the jammer. Indeed, the array response
steered toward the jammer at k = k», becomes

PoW (kz — k1) _ Wi(ka—ki1)

A(kp)=W(k; _kl)_a-\z,+P2(M+1) w(0)= 0'\2/+P2(M+ 1)

The ratio A (k) /W (k2 — k1) is the array response, in the direction of the jammer,
relative to the quiescent response. Thus, if the signal to noise ratio SNR» = P,/ 0'3 is
large, the jammer will be suppressed. Only in the limit of infinite SNR is the jammer
completely nulled.

The reason for the incomplete nulling can be traced, as in the case of linear predic-
tion, to the linear constraint on the weights (6.3.23). To get exact nulling of the jammers,
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we must force the zeros of the polynomial a to lie on the unit circle at the jammer posi-
tions. As suggested by Problem 6.13, this can be accomplished by imposing a quadratic
constraint afQa = const., where Q must be chosen as Q = ¢2I + Pls]sir instead of
Q= Plslsf. The optimum weight is the minimum eigenvector solution of the general-
ized eigenproblem Ra = AQa and will have exact zeros at the jammer positions. As in
the linear prediction case, the linearly constrained optimum beamformer solution tends
to this eigenvector solution in the limit 2 — 0.

6.4 Eigenvector Methods

The single most important property of eigenvector methods is that, at least in principle,
they produce unbiased frequency estimates with infinite resolution, regardless of the
signal to noise ratios. This property is not shared by the older methods. For example,
the resolution of the Bartlett method is limited by the array aperture, and the resolution
of the linear prediction and maximum likelihood methods degenerates with decreasing
SNRs. Because of this property, eigenvector methods have received considerable atten-
tion in signal processing and have been applied to several problems, such as harmonic
retrieval, direction finding, echo resolution, and pole identification [19,45-99]. In the
remainder of this chapter, we discuss the theoretical aspects of eigenvector methods in
further detail, and present several versions of such methods, such as MUSIC, Minimum-
Norm, and ESPRIT.

We have seen that the eigenspace of the covariance matrix R consists of two mutually
orthogonal parts: the (M + 1 — L) -dimensional noise subspace spanned by the eigenvec-
tors belonging to the minimum eigenvalue 02, and the L-dimensional signal subspace
spanned by the remaining L eigenvectors having eigenvalues strictly greater than o2.
Lete;, i =0,1,...,M, denote the orthonormal eigenvectors of R in order of increasing
eigenvalue, and let K = M + 1 — L denote the dimension of the noise subspace. Then,
the first K eigenvectors, e;, i = 0,1,...,K — 1, form an orthonormal basis for the noise
subspace, and the last L eigenvectors, e;,1 = K,K + 1,..., M, form a basis for the signal
subspace. We arrange these basis vectors into the eigenvector matrices:

En = [ep, ey, ..., ex 1], Es=[eg, egs1, ..., ey] (6.4.1)
Their dimensions are (M + 1) XK and (M + 1) XL. The full eigenvector matrix of R is:
E = [EN,Es]= [eo, €1, ..., €x-1, €k, €k+1, -.., €] (6.4.2)

The orthonormality of the eigenvectors is expressed by the unitarity property ETE =
I, where I is the (M + 1)-dimensional unit matrix. The unitarity can be written in terms
of the submatrices (6.4.1):

EVEy =Ix, ENEs=0, ElEs=1; (6.4.3)

where I and I are the K XK and L XL unit matrices. The completeness of the eigenvec-
tors is expressed also by the unitarity of E, i.e., EEt = I. In terms of the submatrices, it
reads:

ENEN + EsEL =1 (6.4.4)

These two terms are the projection matrices onto the noise and signal subspaces.
We have seen that the L signal direction vectors si; belong to the signal subspace, and
therefore, are expressible as linear combinations of Es. It follows that the signal matrix
S = [Sk,, ., Sk; ] is anon-orthogonal basis of the signal subspace and must be related
to Es by S = EsC, where C is an LXL invertible matrix. Using the orthonormality of Eg,
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it follows that St§ = CTELEgC = CtC. Thus, the projector onto the signal subspace
may be written as

Ps = EsEL = (SC™Y) (C™tsT)=s(CTC) 'St = s(STs) 18t (6.4.5)

We may also obtain a non-orthogonal, but useful, basis for the noise subspace. We
have seen that an (M + 1)-dimensional vector e lies in the noise subspace—equivalently,
it is an eigenvector belonging to the minimum eigenvalue o-2—if and only if the corre-
sponding order-M eigenfilter E(z) has L zeros on the unit circle at the desired signal
zeros, z; = e/ki j =1,2,...,L,and has M — L = K — 1 other spurious zeros. Such a
polynomial will factor into the product:

E(2)=A@)F(@2)=A@) [fo+ izt + -+ fkoz” &V (6.4.6)

where the zeros of F(z) are the spurious zeros, and A (z) is the reduced-order polyno-
mial of order L whose zeros are the desired zeros; that is,

L
Az)=[Ja-e*z=1+azt + - +apzt (6.4.7)
i=1

Introducing the K delayed polynomials:
Bi(z)=z"'A(z), i=0,1,...,K—1 (6.4.8)

we may write Eq. (6.4.6) in the form

K-1
E(z)=foBo(2) +f1B1(2)+ - - - + fx-1Bk-1(2)= > [iBi(2) (6.4.9)
i=0

and in coefficient form

fo

K-1 f1
e= > fib;=[by, by, ..., bg1]| . = Bf (6.4.10)
i=0

k-1
Because each of the polynomials B;(z) has L desired zeros, it follows that the cor-
responding vectors b; will lie in the noise subspace. Thus, the matrix B defined in
Eq. (6.4.10) will be a non-orthogonal basis of the noise subspace. It is a useful ba-
sis because the expansion coefficients f of any noise subspace vector e are the coef-
ficients of the spurious polynomial F(z) in the factorization (6.4.6). Put differently,
Eq. (6.4.10) parametrizes explicitly the spurious degrees of freedom arising from the

K-fold degeneracy of the minimum eigenvalue. The basis vectors b;, considered as
(M + 1)-dimensional vectors, are simply the delayed versions of the vector of coeffi-

cients,a = [1,day,...,ar]7, of the polynomial A (z), that is,
bi=[0,...,0, 1, ai,...,az 0, ..., 0]" (6.4.11)
- [
i zeros K-1-i zeros

For example, inthe case L =2 and M = 5,wehave K =M + 1 — L = 4 and B is:

1 0o 0 O

a 1 0 0

B a2 a 1 0
B = [by, by, by, b3]= 0 a a; 1
0 0 da; d;

0O 0 0 ap
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It follows that the basis B must be linearly related to the orthonormal basis Ex by
B = ENC, where C is a KxK invertible matrix. Then, BfB = C*C and the projector onto
the noise subspace becomes:

Py = ENEly = (BC™Y) (C"TBY)= B(C'C)'Bt = B(B'B) !Bt (6.4.12)

Combining Egs. (6.4.12) and (6.4.5), we may write the completeness relation (6.4.4)
in terms of the non-orthogonal bases B and S:

BB'B)'Bt + 5(st8)"Ist =1 (6.4.13)

The objective of all eigenvector methods is to estimate the signal zeros z; = e/ki,
i=1,2,...,L. All methods begin with an eigenanalysis of R, such that Ex and Egs are
available. In practice, the eigenanalysis is based on the sample covariance matrix R
defined on the basis of a finite number of snapshots, say N:

N

-1
LS vty T (6.4.14)
n=0

R =

z|

Sometimes, a symmetrized version is preferred, obtained from R by
N 1 R
Rs = E(R+JR*J) (6.4.15)

where J the (M + 1)-dimensional reversing matrix. The matrix R s is invariant under re-
versal, thatis, J R oJ = ﬁ;*. This version is appropriate when the theoretical R is Toeplitz.
This case arises if and only if the L XL power matrix P is diagonal; that is, when the L
sources are mutually uncorrelated. As the number of snapshots increases, the eigen-
structure of R or Ry becomes a better and better approximation of the eigenstructure
of R. Such asymptotic statistical properties will be discussed in Section 6.11. Next, we
discuss several practical approaches.

6.5 MUSIC method

Let E; (z) denote the eigenfilters of the noise subspace eigenvectorse;,i = 0,1,...,K—1.
According to Eq. (6.4.5), we can write E;(z) = A(z)F;(z), which shows that E;(z) have
a common set of L zeros at the desired signal locations, but each may have a different
set of K — 1 spurious zeros. It is possible for these spurious zeros to lie very close
to or on the unit circle. Therefore, if only one eigenfilter is used, there may be an
ambiguity in distinguishing the desired zeros from the spurious ones. The multiple
signal classification (MUSIC) method [46,48] attempts to average out the effect of the
spurious zeros by forming the sum of the magnitude responses of the K noise subspace
eigenfilters, that is, setting z = e/,

L Kol L Kol
DUER) P = [AK)|? X > IFi(k)?
i=0 i=0

=

Because the polynomials F;(z) are all different, the averaging operation will tend to
smear out any spurious zero of any individual term in the sum. Thus, the above expres-
sion will effectively vanish only at the L desired zeros of the common factor|A (k) |2.
The MUSIC pseudospectrum is defined as the inverse

1
Swus(k) = ————— (6.5.1)

K-1
1
Z |E; (k) |?
i=0

=
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It will exhibit peaks at the L desired wavenumbers k;, i = 0,1,...,L. The sum may
also be replaced by a weighted sum [54]. The sum may be written compactly in terms
of the projection matrices onto the noise or signal subspaces. Noting that |E;(k)|? =
s;i (eie;r)sk, we find

K-1 K-1
> IEi(k)|? = s { > e,-e;r} sk = S{ENELsk = s} (I — EsED) sy
i—0 iz0

where we used Eq. (6.4.4). The practical version of the MUSIC method is summarized
below:

1. Based on a finite number of snapshots, compute the sample covariance matrix
R, solve its eigenproblem, and obtain the estimated eigenvector matrix E with
eigenvalues arranged in increasing order.

2. Estimate the dimension K of the noise subspace as the number of the smallest,
approximately equal, eigenvalues. This can be done systematically using the AIC
or MDL criteria discussed later. The estimated number of plane waves will be
L = M + 1 — K. Divide E into its noise and signal subspace parts, Ex and Es.

3. Compute the spectrum (6.5.1) and extract the desired wavenumbers k; from the
L peaks in this spectrum.

The Akaike (AIC) and minimum description length (MDL) information-theoretic cri-
teria have been suggested to determine the number of plane waves that are present, or
equivalently, the dimension of the noise subspace [61]. They are defined by

AIC(k) = —2NkL(k)+2(M+1-k) (M +1+k)
1 (6.5.2)
MDL(k) = —Nk[(k)+§(M +1-k)(M+1+k)log(N)

fork = 1,2,...,M + 1, where N is the number of snapshots and £ (k) is a likelihood
function defined as the log of the ratio of the harmonic and arithmetic means of the
first k estimated eigenvalues {Ag, A1, ...,Ax_1} of R; namely,

Aoy - - - Ap) VK

(X0+i\1+"'+;\k71)

L(k)=1n i

k

The dimension K of the noise subspace is chosen to be that k that minimizes the

functions AIC(k) or MDL(k). The above definition is equivalent to that of [61], but

produces the value of K instead of L. The routine aicmdl (see Appendix B) takes as

inputs the M + 1 estimated eigenvalues in increasing order and the number N, and

computes the values of the AIC and MDL functions. Once K is known, an estimate of
the minimum eigenvalue can be obtained by

(”73 = ;\min = %(80 + 5\1 toeet AK—l) (6.5.3)

Next, we present some simulation examples. First, we compare the MUSIC method
against the linear prediction method. We considered two uncorrelated equal-power
plane waves incident on an array of 8 sensors (M = 7). The SNR of the waves, de-
fined by SNR; = 10log;, (P;/0%), was —5 dB and their wavenumbers k; = 0.277 and
k> = 0.41r. For half-wavelength array spacing (d = A/2), these correspond, through
(6.3.8), to the angles of arrival 01 = 11.54° and 0, = 23.58°.

The number of snapshots was N = 500. The snapshots were simulated using
Eq. (6.3.10). Each v(n) was generated as a complex vector of M + 1 zero-mean in-
dependent gaussian components of variance o3 = 1.
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Note that to generate a zero-mean complex random variable v of variance 02, one
must generate two zero-mean independent real random variables v, and v», each with
variance 02/2 and set v = Vi + jvo; then, E[v*v]= E[Vi]+E[V3i]= 2(02/2)= O2.
The amplitudes A;(n) were assumed to have only random phases; that is, A;(n)=
(Pj)1/2e/%in where ¢y, were independent angles uniformly distributed in [0, 277]. The
routine snap (see Appendix B) takes as input an integer seed, generates a snapshot vec-
tor y, and updates the seed. Successive calls to snap, in conjunction with the (complex
version) of the routine sampcov, can be used to generate the sample covariance matrix
R. In this particular example, we used the symmetrized version R, because the two
sources were uncorrelated.

Figure 6.13 shows the MUSIC spectrum computed using Eq. (6.5.1) together with the
LP spectrum S;p(k) = 1/|s£a\2, where a = R;luo. Because each term in the sum (6.5.1)
arises from a unit-norm eigenvector, we have normalized the LP vector a also to unit
norm for the purpose of plotting the two spectra on the same graph. Increasing the
number of snapshots will improve the MUSIC spectrum because the covariance matrix
R, will become a better estimate of R, but it will not improve the LP spectrum because
the theoretical LP spectrum does not perform well at low SNRs.

MUSIC and LP spectra
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Fig. 6.13 MUSIC and LP spectra.

To facilitate the computation and manipulation of spectra, we have included the
following small routines. The routine norm converts a vector a to a unit-norm vector.
The routine fresp computes the magnitude response squared, |A (k)|% = ISZaIZ, of an
Mth order filter a at a specified number of equally-spaced frequency points within the
right-half of the Nyquist interval, 0 < k < 1. It can be modified easily to include the en-
tire Nyquist interval or any subinterval. The routine invresp inverts a given spectrum,
S(k)— 1/S8(k). The routines abs2db and db2abs convert a spectrum from absolute
units to decibels and back, S (k) = 10log,, S (k). The routine select picks out any eigen-
vector from the M + 1 ones of the eigenvector matrix E. The routine music computes
Eq. (6.5.1) over a specified number of frequency points. It is built out of the routines
select, fresp, and invresp.

In the second simulation example, we increased the SNR of the two plane waves to
10 dB and reduced the number of snapshots to N = 100. The theoretical and empirical
eigenvalues of R and R, were found to be

i 0 1 2 3 4 5 6 7
Aj 1 1 1 1 1 1 61.98 100.02
A; | 0.70 0.76 0.83 0.87 1.05 1.28 64.08 101.89
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The values of the AIC and MDL functions were

k 1 2 3 4 5 6 7 8
AIC(k) | 126.0 120.3 111.4 98.7 87.2 81.1 2544.2 3278.2
MDL(k) | 145.1 138.3 127.4 111.9 94.4 77.0 1291.6 1639.1

Noise eigenvector spectra

80

701 — e

60f e
.

501

0p"

_1 ; ; ; ;
00 0.2 0.4 0.6 0.8 1
wavenumber k in units of 7

Fig. 6.14 Spectra of the first three noise subspace eigenvectors.

Both functions achieve their minimum value at K = 6 and therefore, L = M + 1 —
K = 2. The estimated value of 02, computed by Eq. (6.5.3), was 62 = 0.915. Figure
6.14 shows the spectra of the first three noise subspace eigenvectors; namely, S; (k) =
1/1Ei (k) |? = 1/|s,te,—|2, fori = 0,1, 2. We note the presence of a common set of peaks
at the two desired wavenumbers and several spurious peaks. The spurious peaks are
different, however, in each spectrum and therefore, the averaging operation will tend
to eliminate them. The averaged MUSIC spectrum, based on all K = 6 noise subspace
eigenvectors, is plotted in Figure 6.15 using the same scale as in Fig. 6.14.

The averaging operation has had two effects. First, the removal of all spurious peaks
and second, the broadening and reduction in sharpness of the two desired peaks. This
broadening is the result of statistical sampling; that is, using R instead of R, causes small
biases in the peaks of individual eigenvectors about their true locations. These biases
are not inherent in the theoretical method, as they are in the linear prediction case; they
are statistical in nature and disappear in the limit of large number of snapshots. Figure
6.15 also shows the performance of the minimum-norm method, which we discuss next.
It appears to produce somewhat sharper peaks than MUSIC, but it can sometimes exhibit
higher levels of spurious peaks.

6.6 Minimum-Norm Method

The minimum-norm method [47,53] attempts to eliminate the effect of spurious zeros
by pushing them inside the unit circle, leaving the L desired zeros on the circle. This
is accomplished by finding a noise subspace vector d = [dg,d},...,dp]T such that the
corresponding eigenfilter D (z) will have all its spurious zeros within the unit circle.
This means that in the factorization (6.4.6), D (z) = A(z) F (z), the spurious polynomial
F(z) must be chosen to have all its zeros strictly inside the unit circle, equivalently,
F(z) must be a minimum-phase polynomial. If F(z) were the prediction-error filter of
a linear prediction problem, then it would necessarily be a minimum-phase filter. Thus,
the design strategy for d is to make F(z) a linear prediction filter. This can be done by
requiring that d have minimum norm subject to the constraint that its first coefficient
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be unity; that is,
dfd = min, subject to ugd =dy=1 (6.6.1)

The minimization is carried over the noise subspace vectors. In the B basis (6.4.10),
the vector d is expressed by d = Bf, where f are the coefficients of F(z), and the
constraint equation becomes u:SB f = 1. With the exception of by, all basis vectors b;
start with zero; therefore, ugB = [ugbo,ugbl . ,ugbK,l 1=1[1,0,...,0]= ut, that is, a
K-dimensional unit vector. Therefore, in the B basis Eq. (6.6.1) becomes

dfd = f'Ruu f = min, subjectto uff=1 (6.6.2)

where we set Rz = BYB. This is recognized as the Toeplitz matrix of autocorrelations
of the filter a, as defined in Section 3.3. For the 6x4 example above, we verify

Raa(0) Raa(1)* Raa(2)* 0

Raa(l) Raa(o) Rﬂﬂ(l)* Raa(z)*

Raa(2)  Raa(1)  Raa(0)  Raa(1)*
0 Raa(2)  Raa(1)  Raa(0)

Raa =B'B =

where Ry, (0)= lagl® + lai|? + |azl?, Raa(1)= araf + azaf, Raa(2)= azaf, and
Rgq(3)= 0. Note that the autocorrelation function of an order-M filter a vanishes for
lags greater than M + 1. It follows that Eq. (6.6.2) represents an ordinary linear predic-
tion problem and its solution f will be a minimum-phase filter with all its zeros inside
the unit circle. Up to a scale factor, we may write this solution as f = R; u = (B'B) 'u.
Writing u = Btug, we have f = (BTB) "1 BTuyg, and the solution for d becomes

d = Bf = B(B'B) 'Btuy = ExE}juy (6.6.3)

This is the solution of criterion (6.6.1) up to a scale. Interestingly, the locations of
the spurious zeros do not depend on the signal to noise ratios, but depend only on the
desired zeros on the unit circle. This follows from the fact that the solution for f depends
only on B. Using Eq. (6.4.13), we may also write d in terms of the signal subspace basis

d=[I-EsEflug = [I-S(5'S)7'SMu,

Recall from Section 6.2 that this is the large-SNR limit of the LP solution. Noting that
E;{,uo, is the complex conjugate of the top row of the eigenvector matrix Ey, we write
Eqg. (6.6.3) explicitly as a linear combination of noise subspace eigenvectors

K-1
d= D> Eje (6.6.4)
i=0

where E; the conjugate of the 0i-th matrix element of E. The subroutine minorm com-
putes d using Eq. (6.6.4). The corresponding pseudospectrum estimate is defined as the
inverse magnitude response of the filter d

1 1
Sun(K)=

ID(K)[2 ~ |s£d\2 (6.6.5)

The practical implementation of this method requires the same two initial steps as
MUSIC; namely, eigenanalysis of R and estimation of K. In Fig. 6.15, the minimum-norm
spectrum was computed by calling the routines minorm. The vector d was normalized to
unit norm to make a fair comparison with the MUSIC spectrum. Looking at the spectra is
not the best way to evaluate this method because the spurious zeros—even though inside
the unit circle—interact with the desired zeros to modify the shape of the spectrum.
The minimum-norm method is better judged by comparing the theoretical and empirical
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zeros of the polynomial D (z), computed from R and R. They are shown in the following
table. The first two zeros are the desired ones.

zeros of D (z)

theoretical empirical

|z;l arg(z;) /T |zl arg(z;) /T
1.0000 0.2000 | 0.9989 0.2020
1.0000 0.4000 1.0059 0.4026
0.8162 —0.1465 0.8193 —0.1441
0.7810 —0.4251 0.7820 —-0.4227
0.7713 —-0.7000 | 0.7759 —-0.6984
0.8162 0.7465 0.8188 0.7481
0.7810 —-0.9749 | 0.7832 -0.9729

MUSIC and min-norm spectra
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Fig. 6.15 MUSIC and min-norm spectra.

The main idea of the minimum-norm method was to separate the desired zeros from
the spurious ones by pushing the latter inside the unit circle. In some applications of
eigenvector methods, such as pole identification, the desired zeros lie themselves inside
the unit circle (being the poles of a stable and causal system) and therefore, cannot be
separated from the spurious ones. To separate them, we need a modification of the
method that places all the spurious zeros to the outside of the unit circle. This can be
done by replacing the vector f by its reverse f R — Jf*, where J is the KxK reversing
matrix. The resulting polynomial will be the reverse of F(z), with all its zeros reflected
to the outside of the unit circle. The reverse vector f¥ is the backward prediction filter
obtained by minimizing (6.6.2) subject to the constraint that its last element be unity.
Using the reversal invariance of Rgq, namely, JRaaJ = R}, we find

fR=Jf* = J(RZ) *u =R, Ju =R v

where v = Ju = [0,...,0,1]7 is the reverse of u. With the exception of bg_;, the last
element of all basis vectors b; is zero. Denoting by vy, the reverse of uy, it follows that
VSB = [0,0,...,0,ar]= arv'. Thus, up to a scale factor, v can be replaced by Btvy,

and hence, The vector d becomes
d = BfR = B(B'B)"'Blv, = ExElvo (6.6.6)

Up to a scale, this is the minimum-norm vector subject to the constraint that its
last element be unity; that is, ng = dy = 1. In terms of the matrix elements of the

eigenvector matrix E it reads
K-1
d= > Ejjei (6.6.7)
i=0
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where Ejj; is the conjugate of the last row of E. The spurious zeros of this vector will
lie outside the unit circle. We may refer to this method as the modified minimum-norm
method.

6.7 Reduced-Order Method

The basis B of the noise subspace has very special structure, being constructed in terms
of the delayed replicas of the same reduced-order vector a. It is evident from Eq. (6.4.11)
that a can be extracted from any column b; or B by advancing it by i units. The B basis
is linearly related to the orthonormal eigenvector basis by B = ExC with some KXK
invertible matrix C. Thus, the vector b; is expressible as a linear combination of the
noise subspace eigenvectors

K-1
bi: Zejcji’ i=0,1,...,K—1
J=0

This vector has a total of K — 1 vanishing coefficients, namely, the first i and the last
K — 1 —1i coefficients. Component-wise, we may write b, = 0, for 0 < m < i—1 and for
i+L+1<m < M. This vector may be specified up to an overall scale factor because
we are interested only in the zeros of the reduced-order vector a. Therefore, we may
arbitrarily fix one of the coefficients Cj; to unity. For example, we may single out the

Oth eigenvector:
K-1

b; =ey + Z ejCj,- (6.7.1)

j=1
If ep happens to be absent from the sum, we may single out e; and so on. The
coefficient b;; will no longer be unity, but may be normalized so later. The K —1 unknown
coefficients Cj;, j = 1,2,...,K — 1 can be determined by the K — 1 conditions that the
first i and last K — 1 —i coefficients of b; be zero. Written in terms of the matrix elements

of the eigenvector matrix E, these conditions read for eachi =0,1,...,K — 1:
K-1
Emo+ D EmiCji=0, for 0<sm<i-1 and i+L+1<ms<M  (6.7.2)
j=1

Thus, solving the linear Egs. (6.7.2) for the coefficients Cj; and substituting in Eq.
(6.7.1), we obtain b; and, advancing it by i units, the reduced-order vector a. Because
Bi(z)= z7'A(z), the polynomial B;(z) has no spurious zeros. In effect, forming the
linear combination Eq. (6.7.1) of noise subspace eigenvectors removes the spurious zeros
completely by placing them at the origin of the z-plane. In a sense, this procedure carries
the philosophy of the minimum-norm method further.

When the theoretical R is replaced by the empirical R and the corresponding Ey is
replaced by the estimated Ey;, it is no longer possible to linearly transform the basis
Ex to a B basis constructed from a single reduced-order vector a. It is still possible,
however, to form linear combinations of the estimated eigenvectors.

K-1
bi= > &Cj, i=0,1,....,K-1 (6.7.3)
j=0

such that the resulting vectors b; will have vanishing first i and last K — 1 — i coefficients;
that is, of the form

Bi= [0, ..., 0,1, ap, ..., ajr, 0, ..., O]T
—— —

i zeros K—1-i zeros

(6.7.4)
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This can be done by solving Eq. (6.7.2) with E replaced by its estimate, E, obtained
from R. The resulting K reduced-order vectors a; = [1,a;,...,air],i=0,1,...,K—1,
will not be the same necessarily. But, each can be considered to be an approximate
estimate of the true reduced-order vector a, and its L zeros will be estimates of the true
desired zeros.

It turns out that individually none of the a; is a particularly good estimate of a. They
may be combined, however, to produce a better estimate. This is analogous to MUSIC,
where individual spectra of noise eigenvectors are not good, but combining them by
averaging produces a better spectrum. To see how we may best combine the a;, we
form a new basis of the estimated noise subspace in terms of the vectors b;, namely,
B = [bg, by, ...,bx_1]. For our 6x4 example, we have

1 0 0
dol 1 0 0
5 M hon ofnoa_ | Qo2 an 1 0
B = [bo, by, b2, b3]= 0 ap an 1
0 0 ax»x axn
0 0 0 azp

The linear transformations (6.7.3) may be written compactly as B = ExC. Note that
BtBisno longer Toeplitz and therefore, the LP solution f of (6.6.2) will not necessarily
have minimum phase. Thus, the empirical minimum-norm solution can have spurious
zeros outside or near the unit circle. Because the basis B is an estimate of the true B,
we may try to fit B to a matrix of the type B having the special structure (6.4.11) by
minimizing the distance between the two matrices according to some matrix norm. For
example, we may minimize the Frobenius matrix distance [102]:

K-1
IB-BlI?=tw[(B-B)"B-B)]=> b —bi?=min
i=0

Because b; and b; are the delayed versions of the reduced-order vectors a; and a, it
follows that ||b; — b;||2 = ||a; — al|?. Therefore,

K-1
IB-BlI?=ul[(B-B)"(B-B)]=> la —al’®=min (6.7.5)
i=0
Minimizing with respect to a gives the result:
1 K-1 1 K-1
a=— i, A== A 6.7.6
a Kizzoal (2) Ki:ZO i(2) (6.7.6)

that is, the average of the K filters. Thus, we obtain the following reduced-order or,
reduced-MUSIC algorithm [75]:

1. Solve the eigenproblem for the estimated covariance matrix R.

2. Using the estimated noise subspace eigenvectors, solve (6.7.2) for the coefficients
Cji and using Eq. (6.7.3) obtain the basis vectors b; and hence the reduced-order
vectors a;, 1 =0,1,...,K — 1.

3. Use the average (6.7.6) to get an estimate A (z) of the reduced-order polynomial
A (z). Obtain estimates of the desired zeros by a root-finding procedure on A (2),
or, by finding the peaks in the pseudospectrum

1 1

SK)= == —— 6.7.7
) A 12 |sfal ©7.0
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The MATLAB function rmusic implements this algorithm. Figure 6.16 shows a com-
parison between the reduced-order algorithm and MUSIC for the same example consid-
ered in Fig. 6.15, where, again, for the purposes of comparison the vector a was normal-
ized to unit norm. As in the case of MUSIC, the spectrum of any individual reduced-order
vector a; is not good, but the spectrum based on the average a is better. This can be
appreciated by comparing the two zeros (L = 2) of the six (K = 6) individual filters
Ai(z),i=0,1,...,5 with the two zeros of the averaged polynomial A (z) and with the
theoretical zeros. They are shown in the table below.

Z€eros Ao A] Az Ag A4 Ag A A

|Z1] 0.976 1.032 0.964 1.038 0.969 1.025 | 0.999 | 1.000
arg(z;)/m | 0.197 0.203 0.199 0.199 0.203 0.197 | 0.201 | 0.200
|Z5| 1.056 0.944 1.115 0.896 1.059 0.947 | 1.002 | 1.000
arg(zp) /7T | 0.393 0.407 0.402 0.402 0.407 0.393 | 0.399 | 0.400

MUSIC and reduced-order spectra
80 T T T T

701 — reduced—-order
60[
501
40f

dB

30r

201

107

_10 ; ; ; ;
0 0.2 0.4 0.6 0.8 1
wavenumber k in units of 7

Fig. 6.16 MUSIC and reduced-order method.

An alternative method of combining the K estimates is as follows [99]. Form the
(L + 1) XK matrix A = [ap,a1,...,ag—1] and note that if the a; were computed on the
basis of the theoretical covariance matrix R, then A would have rank one because each
a; would be exactly equal to a. But if the empirical matrix R is used, then the matrix A
will only approximately have rank one, in the sense of its singular value decomposition
(SVD) [102]. Thus, we may replace A by its rank-one SVD approximant, namely, the
rank-one matrix closest to A with respect to the Frobenius or Euclidean matrix norms.
This amounts to finding the largest eigenvalue of the (L + 1) x (L + 1) matrix

K-1
AAT = S ajaf (6.7.8)
i=0
and choosing the corresponding eigenvector to be the estimate of a. This eigenvector is
expressible as a weighted sum of the a; but with different weights than Eq. (6.7.6). To see
this, let o and a be the largest eigenvalue and eigenvector of AA. Using AAta = oa,
and defining w = 0~ 1 Ata, we find

K-1
a=Aw= > wa (6.7.9)
i=0

where w; are the components of w = [wg, Wi,...,Wk_1]17. The constraint that a and

a;, have first coefficients of unity implies the normalization condition ngol wi = 1.
Even though this method is computationally more complex than Eq. (6.7.6), it allows

one to judge the quality of the resulting estimate. This may be done by inspecting
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the relative magnitudes of the singular values of A, equivalently, the L + 1 eigenvalues
of AAT. Theoretically, all but the maximum eigenvalue must be zero. Applying this
method to the above simulation example, we find the estimated zeros:

71 = 0.9985 /201 7, = 1,0037 /03990
and the theoretical and empirical SVD values of the matrix A:

theoretical | 5.8059 0 0
empirical | 5.8139 0.1045 0.0187

6.8 Maximum Likelihood Method

The maximum likelihood method is not, strictly speaking, an eigenvector method; how-
ever, some of the ideas we have been discussing apply to it. The method determines the
plane wave frequencies and amplitudes by fitting them directly to the measured snap-
shot data using a criterion, such as maximum likelihood or least-squares [76-79]. Each
snapshot is modeled according to Eq. (6.3.10), which can be written compactly as

A (n)
y(n)= [s,fl,...,s,’fL] : +v(n)=S*A(n)+v(n) (6.8.1)
Ap(n)
The unknown amplitudes A (n) and wavenumbers k;, i = 1,2,...,L are treated as

deterministic parameters to be fitted to the snapshotdataY = {y(n),0<n <N - 1}.
The maximum likelihood estimates of these parameters are obtained by maximizing the
joint density of the snapshots, p(Y)= max. If the wave parameters are deterministic,
then the randomness in y (n) arises only from v(n). Assuming that v(n) are complex
gaussian (see Problem 6.16) and independent, the joint density of Y is the product of
marginal densities:

p(Y) = l_[ (v(n)) (U)ﬁe p|:2 Z V(n)|2:|

n=

) _
= WGXP {——2 Z y(n)—S*A(n)IZ}

V —

Thus, under gaussian statistics, the maximum likelihood criterion is equivalent to
the least-squares minimization criterion:

N-1
J= > lly(n)-S*A(n)|I> = min (6.8.2)
n=0

According to the general discussion of [101], the simultaneous minimization of J
with respect to k; and A (n) can be done in two steps. First, minimize with respect to
the amplitudes A(n) and then, minimize with respect to the wavenumbers k;. Setting
the gradients with respect to A(n) to zero, we obtain

oJ
0A(n)

=-Stlym*-SA*(n)] =0 = A(m)*= (Sts) 'Sty(n)*

Inserting this solution into Eq. (6.8.2), we obtain

N-1 N-1

J="> ly(m*)-SAm)*1? = > ||lI - S(sT$) "' sty () *||*
n=0 n=0
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Using Eq. (6.4.13), we may rewrite it in terms of the projector onto the noise subspace,
namely, Py = B(B'B)~'Bt =1 - 5(sts)-1st

N-1 N-1
J= S BBB)Blym)*|° = > ||Pxy(m)*|
n=0 n=0

Using the projection property P;(]PN = Py, and the definition (6.4.14) of the sample
covariance matrix, we find

N-1 N-1
J=> ym)TPyy(n)*=1tr { > PNY(”)TY(H)*} = Nu[PyR]
n=0 n=0

The minimization of J with respect to the coefficients of the reduced-order vector a
is a highly nonlinear problem. It may be solved, however, iteratively by the solution of a
succession of simpler problems, by the following procedure [91,77-79,95,97]. Write
y(n)TB = [y(n)Thy,y(n)Tby,...,y(n)Tbg_1] and note that y(n)Tb; = aly;(n),
where y;(n) is the (L + 1)-dimensional portion of y(n) starting at the ith position,
namely,
yim) = [yi(n),yin(m),..., v (], i=0,1,...,K -1

Then, y(n)TB = aT [y, (n),y; (n),...,yx_; (n)1=a’Y (n). And, J can be written as

N-1 N-1
J="> y(m)TBBB)'Bly(n)*=a’ { S Y(n) <B*B>-1Y(n>*} a*
n=0 n=0

The minimization of J is obtained by solving the succession of problems, fori =1, 2,...,

N-1
Ji=al { > Y(n) (B,TlBi_l)W(n)*] a = min (6.8.3)
n=0

where B,—tlBi,l is constructed from the solution a;—; of the previous iteration. The
iteration is initialized by ag = [1,0,...,0]7, which gives B;EBO = Jg. At each iteration,
Eq. (6.8.3) is subject to an appropriate constraint on a; such as that its first coefficient
be unity, or, that its zeros lie on the unit circle. Note that BT B is Toeplitz and therefore,
its inverse can be computed efficiently by the Levinson recursion.

6.9 ESPRIT Method

There exist a number of eigenvector methods that employ two or more sets of snap-
shot measurements obtained from two or more arrays related to each other either by
translation or by rotation. Examples are the estimation of signal parameters via rota-
tional invariance techniques (ESPRIT) method [80-82], the covariance difference method
[71-74], and the spatial smoothing method for dealing with coherent signals [55,62].

Consider two arrays related to each other by an overall translation by distance A
along the x-axis. The effect of translation shows up as an overall phase change in each
direction vector. For example, the value of a wave on the x-axis with respect to the
original and the translated x-axes will be:

Ale—jkxx . Ale—jkx (x+A) _ Ale—jkxxe—jkxA
Setting X, = md and letting 6 = A/d be the displacement in units of d, we obtain
at the original and translated mth array elements

Ale*ﬂ\’lm -~ A e*jklme*jkl(s
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or, in terms of the direction vectors
Arsf — Asfe ko
It follows that the matrix S = [sg,, ..., Sk, ] transforms under translation as
S —SDs, Dg = diag{e/®d e/ked ~ ekio} (6.9.1)
Therefore, the snapshot measurements at the original and translated arrays are

y(n) = S*A(n)+v(n)

(6.9.2)
ys(n) = S*DiA(n)+vs(n)
The covariance and cross-covariance matrices are
Ry, = E[y(n)*y(n)T]= SPSt + oI
: (6.9.3)
Rysys = E[ys(n)*ys(n)T1= SDsPD}ST + 021
Ryy; = Ely(n)*ys(n)T1= SPD}s? (6.9.4)

where we used E[vs(n)*vs(n)T]1= E[v(n)*v(n)T]= 02l and E[v(n)*vs(n)T]= 0.
The ESPRIT method works with the matrix pencil, C(A)= C — ACsg, defined by the
pair of matrices

C =Ry, — 02 =SPST,  C5=R,y, = SPDLST (6.9.5)

The generalized eigenvalues of this matrix pencil are, by definition [102], the so-
lutions of det(C — ACs)= 0, and the corresponding generalized eigenvectors satisfy
Ce = ACse. The ESPRIT method is based on the observation that the nonzero general-
ized eigenvalues of C (A) are simply

Ai=ekid =12 ... L (6.9.6)

and therefore, the desired wavenumbers k; can be extracted from the knowledge of the
A;. Note that A = 0 is a generalized eigenvalue because det(C)= det(SPSt)= 0. This
follows from the fact that SPST is an (M + 1) x(M + 1) matrix of rank L < M + 1.
The generalized eigenvectors corresponding to A = 0 are the vectors in the null space
of SPSt; namely, they satisfy SPSte = 0, or, equivalently, STe = 0. These are the
noise subspace eigenvectors of Ry,. Next, we show that the only nonzero generalized
eigenvalues are those in Eq. (6.9.6). The corresponding generalized eigenvector e must
satisfy
SpSte = ASPD}Ste

Multiplying both sides by ST and removing the common matrix factor (SS)P, we
obtain Ste = AD[Ste. Using the fact that D} = D3', and defining the L-dimensional
vector f = Ste, we obtain

Dsf = Af

Clearly, if e is not in the noise subspace, then f = Ste # 0; therefore, A must be an
eigenvalue of Dgs, which is already diagonal. This proves Eq. (6.9.6). The eigenvectors of
Ds will be the L-dimensional unit vectors; that is, the columns of the L XL unit matrix,
fi =w;,i=1,2,...,L. The generalized eigenvectors will be e; = S(StS)~!u;. These
are obtained by an argument similar to Eq. (6.3.15). Thus, the L columns of the ma-
trix S (S1S) ~! are simply the generalized eigenvectors corresponding to the generalized
eigenvalues (6.9.6).
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In the practical implementation of the method, we assume we have two sets of snap-
shots, y(n) and ys (n), forn = 0,1,...,N — 1, measured at the original and translated
arrays. The covariance matrix Ry is estimated by Eq. (6.4.14) and the cross-covariance
matrix by

N-1

5 1

Co = Ryys = >y tysmT
n=0

From the eigenproblem of R,,, we obtain an estimate of &2, either as the mini-
mum elgenvalue or, as the average of the eigenvalues of the noise subspace Then, set
¢ = Ryy 021 and solve the generalized eigenproblem for the pair {C, Cs}. The L
generalized eigenvalues closest to the unit circle are used to extract estimates of the
desired wavenumbers k; by Eq. (6.9.6).

Unlike the minimum-norm and reduced-order methods that require equally spaced
linear arrays, the MUSIC and ESPRIT methods can be applied to arrays of arbitrary ge-
ometry.

6.10 Spatial Smoothing

Eigenvector methods rely on the property that the noise subspace eigenvectors have at
least L zeros on the unit circle at the desired frequency locations. As we saw in Section
6.3, this property requires that the L XL power matrix P have full rank equal to L. To
repeat the argument, the condition Ra = ¢2a implies that SPSTa = 0, but what we want
is Sta = 0. Multiplying by a’, we obtain (Sta) TP (Sta) = 0, but this does not necessarily
imply that Sta = 0 unless P has full rank.

The case of diagonal P corresponds to mutually uncorrelated sources for the L plane
waves. The case of a nondiagonal P of full rank implies that the sources are partially
correlated. The case of a non-diagonal P with less than full rank implies that some or
all of the sources are coherent with each other. This case commonly arises in multipath
situations, as shown in the following diagram

TTT7

X

To see how eigenvector methods fail if P does not have full rank, consider the worst
case when all the sources are coherent, which means that the wave amplitudes A;(n)
are all proportional to each other, say, A;(n)= cjA; (n),i=1,2,...,L, where the ¢; # 0
(with ¢; = 1) are attenuation factors corresponding to the different paths. Compactly,
we may write A (n)= A; (n)c. Then, the power matrix becomes

P=E[Am)*An)T] = E[|A1(n)|?]c*cT = Pyc*cT (6.10.1)
It has rank one. The corresponding covariance matrix is
R = SPST + 021 = P1Sc*c?'ST + 021 = Pysst + 021 (6.10.2)
where s = Sc*. Similarly,
y(n)=A;(n)S*c+v(n)= A (n)s* + v(n)

Because R is a rank-one modification of the identity matrix, it will have a one-
dimensional signal subspace spanned by s and a noise subspace of dimension K =
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M + 1 —1 = M spanned by the eigenvectors belonging to the minimum eigenvalue o2.
Thus, although we have L different signals, the solution of the eigenproblem will result
in a one-dimensional signal subspace. Moreover, the noise eigenvectors, will not neces-
sarily have zeros at the L desired locations. This can be seen as follows. If Ra = o2a,
then Pyssta = 0, or, sfa = cTSta = 0, which gives

A(ky) L
cI'Sta=1cy,...,cL] : = > ciAk)=0
Akp) | ™!

This does not imply that the individual terms in the sum are zero. One solution to
this problem is the method of spatial smoothing [55,62], which restores P to full rank,
so that the eigenstructure methods can be applied as usual. The method is as follows.
The given array of M + 1 sensors is subdivided into J subarrays each having M + 1
sensors. The first subarray consists of the first M + 1 elements of the given array. Each
subsequent subarray is obtained by shifting ahead one array element at a time, as shown

in the following diagram
T
—

— 1
— 1
— 1

Formally, we define the J subarrays by
yi(n) = [yi(n), i1 (0),...,yim (M1, i=0,1,...,0 -1 (6.10.3)

where the bar indicates that the size of the subarray is M + 1. That is the (M + 1)-
dimensional portion of y(n) starting at the ith array element. Using Eq. (6.9.2), we may
write compactly

yi(n)= S*DfA(n) +¥;(n)

where S is the same as S but of dimension M + 1. The matrix D; is given by Eq. (6.9.1)
with & = i, corresponding to translation by i units. The covariance matrix of the ith
subarray will be

Ri = E[y;(m)*y;(m)"1= SD;PD[ St + o2l

where [ is the (M + 1)-dimensional identity matrix. The average of the subarray covari-
ances is

J-1
R==> Ri=8PSt + 02l (6.10.4)
i=0

i

where
J

-1
1S p,pp} (6.10.5)
TS

To be able to resolve L sources by the (M + 1)-dimensional eigenproblem (6.10.4),
we must have M > L, and the rank of P must be L. It has been shown [62] that if the
number of subarrays J is greater than the number of signals, J > L, then, P has full
rank. If the J subarrays are to fit within the original array of length M + 1, then we must
have M +1 = (M + 1)+ (J — 1), that is, the length of the first subarray plus the J — 1
subsequent shifts. Thus, M + 1 = M + J. If both J and M are greater than L, then we
must have M + 1 > 2L. Therefore, the price for restoring the rank of P is that we must
use twice as long an array as in the ordinary full-rank case with L sources. A somewhat

p=



6.10. Spatial Smoothing 275

stronger result is that J > L + 1 — p, where p is the rank of P [86]; equivalently, we have
J = v +1,where v = L — p is the nullity of P. This would give for the minimum number
of array elements M + 1 > 2L + 1 — p [63,79,86].

Following [62], we derive the condition J > L for the worst case, when all the signals
are coherent. In that case, P hasrank one (p = 1) and is given by Eq. (6.10.1); P becomes

P P
P=""> Dic*c'Df =1 Y dd], di=Dic*
J i T 5

Writing z{:’(} d,-d;r = DD', where D = [dg,dj,...,dj_1], it follows that the rank of
P is the same as the rank of D. The matrix element Dj; is the Ith component of the ith
column; that is, Dy; = (d;);= C,* e/kii_Thus, D can be written as the product, D = C*V,
of the diagonal matrix C* = diag{c7, ..., Cf} and the LxJ Vandermonde matrix V with
matrix elements Vj; = e/¥; for example, if L = 3 and J = 4,

1 ejkl ezjkl e3jkl
V = 1 eJ.kZ ezjkz eSij
1 e/ks  p2jks  p3jks

The rank of Vandermonde matrices is always full; that is, it is the minimum of the col-
umn and row dimensions, min (L, J). It follows that the rank of P is equal to min(L, J),
therefore, it is equal to L only if J > L.

To appreciate the mechanism by which the rank is restored, let us consider an ex-
ample with two (L = 2) fully coherent sources. The minimum number of subarrays
needed to decohere the sources is J = L = 2. This implies M = M +1 —J = M — 1. The
covariance matrix of the full array is

cf s
R = P1[51152]|:C§|< ] [CI,C2]|:ST ] + oyl
2

The covariance matrices of the two subarrays are

_ ci‘ S;r _
Ro :P1[§1,§z][C; ] [Cl,CZ][SJr ] + ol
2

5 B ey —jk —jk st 27
Ry :P1[51152]|:eﬂ(2c§k [ekicy, ekec,]| S | + o2I
2

Their average becomes

where

Pyt P, [ ekicy - -
p= cLCl+—= | ek, ek
ct len, 2]+ ekec [ 1s 21

_p cfe cfer (1 +eltkimkady o
T el (1 + eftke—k)y /2 cieo

Clearly, P is non-singular. The presence of the translation phases makes the two
column vectors [cf,c¥ 17 and [e/X1 c¥, e/*2c¥]T linearly independent. The determinant
of P is easily found to be

_ . . (k1 —k
detP = |c1c2]|? sin? (172)
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Perhaps, an even simpler example is to consider the two quadratic forms

Qo=(f1+f2>2=fT[”[1,1]f, f=[ﬂ
2

=f12=fT[(1)][1,0]f

Separately, they have rank one, but their sum has full rank

Q=Q+Q:1= (f1+f2)2+f12=2f12+2f1f2+f22:fT[f i]f

where the 2x2 coefficient matrix has rank two, being the sum of two rank-one matrices
defined by two linearly independent two-dimensional vectors

HHRH R

Such quadratic forms can be formed, for example, by atSPSta = f'Pf, where f = Sta.
In the practical implementation of the method, the subarray covariances are computed
by sample averages over N snapshots; that is,

_ 1_
Ri = Ng vi(n) *y;(n)"

and then forming the average
I
R .
Pk
In addition to spatial smoothing, there exist other methods for dealing with the
problem of coherent signal sources [83,84,87,88].

6.11 Asympitotic Properties

Statistically, the sample covariance matrix R approximates the theoretical R, and there-
fore, the linear predictor based on R will approximate the one based on R. Similarly, the
eigenstructure of R will approximate that of R. In this section, we derive the asymptotic
statistical properties that justify such approximations [108-142].

The basic technique for deriving asymptotic results is to perform a linearization of
the empirical solution about the theoretical one and then use the asymptotic statistical
properties of R. In Section 1.5, we obtained the asymptotic covariance of R for a large
number of snapshots N:

1
E[ARjARk] = N(RikRj[ + RiRjk) (6.11.1)

where AR = R — R is the deviation of R from its mean. This was valid in the real-valued
case; the complex-valued version will be considered shortly. The normal equations of
linear prediction based on R and R are

A~ . 1 1
Ra = FEuy, ﬁ:[A} and Ra = Eup, a:[ ]
& o

where E and F are the minimized values of the mean-square prediction errors given by
E=a"Raand E = aTRa. Setting 4 = a + Aa and E = E + AE, we obtain

(R+AR)(a+Aa)= (E+AE)uy = R(Aa)+(AR)a= (AE)uy (6.11.2)
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where we kept only the first-order terms. Because a and a have first coefficient of unity,
Aa = a —a will have zero first coefficient, that is, ul (Aa) = 0. Multiplying both sides of
Eq. (6.11.2) by a”, we obtain a’ R (Aa) +a’ (AR)a = AE. Using the normal equations for
a, we have a’R (Aa) = Eug(Aa) = 0. Thus, AE = a” (AR)a. Solving Eq. (6.11.2) for Aa
and using R~'uy = E~'a, we find

Aa=E'(AE)a— R '(AR)a, AE=a’(AR)a (6.11.3)

For the purpose of computing the asymptotic covariances of Aa and AE, it proves
convenient to express Eq. (6.11.3) in terms of the vector da = (AR)a. Then,

Aa=E'(AE)a— R '(sa), AE=a’(5a) (6.11.4)
Using Eq. (6.11.1), we find for the covariance of da

E[Saidar] = E[D>. ARjja; > ARwai) = > E[AR;ARw]aja
J 1 Jl

1 1
= N 2 (RikRji + RixRin ajar = = [Rix (a” Ra) + (Ra)i (@’ R)«]
Jl

or,
E[dada’]= %[ER + Raa’R] (6.11.5)

Writing AE = Sa’a, we find

E[SaAE]= E[sada’]a = %[ER + Raa’R]a= %[ERa +Ra(a’Ra)] = %Ra

Using this result, we find for the asymptotic variance of E:

2F 2F?
““aTRa= "~

E[(AE)?] = a"E[SaAE]= N N

(6.11.6)

This generalizes Eq. (1.15.2). Similarly, we find for the cross-covariance between E
and a:

E[AaAE]= E[(E'AEa— R '6a)AF| = E"'E[(AE)?]a— R 'E[SaAE], or,

E[AaAE]=E~ 7R‘1(%Ra) =0 (6.11.7)

Finally, we find for the covariance of the predictor a

E[AaAa’]= E[Aa(E~'AEa” — aR™!)] = —E[Aada’ ]R™!

= —E[(E'aAE —R'6a)sa’]R"! = —[E’la%aTR - R’I% (ER + Raa"’R)]R™!

(R"'—Etaal)= E [O hy ]

Z|m

N| O R!

where we used Eq. (5.9.16) or (1.7.35), and R is the lower-order portion of R. Such result

0
was expected because Aa is of the form Aa = ] Thus,

(&4

R (6.11.8)

A

E
Ty_

E[Ax Ax ]—N
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This is a well-known result, and although we obtained it for sample covariance ma-
trices of the type (1.5.21), where the snapshots y(n) were assumed to be independent,
it can be proved in the case of autoregressive models where R is built out of the sample
autocorrelation function [108,118-121,125-128,133].

It can also be shown that asymptotically E and & are the maximum likelihood esti-
mates of the LP parameters E and &, having all the good properties of such estimates,
namely, asymptotic unbiasedness, consistency, efficiency, and gaussian distribution
about the theoretical values with covariances given by Eqgs. (6.11.6)-(6.11.8), which are
none other than the Cramér-Rao bounds of these parameters. It is instructive to use the
general formula (1.17.17) to derive these bounds, where the parameter vector is defined
as A = [E,aT]T. We must determine the dependence of R on these parameters and
then compute the derivatives 0R/0E and 0R/0a. We write the UL factorization of R in
the form of Eq. (1.7.33):

-1
e g, er |1 & E o' ][1 of
R*[ra R}*U Dba *[0 0| |o ||« 0T

The parametrization of R on the parameters E and « is shown explicitly. It is evident
that the entries p,; and r; depend on E and &, whereas R does not. We have

ra=-Ra, pa=E-a'r,=FE+a’Rax
Working with differentials, we find dr, = —Rde& and dp, = dE + 2aTRde. Differ-
entiating R entry-by-entry and using Eq. (1.7.35) for R~!, we find

(6.11.9)

RAR = E-1 [ dE + o"Rdax —doTR }

(dE + aTRdat)x — Ede  —axda™R

Writing a similar expression for a second differential R~! SR, multiplying the two,
and taking the trace, we find

tr(R"'dRR'6R) = E"2dESE + 2F 'da"Ré«x (6.11.10)

This gives for the matrix elements of the Fisher information matrix

_1 ~10R ,Jj]_ﬁ
]EE_thr[R ER ol op
_1 -190R —153]_
J“E‘zN“[R T
_1 -10R —15R],N"
J““_ZNtr[R ach 0T _ER

As we know, the inverse of the information matrix is the Cramér-Rao bound for
unbiased estimates. This inverse agrees with Egs. (6.11.6)-(6.11.8).

Following the discussion of [123,129], we may also derive the asymptotic covariances
of the reflection coefficients. The forward and backward Levinson recursion establishes
a one-to-one correspondence between the prediction coefficients &¢ and the vector of
reflection coefficients y. Therefore, we have the differential correspondence Ay = 'A«,
where I"is the matrix of partial derivatives I';; = 0y;/0«;. It follows that the asymptotic
covariance of y will be

E[AyAyT]1=TE[AaAa«T]IT = %rR*‘rT (6.11.11)
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Example 6.11.1: For the first-order case, we have R = [R(0)] and E; = (1 — y2)R(0), where
Y1 = —aj. Thus, we obtain Eq. (1.15.2) as a special case

2
E[(aai)?] = E[(ayn?] = - 1

For the second-order case, A = [Adi, Ada,]7, and we have E; = R(0) (1 — y3%) (1 —y3)
and R is the order-one autocorrelation matrix. Thus, we find

-1
E» ~_ E, | R(0) R(1)
Ty Z2p-1 _ =22
E[Ax A ]7NR N[R(l) R(O)]
_a-yha-yh | 1 -y |_1-yi[ 1 -n
N(1-y?3) -»n 1 N -1 1
From the Levinson recursion, we find for the second-order predictor a» = —y; (1 — y2)
and ap, = —y». Differentiating, we have
|da | | -Q-y2) n dy,
de = [dﬂzg] - |: 0 -1 dyz
Inverting, we find
dy, 1 -1 -1
dy = = doa=Td
¥ [dh] l—yz[o ~(1-y) |7 «

Forming the product 'R~1I'T, we finally find

1 1-y3 [ 1-y 0
ElAay AyT]= - ——22 ,
[4y 4y71] N(l—yz)Z[ 0 (1-y2)?

which gives component-wise

-y3

’ —y? :
LAyl A2YD  prayaya=0, E[(Ay)?) =t N

E[(AYOZ]:N 1—ys

Setting y» = 0, the variance of y; becomes equal to that of the first-order case and
E[ (Ay») 2] = 1/N. More generally, for an autoregressive process of order M, all reflection
coefficients of order greater than M vanish, but their asymptotic variances are equal to
1/N, thatis, E[(Ayp)?] = 1/N, for p > M [123,129]. O

Next, we consider the asymptotic properties of the eigenstructure of R [134-142].
In the complex-valued case R is given by Eq. (6.4.14), and Eq. (6.11.1) is replaced by

1
E[AR;j ARu]= NRilej (6.11.12)

where again AR = R — R. This can be shown in the same way as Eq. (1.5.23) using the
following expression for the expectation value of the product of four complex gaussian
random variables arising from the (independent) snapshots y(n) and y(m):

Elyi(n)*y;(n)yx(m)*y;(m)] = RijRii + SnmRiRkj

Equation (6.11.12) may be written more conveniently in the form

E[(a'ARDb) (ctARd)] = %(a*Rd) (c'Rb) (6.11.13)
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for any four (M + 1)-dimensional vectors a, b, ¢, d. In particular, we may apply it to four
eigenvectors of R. Let e; denote the orthonormal eigenvectors of R, Re; = Aje;, with
eigenvalues arranged in increasing order. Then,

1 1
E[ (elTARej) (eZARe,)] = N (e?Re;) (e,tRej) = N?\,-Ajé,-lékj

where we used (e?R)eI = )\,-e;rel = A;0;. Arranging the eigenvectors into the eigenvec-
tor matrix E = [eg,ey,...,ey], we recognize that the quantities e;ARe;, are the matrix
elements of AR in the E basis; that is, the elements of the matrix AV = EtARE. Thus,
we obtain the diagonalized version of Eq. (6.11.12)

E[AVU AVil= %A,Aj&,-;&kj (6.11.14)

The asymptotic properties of the eigenstructure of R are obtained by using Eq. (6.11.14)
and standard first-order perturbation theory. The eigenproblems for R and R are

RE=EA and RE=FA (6.11.15)

where E, E are the eigenvector matrices and A, A the diagonal matrices of the eigenval-
ues. Because the eigenvectors E form a complete set, it follows that the eigenvectors
E can be expanded as linear combinations of the former; that is, E = EF. The or-
thonormality and completeness of E and E require that F be a unitary matrix, satisfying
FYF = FFt = I. This is easily shown; for example, I = EYE = FTETEF = FtIF = F1F.

In carrying out the first-order perturbation analysis, we shall assume initially that
all the eigenvalues of R are distinct. This corresponds to the Pisarenko case, where the
noise subspace is one-dimensional and thus, L = M.

The assumption of distinct eigenvalues means that, under a perturbation, R=R+
AR, each eigenvector changes by a small correction of the form £ = E + AE. By the
completeness of the basis E we may write AE = EAC so that £ = E(I + AC)= EF.
The unitarity of the matrix F = I + AC requires that AC be anti-hermitian; that is,
AC + ACt = 0. This follows from the first-order approximation FTF = I + AC + ACT.
The perturbation changes the eigenvalues by f\,- = Ai+AAj, or, A = A + AA. To
determine the first-order corrections we use Eq. (6.11.15)

(R+AR)(E+ AE)= (E+AE)(A+AA) = (AR)E+ R(AE)= (AE)A + E(AA)

where we kept only the first-order terms. Multiplying both sides by Et and using EYRE =
A and the definition AV = ET (AR) E, we obtain

AV + A(AC)= (AC)A +AA = AA+ (AC)A - A(AC)= AV

or, component-wise
A)\,—é,-j + (AJ' - )\,‘)ACU = AV,'J'
Setting i = j and then i # j, we find
AV
Ai—Aj’

AN = AV, ACj; = — for i#j (6.11.16)

Using Eq. (6.11.14), we obtain the asymptotic variances of the eigenvalues

2
E[(AA)?] = E[AVi AVl = %‘ (6.11.17)

For the eigenvectors, we write

Ae,- = éi — e = ZEJ'ACJ'I'
J#i
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and their covariances are

E[AejAel1=> > ejel E[ACHACE]
JjFik#i

Using the anti-hermiticity of AC and Eq. (6.11.14), we find

E[AV;iAVik] 1 AjA;
ACHFT— _ JiAVi _1 j )
EIACHACH= =3 a0 i =20 ~ N (A= A2 O

which gives

t_ 1 Aid; t
E[Ae,-Ae,—]= NZme,e (61118)
J#i
Separating out the minimum eigenvalue Ao and eigenvector ey, and denoting the
remaining signal subspace eigenvectors and eigenvalues by Es = [eq,...,epy] and Ag =
diag{Aq,...,Apn}, we may write Eq. (6.11.18) compactly
A .
E[AepAel]= NOESAS(AS — Aoly) 2Ef (6.11.19)

where I is the M-dimensional unit matrix. The zeros of the polynomial ey contain the
desired frequency information. The asymptotic variances for the zeros can be obtained

by writing
\T
Azi = (%) Aeg
an
which gives
E[1Az;1?] = (%> E[Aeero] (azl> (6.11.20)
6e0 (<)

Example 6.11.2: Inthe L = M = 1 Example 6.3.1, we have for the eigenvalues and orthonormal
eigenvectors of R

. ; 1 1 1 1
Ao =03, Ay =0y +2P, e():ﬁ|:_ejk]i|y e1:\/—§[ejk,]

It follows from Eq. (6.11.19) that

AlA
Tio
E[AeerO]f ele1 (A, - Ag)?

Using the general formula for the sensitivities of zeros with respect to the coefficients of
a polynomial [25]
82,- _ 1 Z?/[im

dam  ao [Tjsi(zi — zj)

we find for the zero z; = e/¥1 of e,

821__ 7
dey ﬁ[ 1}

Using this into Eq. (6.11.20), we find

1 4)\1/\0 1 1+ 2SNR Py
E[lAz)?] = = == . NR = —%
Uaz ]l = S a a0z N s * SR

This implies that the quality of the estimated zero improves either by increasing the num-
ber of snapshots N or the signal to noise ratio. For low SNR, the denominator (A; — Ag)?
becomes small and the variance of z; increases, resulting in degradation of performance.
For a given level of quality there is a tradeoff between the number of snapshots and SNR.
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In general, the signal subspace eigenvalues Ag will be separated from Ay = 02 by a term
that depends on the signal powers, say, As = Aolp + Ps. Then,

AoAs (As — AoIn) 2= (Im + Ps/02) (Ps/03) 2
and Eq. (6.11.19) implies that the estimate of ey becomes better for higher SNRs. 0

When the noise subspace has dimension K = M + 1 — L and the minimum eigenvalue
Ao has K-fold degeneracy, the first-order perturbation analysis becomes somewhat more
complicated. The eigenproblem for R is divided into its noise and signal subspace parts

REN = AoEN, REg = EsAg

where En consists of the K degenerate eigenvectors belonging to the minimum eigen-
value Ay = 03 and Es consists of the remaining L signal subspace eigenvectors. Under
a perturbation R = R + AR, the degeneracy of Ey is lifted and the noise subspace
eigenvalues become unequal Xl- =Ag+AA,i=0,1,...,K—1, or, Ay = Aol + AAN.
Similarly, the signal subspace eigenvalues change to A s =As + AAs.

The signal subspace eigenvectors, belonging to distinct eigenvalues, change in the
usual way; namely, each eigenvector changes by receiving small contributions from all
other eigenvectors. The noise subspace eigenvectors, however, being degenerate, are
mixed up by the perturbation into linear combinations of themselves, and in addition,
they receive small corrections from the signal subspace eigenvectors. Thus, the eigen-
problem for the perturbed matrix R is

REy = ENAy, REg = EgAg (6.11.21)
where the corrections of the eigenvectors are of the form
En = ENC + EsAC, Eg = Es + EsAB + ENAD (6.11.22)

In absence of the perturbation AR, the choice of the degenerate basis E is arbitrary
and can be replaced by any linear combination ExC. The presence of the perturbation
fixes this particular linear combination by the requirement that the change in the eigen-
vectors be small. Combining the two equations into the full eigenvector matrices, we
have

E=[Ey,Es]= [EN,ESJ[ACC IL?-DAB} =EF

The orthonormality and completeness requirements for E imply that FIF = FFt = ].
To first order, these conditions are equivalent to

CtC=1Ix, AC+AD'C=0, AB+AB' =0 (6.11.23)

Thus, C must be unitary. Inserting Eq. (6.11.22) into the first term of (6.11.21) and
using (6.11.23), we find

(R + AR) (ENC — EsADYC)= (ENC — EsADTC) (AoIx + AAN)
and equating first-order terms,
ARENC — EsAsADYC = ENCAAN — EsADTCA

Multiplying both sides first by E,J[] and then by E; and using the orthonormality
properties (6.4.3), we obtain
AVNNC = CAAN (6.11.24)
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where AVyy = ENAREy, and
AVenC — AsADTC = —ADTCA,
where AVgy = E;AREN, and solving for AD*
AD' = (Ag — AolL) "'AVsy (6.11.25)
Similarly, from the second term of Eq. (6.11.21), we find for AB
AAs + ABAg — AGAB = AVss, AVgs = E}ARES (6.11.26)

which can be solved as in Eq. (6.11.16). To summarize, the corrections to the noise
subspace eigenvalues AAy and the unitary matrix C are obtained from the solution of
the KXK eigenproblem (6.11.24), AD constructed by (6.11.25), then AC is constructed
by (6.11.23), and AB by (6.11.26).

Because the corrections to the signal subspace eigenvectors are obtained from the
non-degenerate part of the perturbation analysis, it follows that (6.11.18) is still valid
for the signal eigenvectors. More specifically, because we index the noise subspace
eigenvectors for 0 < i < K — 1 and the signal subspace eigenvectors for K <i < M, we
may split the sum over the noise and signal subspace parts

1 A & Mo
E[AeiAe,T]—NAO_;\)ZZeJe-Q— Z )J\)2 of

J:

where we used the fact that all noise subspace eigenvalues are equal to Ag. The first
term is recognized as the projector onto the noise subspace. Thus, for K <i < M,

1 AA; J /\ Aj
J#i
:K

Because most eigenvector methods can also be formulated in terms of the signal
subspace eigenvectors, it is enough to consider only the asymptotic covariances of these
eigenvectors. For example, in the reduced-order method of Section 6.7, the reduced-
order polynomials a; may alternatively be computed by requiring that the corresponding
shifted vectors b; be orthogonal to the signal subspace [75]; namely, E;bi =0,i =
0,1,...,K — 1, and similarly, for the empirical quantities EAH),- = 0. If we denote by G;
the part of Es consisting of L + 1 rows starting with the ith row, then, these conditions
become G;r a; = 0. Because the first coefficient of a; is unity, these give rise to L linear
equations for the L last coefficients a;. It follows that a; can be constructed as a function
of the signal eigenvectors, and thus, one can obtain the corresponding covariance of a;
using Eq. (6.11.27). An example will illustrate this remark.

Example 6.11.3: Consider the case of one plane wave (L = 1) and arbitrary M. The covariance
matrix R = 021 + Pysy, s}:l has a one-dimensional signal subspace so that Es = [ey], Its
eigenvalue is Ay = (73 + (M + 1) P;. The matrix G; is formed byrowitorowi+L =i+ 1,

that is, o
G | emi |_ 1 efki
l_ eM,i+1 T UM F1 elki i+

The equation G,Tai = 0 becomes for the first-order filters a;,

1

G;ra,- =
apn

[e—jkli’ e—jk1 (i+l)] [ :| =0 = apn = _ejkl

1
vM +1
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and hence, all the reduced-order polynomials are equal to the theoretical one, A;(z)=
1 — e/k1z71. Now, if the empirical &y is used , then a similar calculation gives a;; =
—epy i/ efyiv1, and therefore, the estimated zero will be 2, = ey ;/ej ;.. Differentiating,
we obtain dz; = dejy;/efy; | — e defy ;.1 /exfi,1; therefore, its covariance will be

1 » le,il®
———E[lAepm|?] + — 0 _E[|Aenii 2]
lem,iv1l? ! lem,iv1]? !

E[|All\2] =

*

eM,i

- 2Re| — 15— E[AepiAej i1 ]
eM,i+1€pM j+1

This simplifies to

E[|1Az11?] = (M + 1)[E[\A€M,i|2] +E[lAeym i l?] - 2Re(ejk]E[AeM,iAe;\k/I,i+l])]

Because the signal subspace is one-dimensional, the second term in Eq. (6.11.27) is absent.
The noise-subspace projector can be expressed in terms of the signal-subspace projector
EnEL = 1 - EEL. Thus, Eq. (6.11.27) gives

1 AmAo

t_ 1 t
Eldeodeol= 53, —a0)2 (I_ M+ 1sklsk1)

Extracting the ith and (i + 1) st components, we get for the variance of the estimated zero

E[laz 2] = £ 2 DAudo 1 2[1+ (M +1)SNR]
PUON Q-0 N (M DSNR

where SNR = P1/0%. Setting M = 1, we recover the result of Example 6.11.2. 0O

6.12 Problems

6.1 Computer Experiment. A fourth-order autoregressive process is defined by the difference

equation

Yn + Ai1¥Yn-1 + A2Yn-2 + A3Yn-3 + A4Yn-4 = €n

where €, is zero-mean, unit-variance, white gaussian noise. The filter parameters {a;, a»,
as,ay} are chosen such that the prediction error filter

AZ)=1+aiz ' +az? +asz 3 + asz™*

has zeros at the locations

0.99exp(£0.21rj) and 0.99exp(+0.417j)

(a) Determine {a,,a»,as,das}.

(b) Using a random number generator for €,, generate a realization of y, consisting of
50 samples. To avoid transient effects, be sure to let the filter run for a while. For
instance, discard the first 500 or 1000 outputs and keep the last 50.

B

Compute the sample autocorrelation of y, based on the above block of data.

(d) Solve the normal equations by means of Levinson’s algorithm to determine the Yule-
Walker estimates of the model parameters {a;, az, as, ds; 0} and compare them with
the exact values.

—
(0

Compute the corresponding Yule-Walker spectrum and plot it together with the exact
autoregressive spectrum versus frequency. Be sure to allow for a sufficiently dense
grid of frequencies to be able to resolve the narrow peaks of this example. Plot all
spectra in decibels.
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(f) Using the same finite block of y, data, determine estimates of the model parameters
{ay,a,,as,ay; (TE} using Burg’s method, and compare them with the Yule-Walker es-
timates and with the exact values.

(g) Compute the corresponding Burg spectrum and plot it together with the exact spec-
trum versus frequency.

(h) Using the same block of y, data, compute the ordinary periodogram spectrum and
plot it together with the exact spectrum.

(i) Window the y, data with a Hamming window and then compute the corresponding
periodogram spectrum and plot it together with the exact spectrum.

(j) Repeat parts (b) through (i) using a longer realization of length 100.

z

Repeat parts (b) through (i) using a length-200 realization of y,,.
a

Evaluate the various results of this experiment.
6.2 Show that the classical Bartlett spectrum of Eq. (6.2.6) can be written in the compact matrix
form of Eq. (6.2.7).

6.3 Show that in the limit of large M, the first sidelobe of the smearing function Ww) of
Eq. (6.2.10) is approximately 13 dB down from the main lobe.

6.4 Computer Experiment. (a) Reproduce the spectra shown in Figures 6.7 through 6.10.

(b) For the AR case, let M = 6, and take the SNRs of both sinusoids to be 6 dB, but change
the sinusoid frequencies to

w; =05+Aw, w:=05-Aw

where Aw is variable. Study the dependence of bias of the spectral peaks on the
frequency separation Aw by computing and plotting the spectra for various values of
Aw. (Normalize all spectra to 0 dB at the sinusoid frequency w).
6.5 Derive Equation (6.2.30).
6.6 Let
L
R =02+ Piswsh,
i=1
be the autocorrelation matrix of Eq. (6.2.8). Show that the inverse R~! can be computed
recursively as follows:
-1 -1 Rlzllswijuleil
R =R -+ 4 — 1
Swi R 18wy + Py
fork =1,2,...,L, initialized by Ry = 02I.
6.7 Consider the case of one sinusoid (L = 1) in noise and arbitrary filter order M > 2, so that
the (M + 1) X (M + 1) autocorrelation matrix is
R = 02 + P15, st
(a) Show that the (L = 1)-dimensional signal subspace is spanned by the eigenvector
ey = Sw;

and determine the corresponding eigenvalue.

(b) Show that the M + 1 — L = M dimensional noise subspace is spanned by the M linearly
independent eigenvectors, all belonging to the minimum eigenvalue o2

[ 1 ] [0 ] [0 ] [0 ]
—ej®1 1 0 0
0 —elw1 1 0
0 0 —eJ®1 0
€y = . T 0 y €2 = 0 vy @M-1 = .
' : 0 :
0 : 0
0 0 : 1
.l 0 | . 0 ] . 0 ] | —e/®r |
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(c) Show that the eigenpolynomial A (z) corresponding to an arbitrary linear combination
of the M noise eigenvectors

a=ey+Cie +cxex+ -+ Cy-1€M-1

can be factored in the form

24l qopy gz MD)

A(z)= 1 -e®1z YA +ciz7t +coz”
exhibiting one zero at the desired sinusoid frequency ¢/®! on the unit circle, and M — 1
additional spurious zeros with arbitrary locations that depend on the particular choice
of the coefficients c;.

The constraint (6.2.31) can be incorporated into the performance index (6.2.32) by means of
a Lagrange multiplier
E=atRa+A(1-ata)

Show that the minimization of £ is equivalent to the Pisarenko eigenvalue problem of Eq.
6.2.29, with the multiplier A playing the role of the eigenvalue. Show that the minimum of
£ is the minimum eigenvalue.

Show Eq. (6.3.11).

Consider a singular (M +1) X (M + 1) autocorrelation matrix R having non-singular principal
submatrices, and let a be the symmetric or antisymmetric order-M prediction filter satisfying
Ra = 0, as discussed in Section 5.5. First, argue that the M zeros of this filter lie on the unit
circle z; = e/®i i = 1,2,...,M. Then, consider the eigenvalue decomposition of this matrix
in the form R = EAEt, where A is the diagonal matrix of the M nonzero eigenvalues of R
and E is the (M + 1) XM matrix whose columns are the M corresponding eigenvectors. Let
S = [Sw;sSwys+++»Swy ] be the matrix of phasing vectors defined by the zeros of a. Argue
that F is linearly related to S and that R can be written in the form R = SPS*, where P is an
M xM positive-definite matrix. Finally, show that the requirement that R be Toeplitz implies
that P must be diagonal, and therefore, R admits the sinusoidal representation

M
R =) Pisq;sl,, withP;>0

i=1
Computer Experiment. To simulate Eq. (6.3.7), the amplitudes A;(n) may be generated by
Aj(n)= Aze/bin

where ¢;, are independent random phases distributed uniformly over the interval [0, 277],
and A; are deterministic amplitudes related to the assumed signal to noise ratios (SNR) in
units of decibels by

|A;l?
SNR; = 10log; [ o2
(a) Consider one plane wave incident on an array of seven sensors from an angle 8; = 30°.
The sensors are equally spaced at half-wavelength spacings; i.e., d = A/2. For each of

the following values of the SNR of the wave

SNR=0dB, 10dB, 20dB

generate N = 1000 snapshots of Eq. (6.3.7) and compute the empirical spatial corre-
lation matrix across the array by

1 N-1
D _ * T
R = N HEZOY(YU y(n)

Compute and plot on the same graph the three spatial spectra: Bartlett, autoregressive
(AR), and maximum likelihood (ML), versus wavenumber k.
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(b) Repeat for two plane waves incident from angles 6; = 25° and 6, = 35°, and with
equal powers of 30 dB.

(c) Repeat part (b) for angles 0; = 28° and 0, = 32°.

(d) Repeat part (c) by gradually decreasing the (common) SNR of the two plane waves to
the values of 20 dB, 10 dB, and 0 dB.

(e) For parts (a) through (d), also plot all the theoretical spectra.

6.12 Consider L plane waves incident on a linear array of M + 1 sensors (L < M) in the presence
of spatially coherent noise. As discussed in Section 6.3, the corresponding covariance matrix
is given by

L
R =02Q + > Pisys|,
i=1

where the waves are assumed to be mutually uncorrelated.
(a) Show that the generalized eigenvalue problem
Ra = AQa

has (1) an (M + 1 — L)-dimensional noise subspace spanned by M + 1 — L linearly
independent degenerate eigenvectors, all belonging to the eigenvalue A = g2, and (2)
an L-dimensional signal subspace with L eigenvalues greater than 2.

(b) Show that any two eigenvectors a; and a, belonging to distinct eigenvalues A; and A»
are orthogonal to each other with respect to the inner product defined by the matrix
Q, that is, show that a;r Qa, = 0.

(c) Show that the L-dimensional signal subspace is spanned by the L vectors
Ql'sy,, i=1,2,...,L

(d) Show that any vector a in the noise subspace corresponds to a polynomial A (z) that
has L of its M zeros on the unit circle at locations

zi=ek, i=1,2,...,L
The remaining M — L zeros can have arbitrary locations.

6.13 The previous problem suggests the following approach to the problem of “selectively nulling”
some of the sources and not nulling others. Suppose L; of the sources are not to be nulled
and have known SNRs and directions of arrival, and L, of the sources are to be nulled. The
total number of sources is then L = L; + L,, and assuming incoherent background noise,
the incident field will have covariance matrix

Ly Li+Ly
R =0+ ZPisklsL + > P,-sk,s,ti
i=1 i=Ly+1
Define Q by
Ly
02Q = 0l + > Pisysk,
i=1

so that we may write R as follows

Ly+Ly
R=0%Q+ > Pisys,
i=L1+1
Then, the nulling of the L, sources at wavenumbers k;,i = Ly +1,...,L; + L, can be effected

by the (M + 1 — L,)-dimensional noise subspace of the generalized eigenvalue problem
Ra = AQa

having minimum eigenvalue equal to o2.
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(a) As an example, consider the case M = 2, L = L, = 1. Then,
R =02Q + Posi,st,, 02Q = 02 + Pisy s},

Show that the (M + 1 — L, = 2)-dimensional noise subspace is spanned by the two

eigenvectors
1 0
e = —eJ ka , €= 1
0 —elke
(b) Show that an arbitrary linear combination

a=e; + pep

corresponds to a filter A(z) having one zero at the desired location z, = e/k2 and a
spurious zero with arbitrary location.

e

Show that the (L, = 1)-dimensional signal subspace is spanned by the vector
e3 =Q sy,
and that the corresponding generalized eigenvalue is
A =02+ Pasf,Q7 sy,

Verify the orthogonality properties e;rQe3 = 0,1 = 1,2, for the three eigenvectors
e, ep, e3 defined in parts (a) and (c).

g

(e) As another example, consider the case M = 3 and L; = L, = 1. Show that the
(M + 1 - L, = 3)-dimensional noise subspace is spanned by the three eigenvectors

1 0 0
—elkz 1 0
€ = 0 , €= _elka |7 €3 = 1
0 0 —elkz

and the signal eigenvector is e, = Q ~!sy,. Generalize this part and part (a), to the case
of arbitrary M and L; = L, = 1.

(f) As a final example that corresponds to a unique noise eigenvector, consider the case
M =2,1L, =1,and L, = 2, so that

2 T T 2 2 T
R =0,Q + stkzsk2 + P3sk3sk3 , 0yQ =01+ Plsklskl

with k; and k3 to be nulled. Show that the (M +1—L, = 1)-dimensional noise subspace
is spanned by
1
a=e = | —(e/k + /)
ejkz ejkj

and that the corresponding polynomial A (z) factors into the two desired zeros
A(z)= (1-ekezl) (1 - ekszh)

6.14 Computer Experiment. Consider a nine-element (M = 8) linear array with half-wavelength
spacing and two mutually uncorrelated incident plane waves with wavenumbers k; = 0.3,
k> = 0.57 and equal powers of 20 dB. The background noise is incoherent with variance
o=1.

(a) Construct the theoretical matrix R of Eg. (6.3.13) and solve its eigenproblem determin-
ing the nine eigenvectors and eigenvalues. Using a root finder (see e.g., [143]), compute
the eight zeros of each of the seven noise subspace eigenvectors and verify that the
desired zeros lie on the unit circle.
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(b) Generate N = 100 snapshots, construct the sample covariance matrix R of Eq. (6.4.14),
solve its eigenproblem, use the AIC and MDL criteria to check the dimension of the
noise subspace, but regardless of these criteria take that dimension to be seven. Com-
pare the empirical eigenvalues with the theoretical ones found above. Compute the
zeros of the noise subspace eigenvectors and decide if the desired zeros are among
them and if any spurious ones lie close to the unit circle. Also, compute the zeros of
the Min-Norm vector d.

(c) On the same graph, plot in dB the pseudospectra of a few of the noise subspace eigen-
vectors, say, the first three. On a separate graph, but using the same vertical scales as
the previous one, plot the MUSIC and Min-Norm spectra.

(d) Using the same set of snapshots, repeat parts (b,c) for the symmetrized sample covari-
ance matrix of Eq. (6.4.15).

(e) For fixed SNR, repeat parts (b,c,d) for the following choices of number of snapshots:
N = 20, 50, 150, 200, 500.

(f) With the number of snapshots fixed at N = 100, repeat parts (a,b,c,d) for the following
values of the signal to noise ratio: SNR = —10, -5, 0, 5, 10, 30 dB.

(g) Repeat parts (a-f) for three 20-dB plane waves with k; = 0.3, k> = 0.4717, k3 = 0.51T.

6.15 Show Egs. (6.11.9) and (6.11.10).

6.16 Consider an M-dimensional complex random vector y with real and imaginary parts & and
n, so that y = & + jn. With the complex vector y we associate a (2M)-dimensional real
random vector y = :g; . The corresponding covariance matrices are defined by

R=E[y*y"], R=E[yy"]

(a) Show that the conditions E[EET]= E[nn"] and E[EnT]= —E[n&"] are equivalent to
the condition E[yy”]= 0, and that in this case the covariance matrices can be written
as follows:

A B

R=2(A+jB), R=[_B A

] A=E[EE"], B=E[En"]

The matrix A is symmetric and B antisymmetric. Show the equality of the quadratic
forms

, 1 759,
yTR 1y* — EYTR ly

Also, show the relationship between the determinants detR = 2M (detR) /2.
Hint: Apply a correlation canceling transformation on R and use the matrix identity
A+BA'B=(A+jB)A™'(A - jB).

(b) A complex gaussian random vector y is defined by the requirement that the corre-
sponding real vector y be gaussian [112,144,145]. Equating the elemental probabili-
ties p(y)d*My = p(y)d*My and using the results of part (a), show that if p(y) is an
ordinary (zero-mean) gaussian with covariance R, then the density of y is

exp(-y R7'y*)

1 I !
(VR = PO ek

PO mi ey iz P

(c) Using this density show for any four components of y
E[y}yjyiyil= RijRu + RiRy;

(d) Use this result to prove Eq. (6.11.12)

6.17 Show that the log-likelihood function based on N independent complex gaussian snapshots
is given by (up to a constant)

Inp = -Ntr[InR + R7'R]
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where R is given byEq. (6.4.14). Note that it differs by a factor of two from the real-valued
case. From the discussion of Section 1.17, it follows that R is the maximum likelihood
estimate of R. Moreover, the trace formula for the Fisher information matrix also differs by
a factor of two, namely,

oR | OR
P 127 p-1 272
Jij=Ntr [R R a)\j]

6.18 Using Eq. (6.11.12), show that the covariances of the LP parameters E and a are in the
complex-valued case:

2
E[(AE)?] = % E[AaAE] =0, E[Aadat]= ]%(Pr1 — E'aat)
6.19 Let S(k)= s}:Rsk be the Bartlett spectrum. Using Eq. (6.11.13), show that its variance is
2 1 2
E[(AS(k))"] = NSk

Show that the variance of the ML spectrum S (k)= 1/s£R’1sk is also given by a similar
formula.

6.20 (a) Let A(k)= s,ta be the frequency response of the LP polynomial in the complex-valued
case. Using the results of Problem 6.18, show that its variance is
E _ _
E[IAA(K) 2] = N[S;R Isg — ETYA(K) 2]

Use the kernel representation of Problem 5.17 to argue that the right-hand side is positive.
Alternatively, show that it is positive by writing A (k)= E (sZR"uo) and E = (u(];R"uo) -1
and using the Schwarz inequality.

(b) In the complex case, show that E[AaAa’]= 0. Then, show that the variance of the AR
spectrum S (k) = E/|A (k) |? is given by

E[(a5(K))] = LS (0*[25(K) (s[R "s51) 1]

and show again that the right-hand side is positive.
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7
Adaptive Filters

7.1 Adaptive Implementation of Wiener Filters
We review briefly the solution of the Wiener filtering problem.

+
Xn N e, =x,— %0

yl‘l

design criterion
E[e,2] = min

The general solution does not place any a priori restriction on the order of the Wiener
filter. In general, an infinite number of weights is required to achieve the lowest esti-
mation error. However, in adaptive implementations we must insist in advance that the
number of filter weights be finite. This is so because the adaptation algorithm adapts
each weight individually. Obviously, we cannot adapt an infinite number of weights. We
will assume then, that the optimal Wiener filter is an FIR filter, say with M + 1 weights

h = [ho, h1,ho,....,hn1T, H@Z)=ho+hz ' +hoz 2+ -+ hyz ™

This filter processes the available observations y, to produce the estimate

M
Rn= D> MmYn-m =Hhoyn+MYn1+hoyn o+ +huynu

m=0

The weights h,, are chosen optimally so that the mean-square estimation error is
minimized; that is,
E=E[e2]l=min, e, =xy— &y

This minimization criterion leads to the orthogonality equations, which are the de-
termining equations for the optimal weights. Writing the estimate in vector notation

Xn = [ho, hy,..., hy] : =h'y(n)

we may write the orthogonality equations as

Elenyn-ml=0, 0<m=<M
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or, equivalently,
E[eny(n)]=0

These give the normal equations

E[(xn = &n)Y(n) 1= E[ (s —hTy(n))y(n)] =0, or,

Ely(n)y(n)TTh = E[x,y(n)], or,

Rh=r, R=E[y(n)y(m)T], r=E[xyy(n)]

The optimal weights are obtained then by
h=R"'r (7.1.1)
The corresponding minimized value of the estimation error is computed by
E=E[e2]=E[en(xn —hTy(n))] = Elenxn]l= E[(xn —hTy(n))xx]
= E[X3]-hTE[y(n)x,]= E[x3]-hTr = E[x2]-r"R"'r

The normal equations, and especially the orthogonality equations, have their usual
correlation canceling interpretations. The signal x, being estimated can be written as

Xn=eén+R&p=en+hlyn)

Itis composed of two parts, the term e,, which because of the orthogonality equations
is entirely uncorrelated with y (n), and the second term, which is correlated with y (n).
In effect, the filter removes from x, any part of it that is correlated with the secondary
input y(n); what is left, e,, is uncorrelated with y(n). The Wiener filter acts as a
correlation canceler. If the primary signal x,, and the secondary signal y(n) are in any
way correlated, the filter will cancel from the output e, any such correlations.

One difficulty with the above solution is that the statistical quantities R and r must
be known, or at least estimated, in advance. This can be done either by block processing
or adaptive processing methods. The principal advantages of block processing meth-
ods are that the design is based on a single, fixed, data record and that the length of
the data record may be very short. Thus, such methods are most appropriate in appli-
cations where the availability of data is limited, as for example, in parametric spectrum
estimation based on a single block of data, or in deconvolution applications where the
data to be deconvolved are already available, for example, a still distorted picture or a
recorded segment of a seismic response.

Availability of data, however, is not the only consideration. In a changing environ-
ment, even if more data could be collected, it may not be correct to use them in the
design because stationarity may not be valid for the longer data block. Block processing
methods can still be used in such cases, but the optimum filters must be redesigned
every time the environment changes, so that the filter is always matched to the data
being processed by it. This is, for example, what is done in speech processing. The
input speech signal is divided into fairly short segments, with each segment assumed to
arise from a stationary process, then the statistical correlations are estimated by sample
correlations and the optimal prediction coefficients corresponding to each segment are
computed. In a sense, this procedure is data-adaptive, but more precisely, it is block-
by-block adaptive.

In other applications, however, we do not know how often to redesign and must
use adaptive implementations that provide an automatic way of redesigning the opti-
mum processors to continually track the environment. For example, communications



7.1. Adaptive Implementation of Wiener Filters 299

and radar antennas are vulnerable to jamming through their sidelobes. Adaptive side-
lobe cancelers continuously adjust themselves to steer nulls toward the jammers even
when the jammers may be changing positions or new jammers may be coming into play.
Another example is the equalization of unknown or changing channels, or both. In
switched telephone lines the exact transmission channel is not known in advance but is
established at the moment the connection is made. Similarly, in fading communications
channels the channel is continuously changing. To undo the effects of the channel, such
as amplitude and phase distortions, an equalizer filter must be used at the receiving end
that effectively acts as an inverse to the channel. Adaptive equalizers determine auto-
matically the characteristics of the channel and provide the required inverse response.
Other applications, well-suited to adaptive implementations, are noise canceling, echo
canceling, linear prediction and spectrum estimation, and system identification and con-
trol.

In this chapter we discuss several adaptation algorithms, such as the Widrow-Hoff
least mean square (LMS) algorithm, the conventional recursive least squares (RLS) algo-
rithm, the fast RLS algorithms, and the adaptive lattice algorithms and present some
of their applications [1-9,155]. A typical adaptive implementation of a Wiener filter is
depicted in Fig. 7.1.

+
R '\H > Cp=Xp— En
b o
y, Wiener |
" filter P !
n |
adaptation ;
7 e ] aton |
algorithm

Fig. 7.1 Adaptive Wiener filter.

The adaptation algorithm continuously monitors the output error signal e, and at-
tempts to minimize the output power E[e2], or, equivalently tries to decorrelate e,
from the secondary input y,. At each time instant n, the current values of the weights
are used to perform the filtering operation. The computed output e, is then used by the
adaptation part of the algorithm to change the weights in the direction of their optimum
values. As processing of the input signals x,; and y, takes place and the filter gradually
learns the statistics of these inputs, its weights gradually converge to their optimum
values given by the Wiener solution (7.1.1). Clearly, the input statistics must remain un-
changed for at least as long as it takes the filter to learn it and converge to its optimum
configuration. If, after convergence, the input statistics should change, the filter will
respond by readjusting its weights to their new optimum values, and so on. In other
words, the adaptive filter will track the non-stationary changes of the input statistics as
long as such changes occur slowly enough for the filter to converge between changes.
The three basic issues in any adaptive implementation are:

1. The learning or convergence speed of the algorithm.
2. The computational complexity of the algorithm.
3. The numerical accuracy and stability of the algorithm.

The convergence speed is an important factor because it determines the maximum
rate of change of the input non-stationarities that can be usefully tracked by the filter.
The computational complexity refers to the number of operations required to update
the filter from one time instant to the next. The table below shows how various adaptive
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algorithms fare under these requirements.

algorithm | speed | complexity | stability |

LMS slow simple stable

RLS fast complex stable
Fast RLS fast simple unstable

Lattice fast simple stable

Only adaptive lattice algorithms satisfy all three requirements. We will discuss these
algorithms in detail later on. In the next section we begin with the LMS algorithm because
it is the simplest and most widely used. We finish this section with the obvious remark
that adaptive or block processing optimal filter designs, regardless of type, cannot do
any better than the theoretical Wiener solution. The optimal filter, therefore, should be
first analyzed theoretically to determine if it is worth using it in the application at hand.

7.2 Correlation Canceler Loop (CCL)

To illustrate the basic principles behind adaptive filters, consider the simplest possible
filter, that is, a filter with only one weight

Xn €n

h
n {> )/C\n =hyn

The weight h must be selected optimally so as to produce the best possible estimate
of xp:
Xn = hyn
The estimation error is expressed as

E=E[e3]=E[(xn — hyn)?)]| = E[X3]1-2hE[xnyn1+E[y31h?

. . (7.2.1)
= E[x2]-2hr + Rh?
The minimization condition is
o€ oe,
e 2E [en oh ] = —2E[eyynl=-2r +2Rh =0 (7.2.2)

which gives the optimum solution hgpr = R71r, and also shows the correlation can-
cellation condition E[e,y,]= 0. The adaptive implementation is based on solving the

equation

o0&

~— =0 7.2.3

oh ( )
iteratively, using a gradient-descent method. The dependence of the error £ on the filter
parameter h is parabolic, with an absolute minimum occurring at the above optimal

value hopt = R~1r. This is shown below
E(h)
WE(h)

E(h+Ah)

Emin

h h+Ah hoy=R'r
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In the adaptive version, the filter parameter h is made time-dependent, h(n), and is
updated from one time instant to the next as follows

h(n+1)=h(n)+Ah(n) (7.2.4)

where Ah (n) is a correction term that must be chosen properly in order to ensure that
eventually the time-varying weight h (n) will converge to the optimal value:

h(n)— hopy =R7'r as n— o
The filtering operation is now given by the still linear but time non-invariant form
Xn =h(n)yn (7.2.5)

The computation of the estimate at the next time instant should be made with the
new weight, that is,
Xnp1=hn+1)yn

and so on. The simplest way to choose the correction term Ah(n) is the gradient-
descent, or steepest-descent, method. The essence of the method is this: It is required
that the change h — h + Ah must move the performance index closer to its minimum
than before, that is, Ah must be such that

E(h + Ah)< E(h)

Therefore, if we always demand this, the repetition of the procedure will lead to
smaller and smaller values of £ until the smallest value has been attained. Assuming
that Ah is sufficiently small, we may expand to first order and obtain the condition

o&(h
E(h)+Ah o9&t < &(h)
oh

If Ah is selected as the negative gradient —u(0E/0h) then this inequality will be
guaranteed, that is, if we choose

0&(h)

Ah = —pu Ih (7.2.6)
then the inequality is indeed satisfied:
o6(h) o(h) |?
5(h)+AhaT =E&h)—u “on ‘ < &(h)

The adaptation parameter y must be small enough to justify keeping only the first-
order terms in the above Taylor expansion. Applying this idea to our little adaptive
filter, we choose the correction Ah(n) according to Eq. (7.2.6), so that

h(n+1):h(n)+Ah(n):h(n)fuw (7.2.7)
. . . 0&(h) )
Using the expression for the gradient an - —2r + 2Rh, we find

h(n+1) =h(n)—u[-2r + 2Rh(n) |
= (1 —-2uR)h(n)+2ur

This difference equation may be solved in closed form. For example, using z-transforms
with any initial conditions h (0), we find

R (1) = hope + (1 — 2UR)" (h (0) ~hop) (7.2.8)
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where hgpe = R~'r. The coefficient h (n) will converge to its optimal value hopt, regard-
less of the starting value h (0), provided u is selected such that

[1—-2uR| <1

or,—1 < 1—-2uR < 1, or since yu must be positive (to be in the negative direction of the
gradient), u must satisfy

1
— 7.2.
0<u<R (7.2.9)

To select u, one must have some a priori knowledge of the magnitude of the input
variance R = E[y2]. Such choice for u will guarantee convergence, but the speed of
convergence is controlled by how close the number 1 — 2uR is to one. The closer it
is to unity, the slower the speed of convergence. As u is selected closer to zero, the
closer 1 — 2uR moves towards one, and thus the slower the convergence rate. Thus, the
adaptation parameter yu must be selected to be small enough to guarantee convergence
but not too small to cause a very slow convergence.

7.3 The Widrow-Hoff LMS Adaptation Algorithm

The purpose of the discussion in Section 7.2 was to show how the original Wiener filtering
problem could be recast in an iterative form. From the practical point of view, this
reformulation is still not computable since the adaptation of the weights requires a
priori knowledge of the correlations R and r. In the Widrow-Hoff algorithm the above
adaptation algorithm is replaced with one that is computable [1,2]. The gradient that
appears in Eq. (7.2.7)
0&E(h(n))

oh
is replaced by an instantaneous gradient by ignoring the expectation instructions, that
is, the theoretical gradient

hin+1)=h(n)—u

0E(h(n))

3h = —2E[enynl= —2r + 2Rh(n) = —2E[Xnyn]+2E[y3]h(n)

is replaced by

o0&
Sp = ~2enyn = =2(xn —h()yn)yn = =2Xnyn + 2yzh(n) (7.3.1)
so that the weight-adjustment algorithm becomes

h(n+1)=h(n)+2ueyyn (7.3.2)

In summary, the required computations are done in the following order:

. At time n, the filter weight h (n) is available.

. Compute the filter output &, = h(n)y,.

. Compute the estimation error e, = X, — Xp.

. Compute the next filter weight h(n + 1) = h(n) +2ue,yn.
. Go to next time instant n — n + 1.

Ul ok w N =

The following remarks are in order:

1. The output error e, is fed back and used to control the adaptation of the filter
weight h(n).
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2. The filter tries to decorrelate the secondary signal from the output e,. This, is
easily seen as follows: If the weight h(n) has more or less reached its optimum
value, then h(n + 1)~ h(n), and the adaptation equation implies also approxi-
mately that ey, = 0.

3. Actually, the weight h (n) never really reaches the theoretical limiting value hqpe =
R~'r. Instead, it stabilizes about this value, and continuously fluctuates about it.

4. The approximation of ignoring the expectation instruction in the gradient is known
as the stochastic approximation. It complicates the mathematical aspects of the
problem considerably. Indeed, the difference equation

h(n+1)=h(n)+2uenyn = h(n)+2u(xn — h(n)yn) yn

makes h(n) depend on the random variable y, in highly nonlinear fashion, and
it is very difficult to discuss even the average behavior of h(n).

5. In discussing the average behavior of the weight h (n), the following approxima-
tion is typically (almost invariably) made in the literature

Elh(n+1)] = E[h(n)] + 2uUE[Xnyn] — 2uE[h(n)y3]
= E[h(n)] + 2uE[XnYn] — 2UE[h(n) E[y?3]
=E[h(n)] + 2ur —2uE[h(n)|R
where in the last term, the expectation E[h (n) | was factored out, as though h (n)
were independent of y,,. With this approximation, the average E[h (n) ] satisfies
the same difference equation as before with solution given by Eq. (7.2.8). Typically,

the weight h (n) will be fluctuating about the theoretical convergence curve as it
converges to the optimal value, as shown below

h(n)

E[h(n)]—|

hop=R'r

» 71

After convergence, the adaptive weight h(n) continuously fluctuates about the
Wiener solution hpi. Ameasure of these fluctuations is the mean-square deviation
of h(n) from hgp,, thatis, E[ (h(n) —hep) 2]. Under some restrictive conditions,
this quantity has been calculated [10] to be

E[(h(n)—hopt)z] — UEmin (for large n)

where Enin is the minimized value of the performance index (7.2.1). Thus, the
adaptation parameter u controls the size of these fluctuations. This gives rise to
the basic trade-off of the LMS algorithm: to obtain high accuracy in the converged
weights (small fluctuations), a small value of u is required, but this will slow down
the convergence rate.

Arealization of the CCL is shown in Fig. 7.2. The filtering part of the realization must
be clearly distinguished from the feedback control loop that performs the adaptation of
the filter weight.
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+
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2u

Yn 2ue,

Fig. 7.2 Correlation canceler loop.

Historically, the correlation canceler loop was introduced in adaptive antennas as a
sidelobe canceler [11-17]. The CCL is the simplest possible adaptive filter, and forms
the elementary building block of more complicated, higher-order adaptive filters.

We finish this section by presenting a simulation example of the CCL loop. The
primary signal x,, was defined by

xn = —0.8y, + uy

where the first term represents that part of x,, which is correlated with y,. The part u,
is not correlated with y,. The theoretical value of the CCL weight is found as follows:

r = E[Xnyn]l= —0.8E[Ynynl +E[unyn]l= —08R+0 = hopr =R 'r=-0.8

The corresponding output of the CCL will be X, = hopiyn = —0.8yy, and therefore it
will completely cancel the first term of x,, leaving at the output e, = x,, — X, = Up.

In the simulation we generated 1000 samples of a zero-mean white-noise signal y,
of variance 0.1, and another independent set of 1000 samples of a zero-mean white-
noise signal u, also of variance 0.1, and computed x,. The adaptation algorithm was
initialized, as is usually done, to zero initial weight h (0) = 0. Fig. 7.3 shows the transient
behavior of the adaptive weight h(n), as well as the theoretical weight E[h(n) ], as a
function of the number of iterations n, for the two values of u, y = 0.03 and y = 0.01.

Transient behavior of CCL loop

0 200 400 600 800 1000
iterations n

Fig. 7.3 Transient behavior of theoretical (dashed) and adaptive weights h(n).

Note that in both cases, the adaptive weight converges to the theoretical value hope =
—0.8, and that the smaller u is slower but the fluctuations are also smaller. After the
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adaptive weight has reached its asymptotic value, the CCL begins to operate optimally,
removing the correlated part of x, from the output e,,.

Later on we will consider the complex-valued version of adaptive Wiener filters. Their
elementary building block is the complex CCL shown below

+
J e,

Xn Hf

Yn

€n

:7214

complex
conjugate

In 2pey
The performance index is now
£ =E[lenl?] = E[Ixn — hyn|?] = min
with optimum solution
hopt =R7'r, R=Elysynl, 1=Exay;]

Analog implementations of the CCL are used in adaptive antennas. An analog CCL
is shown below

(1) X e(t)
»0) 0
£h(r) (t)
1
complex T
conjugate
G
u(f)
) e(t)

where a high gain amplifier G and an ordinary RC-type integrator are used. If T denotes
the RC time constant of the integrator, the weight updating part of the CCL is

Th(t)+h(t)= Gu(t)= Ge(t)y* (1)

The performance of the analog CCL can be analyzed by replacing the adaptive weight
h(t) by its statistical average, satisfying

Th(t)+h(t)= GE[e(t)y* ()] = GE[(x(t) —h (D) y (1)) y* (1) ]
or, defining R = E[y(t)y* ()] and r = E[x()y* (1) ],
Th(t)+h(t)= Gr — GRh(t)

with solution for t > 0:
h(t)= h()pt + (h(0) 7h0pt) et

where hgp is the asymptotic value

Ropt = (1 + GR) 'Gr
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Thus, a high gain G is needed to produce an asymptotic value close to the theoretical
Wiener solution R~!r. The time constant of adaptation is given by

1 T

a 1+GR

Note that this particular implementation always converges and the speed of conver-
gence is still inversely dependent on R.

7.4 Adaptive Linear Combiner

A straightforward generalization of the correlation canceler loop is the adaptive linear
combiner, where one has available a main signal x,, and a number of secondary signals

Ym(n), m=0,1,...,M. These (M + 1) secondary signals are to be linearly combined
with appropriate weights hg, hy, ..., hy to form an estimate of x,:
Yo (n)
. y1(n) .
Xn = hoyo (M) +hiy1(n)+ - - - + hyym (n) = [ho, h, ..., hu ]| . =h'y(n)
ym (n)

A realization of this is shown in Fig. 7.4. The adaptive linear combiner is used in
adaptive radar and sonar arrays [11-17]. It also encompasses the case of the ordinary
FIR, or transversal, Wiener filter [2].

Xp > > ey
ho(n) 2
Yo(n) {>0 n
hy(n)

nn) ———

)
L

()

Fig. 7.4 Linear combiner.

The optimal weights h,, minimize the estimation error squared
E=FE[e2]l=min, e, =X, — &y

The corresponding orthogonality equations state that the estimation error be or-
thogonal (decorrelated) to each secondary signal y,, (n):

& 5en]__ _
—ahm—ZE[enahm = -2F[enym(n)] =0, 0<m=<M

or, in vector form
Eleny(n)] =0 = E[xay(m)] —E[y(n)y" (n)]h=r—-Rh=0

with optimum solution hgpe = R™!r.

The adaptive implementation is easily obtained by allowing the weights to become
time-dependent, h(n), and updating them in time according to the gradient-descent
algorithm
0&(h(n))

h(n+1)=h(n)—u oh
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with instantaneous gradient

o€

T —2E[eny(n)] — —2eny(n)

so that
h(n+1)=h(n)+2ue,y(n)

or, component-wise
hm(n+1)=hpy(n)+2ue,ym(n), 0<m=<M (7.4.1)
The computational algorithm is summarized below:

1. Xy = ho(n)yo(n) +hy (n)y1(n)+ - - - + hy (N)ym (n)

2. ep=Xp—XRp

3. hpw(n+1)=hy(n)+2uenymn), 0<m=<M

It is evident that each weight h, (n) is being adapted by its own correlation canceler

loop, while all weights use the same feedback error e, to control their loops. The case
of two weights (M = 1) is shown in Fig. 7.5.

Xn > > €p
Yo(n) n
K72 u
1(n)

Fig. 7.5 Adaptive linear combiner.

The adaptive linear combiner has two major applications:

1. Adaptive sidelobe canceler.
2. Adaptive FIR Wiener filter.

The two cases differ only in the way the inputs to the linear combiner are supplied. The
linear combiner part, performing the optimum processing, is the same in both cases.
The time series case is discussed in the next section. The array problem is depicted
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below.
desired signal main antenna . N
< ~ © @ . > > €p
o 0 o X
V

AA’ yi(n) hy(n)
jammers A' : :
o

secondary array elements
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It consists of amain and a number of secondary antennas. The main antenna is highly
directional and oriented toward the desired signal. Jammers picked up by the sidelobes
of the main antenna and by the secondary antennas will tend to be canceled because the
adaptive linear combiner, acting as a correlation canceler, will adjust itself to cancel that
part of the main signal that is correlated with the secondary ones. The desired signal
may also be canceled partially if it is picked up by the secondary antennas. Strong
jammers, however, will generally dominate and as a result the canceler will configure
itself to cancel them. The cancellation of the desired signal can also be prevented by
imposing additional constraints on the filter weights that can sustain the beam in the
desired look-direction.

The adaptation speed of the adaptive canceler is affected by the relative power levels
of the jammers. If there are jammers with greatly differing powers, the overall adapta-
tion speed may be slow. The stronger jammers tend to be canceled faster; the weaker
ones more slowly. Qualitatively this may be understood by inspecting, for example, ex-
pression (6.2.32). The power levels P; of the plane waves act as penalty factors in the
performance index, that is, the minimization of the performance index will tend to favor
first the largest terms in the sum. This limitation of the LMS algorithm has led to the
development of alternative algorithms, such as adaptive Gram-Schmidt preprocessors
or RLS, in which all jammers get canceled equally fast.

7.5 Adaptive FIR Wiener Filter

The adaptive FIR or transversal filter is a special case of the adaptive linear combiner.
In this case, there is only one secondary signal y,. The required M + 1 signals y,,; (n)
are provided as delayed replicas of yj, that is,

Ym(N)=Yn-m (7.5.1)

A realization is shown in Fig. 7.6. The estimate of X, is
M
Rn= > hm(M)yn-m=ho(M)yn+h1(M)yn1+---+hy()ynu
m=0
The time-varying filter weights h,, (n) are continuously updated according to the
gradient-descent LMS algorithm
hpm (n + 1) = hy, (n) +2pepym (n), or,

hnm(n+1)=hy(n)+2uenyYn-m, 0<m=<M (7.5.2)

Each weight is therefore updated by its own CCL. Again, we summarize the compu-
tational steps:
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Xn > H > €p

,\ho(”) Xn

Yn )
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V

Fig. 7.6 Adaptive FIR Wiener filter.

M

1. Compute the estimate X, = Z hm (M) Yn-m
m=0

2. Compute the error signal e, = x, — Xp,

3. Adjust the weights hy, (n + 1) = hyy (n) +2Uepyn-m, 0<m=<M

The subroutine Ims (see Appendix B) is an implementation of the algorithm. With a
minor modification it can also be used for the more general adaptive linear combiner.
Each call to the routine reads a pair of input samples {x,,),}, performs the filtering
operation to produce the output pair {X,, e,}, updates the filter coefficients hy, (n) to
their new values h,, (n + 1) to be used by the next call, and updates the internal state of
the filter. It is essentially the routine dwf with the weight adaptation part added to it.

Next, we present the same simulation example as that given in Section 7.3, but it is
now approached with a two-tap adaptive filter (M = 1). The filtering equation is in this
case

Xn = ho(M)yn +hi(n)yn

The theoretical Wiener solution is found as follows: First note that
Rxy (k) = E[Xnsk¥Ynl= E[ (=0.8yn+k + un+k))’n] = —0.8E[yn+k¥n]
= —0.8Ryy (k)= —0.8R (k)

Thus, the cross correlation vector is

[Rey@ ] [RO
‘"‘[ny(l)]‘ 0'8[12(1)]

and the Wiener solution becomes:

_ R(0) R) | '[-0.8R(0)
h:er:[R(l) R(O)] [—O.SR(I)]

_ -0.8 R(0) —R(1) R(0) | | -0.8
T R(0)2-R(1)2| -R(1) R©) [|R(M) || o0
We could have expected that h; is zero, since the signal x,, does not depend on y,_1,
but only on y,. The adaptive weights were both initialized to the (arbitrary) value of
ho(0)= hy(0)= —0.4, and the value of u was 0.03. Figure 7.7 shows the two adaptive

weights hy(n) and h;(n) as a function of n, converging to their optimal values of
h() = —0.8 and h] = 0.



310 7. Adaptive Filters

LMS weights

0 200 400 600 800 1000
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Fig. 7.7 Transient behavior of FIR adaptive filter.

How does one select the filter order M? The rule is that the filter must have at least

as many delays as that part of x, which is correlated with y,. To see this, suppose x,
is related to y, by

Xn = CoYn + C1¥Yn-1+ - +CLYn-L + Up (7.5.3)

where uy, is uncorrelated with y,,. Then, the filter order must be at least L. If M > L, we
can write:
Xn = CoYn + C1¥n-1+ -+ + + CMYn-m + Un = €' y(n) +up

where c is the extended vector having ¢; = 0 for L + 1 < i < M. The cross-correlation
between x,, and y(n) is

r=E[x.y(n)] =E[(yT (M) y(n)] = E[y(n)y’ (n)]c = Rc

Thus, the Wiener solution will be h = R~!'r = c. This, in turn, implies the complete
cancellation of the y-dependent part of x,. Indeed, X, = hTy(n) = cTy(n) and

en=2xn—R&n = (cTy(n)+uy) —cly(n)=uy

What happens if we underestimate the filter order and choose M < L? In this case,
we expect to cancel completely the first M terms of Eq. (7.5.3) and to cancel the remaining
terms as much as possible. To see this, we separate out the first M terms writing

Yn Yn-M-1
xn=[co,...,em]| ¢ |+ [emery-.n,crd : +up = cly, (n)+cly, (n) +up

Yn-M Yn-L

The problem of estimating x, using an Mth order filter is equivalent to the problem
of estimating x, from y, (n). The cross-correlation between x, and y; (n) is

E[xny, (n)] = Ely; (n)y{ (n) ]c1 + E[y; (n)y] (n) ],
It follows that the optimum estimate of x, is

Xn = E[xoy] (M) E[y; (m)y] (n)] 'y, (n)

= (TEly, myl (m] + SE[y,(myl (m ) E[y, (myl (m]~"

Y1(n)
= (I + LE[y,(myl (m E[y, (myl ()] )y, (n)

=cly,(n)+ck9,, (n)
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where ¥,/ (n) = E[y, (n)y? (n)|E[y, (n)yT (n)] “ly, (n) is recognized as the optimum
estimate of y, (n) based on y, (n). Thus, the estimation error will be
en =Xn—RXn = [clTyl(n)+c2Tyz(n)+u,1] - [C1Y1(n)+C2T§’2/1(n)]
= ¢ [y2 (M) =Yo1 (M)] + up

which shows that the y, (n) part is removed completely, and the y, (n) part is removed
as much as possible.
7.6 Speed of Convergence

The convergence properties of the LMS algorithm [2,10,18] may be discussed by restoring
the expectation values where they should be, that is

Yo (n) Yn
o€ y1(n) Yn-1
5 = “2Eleny(m], y(m= : =

yum (n) Yn-M

resulting in the difference equation for the weight vector

h(n+1) =h(n)—pu g—i

=h(n)+2uE[eny(n)]
= h(n) +2u{E[xay (m] - E[y(m)y" (n)]h(n)}
=h(n)+2ur — 2uRh(n)

or,
h(n+1)= (I -2uR)h(n)+2ur (7.6.1)

where r = E[x,y(n)] and R = E[y(n)y” (n)]. The difference equation (7.6.1) has the
following solution, where h gy = R 'r

h(n)=hgy, + (I - 2uR)™ (h(0) —hopt)

Convergence to hyp requires that the quantity (1 — 2uA), for every eigenvalue A of
R, have magnitude less than one (we assume that R has full rank and therefore all its
eigenvalues are positive):

1

[1-2uAl <1 & -—-1<1-2uA<l1 < 0<H<X

This condition will be guaranteed if we require this inequality for A .y, the maximum
eigenvalue:

O<u< (7.6.2)

A max

Note that Ay, can be bounded from above by

M M
Amax < tr(R)= > Rji= > R(0)= (M +1)R(0)
i=0 i=0

and one may require instead g < 1/((M + 1)R(0)). As for the speed of convergence,
suppose that u is selected half-way within its range (7.6.2), near 0.5/Anax, then the rate
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of convergence will depend on the slowest converging term of the form (1 — 2uA)"
that is, the term having |1 — 2uA| as close to one as possible. This occurs for the
smallest eigenvalue A = Apin. Thus, the slowest converging term is effectively given by
(1 = 2puAmin) "= (1 — Amin/Amax) ™. The effective time constant in seconds is obtained
by writing t = nT, where T is the sampling period, and using the approximation

Amin \" Ami
1 _ mln) ~ ex (_ min n) — efr/‘r

where
T = T )\max

2\min

The eigenvalue spread Amax/Amin controls, therefore, the speed of convergence. The
convergence can be as fast as one sampling instant T if the eigenvalue spread is small,
i.e., Amax/Amin = 1. But, the convergence will be slow if the eigenvalue spread is large.
As we shall see shortly, a large spread in the eigenvalues of the covariance matrix R
corresponds to a highly self-correlated signal y.

Thus, we obtain the general qualitative result that in situations where the secondary
signal is strongly self-correlated, the convergence of the gradient-based LMS algorithm
will be slow. In many applications, such as channel equalization, the convergence must
be as quick as possible. Alternative adaptation schemes exist that combine the compu-
tational simplicity of the LMS algorithm with a fast speed of convergence. Examples are
the fast RLS and the adaptive lattice algorithms.

The possibility of accelerating the convergence rate may be seen by considering a
more general version of the gradient-descent algorithm in which the time update for the

weight vector is chosen as
o€
Ah = -M —— 7.6.3
oh (7.6:3)
where M is a positive definite and symmetric matrix. The LMS steepest descent case is
obtained as a special case of this when M is proportional to the unit matrix I, M = ul.
This choice guarantees convergence towards the minimum of the performance index

£(h), indeed,

£(h+ Ah)~ £(h) +Ah” (g—i) — £(h) - (Z—E)TM (g—fl) < &)

Since the performance index is
E=E[e2]=E[(xn —h"y(n))?] = E[x3]-2h"r + h"Rh

it follows that 0£/0h = —2 (r—Rh), and the difference equation for the adaptive weights
becomes
h(n+1)=h(n)+Ah(n)=h(n)+2M(r — Rh(n))

or,
h(in+1)= I -2MR)h(n)+2Mr (7.6.4)

with solution for n > 0
h(n)=hep + (I —2MR)" (h(0) —hop) (7.6.5)

where hgy = R~!r is the asymptotic value, and h(0), the initial value. It is evident
from Eq. (7.6.4) or Eq. (7.6.5) that the choice of M can drastically affect the speed of
convergence. For example, if M is chosen as

M= (2R)! (7.6.6)
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then I — 2’MR = 0, and the convergence occurs in just one step! This choice of M is
equivalent to Newton’s method of solving the system of equations

o€
f(hy=——-=0
(h) oh
for the optimal weights. Indeed, Newton’s method linearizes about each point h to get
the next point, that is, Ah is selected such that

f(h+ Ah)= f(h) + (%) Ah =0

where we expanded to first order in Ah. Solving for Ah, we obtain

of
oh

But since f(h)= —2(r — Rh), we have 0f/0h = 2R. Therefore, the choice M =
(2R) ! corresponds precisely to Newton’s update. Newton’s method is depicted below
for the one-dimensional case.

Yo

Ah - —( )&f(h)

J()=0

0 >/
hy  hy hg

Note that the property that Newton’s method converges in one step is a well-known
property valid for quadratic performance indices (in such cases, the gradient f(h) is
already linear in h and therefore Newton’s local linearization is exact). The important
property about the choice M = (2R) ! is that M is proportional to the inverse of
R. An alternative choice could have been M = xR~!. In this case I — 2’MR becomes
proportional to the identity matrix:

I-2MR=(1-2x)1

having equal eigenvalues. Stability requires that |1-2x| < 1, or equivalently, 0 < & < 1,
with Newton’s choice corresponding exactly to the middle of this interval, @ = 1/2.
Therefore, the disparity between the eigenvalues that could slow down the convergence
rate is eliminated, and all eigenmodes converge at the same rate (which is faster the
more M resembles (2R) 1)

The implementation of such Newton-like methods requires knowledge of R, which
we do not have (if we did, we would simply compute the Wiener solution hop; = R7'r.)
However, as we shall see later, the so-called recursive least-squares algorithms effec-
tively provide an implementation of Newton-type methods, and that is the reason for
their extremely fast convergence. Adaptive lattice filters also have very fast convergence
properties. In that case, because of the orthogonalization of the successive lattice stages
of the filter, the matrix R is diagonal (in the decorrelated basis) and the matrix M can
also be chosen to be diagonal so as to equalize and speed up the convergence rate of all
the filter coefficients. Recursive least-squares and adaptive lattice filters are discussed
in Sections 7.13 and 7.18, respectively.

Finally, we would like to demonstrate the previous statement that a strongly corre-
lated signal ¥, has a large spread in the eigenvalue spectrum of its covariance matrix.
For simplicity, consider the 2x2 case

i . Y _[RrRO) RO)
R=E[y(my'(n)] =E [[%H } [, Y'H]] = [R(l) R(0) ]



314 7. Adaptive Filters

The two eigenvalues are easily found to be
Amin = R(0)=|R(1)]
Amax = R(0)+|R (1)
and therefore, the ratio Apin/Amax is given by

2\min R(O)_lR(l)l

Amax  R(0)+|R(1)]

Since for an autocorrelation function we always have |R(1)| < R(0), it follows that
the largest value of R (1) is +R (0), implying that for highly correlated signals the ratio
Amin/Amax Will be very close to zero.

7.7 Adaptive Channel Equalizers

Channels used in digital data transmissions can be modeled very often by linear time-
invariant systems. The standard model for such a channel including channel noise is
shown here.

channel noise

Vn
Yn channel Vn
transmitted > H.(2) received
signal signal

In the Figure, H. (z) is the transfer function for the channel and v;,, the channel noise,
assumed to be additive white gaussian noise. The transfer function H.(z) incorporates
the effects of the modulator and demodulator filters, as well as the channel distortions.
The purpose of a channel equalizer is to undo the distorting effects of the channel and
recover, from the received waveform y,, the signal X, that was transmitted. Typically,
a channel equalizer will be an FIR filter with enough taps to approximate the inverse
transfer function of the channel. A basic equalizer system is shown below.

channel noise
Vi

channel _| equalizer

n Ha(z) gy Yn H(z)

A
Xy

In this figure, H (z) is the desired transfer function of the equalizer. In many situ-
ations, such in the telephone network, the channel is not known in advance, or it may
be time-varying as in the case of multipath channels. Therefore, it is desirable to design
equalizers adaptively [19-21].

A channel equalizer, adaptive or not, is an optimal filter since it tries to produce
as good an estimate X, of the transmitted signal x,, as possible. The Wiener filtering
concepts that we developed thus far are ideally suited to this problem. This is shown
below.

Xn .
transmitted > > €
signal R
- Xn
Vn optimal
received — > €qualizer
signal H(z)
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The design of the optimal filter requires two things: first, the autocorrelation of the
received signal y,, and second, the cross-correlation of the transmitted signal x,, with
the received signal. Since the transmitted signal is not available at the receiver, the
following procedure is used. After the channel connection is established, a “training”
sequence Xp, which is also known to the receiver, is transmitted over the channel. Then,
the equalizer may be designed, and then the actual message transmitted. To appreciate
the equalizer’s action as an inverse filter, suppose that the training sequence x, is a
white-noise sequence of variance g2. According to the theory developed in Chapter 4,
the optimal filter estimating x, on the basis of yj, is given by

_ 1 Sxy(Z)
H@)= [B(z*‘) ]+

where B (z) is the spectral factor of Sy (z) = USB (z)B(z71). To simplify the discussion,
let us ignore the causal instruction:

Sxy (2) _Svw(®)
O’EB(Z)B(Z*I) Syy(z)

H(z)=

Since we have Y (z)= H.(z) X (z)+V (z), we find
Sxy (2) = Sxx(2)He (271) +8xv (2) = Sxx (2)He (z71) = 0xHe (271)
Syy(z2) = He(2)He (27 V) S (2) +Swv (2) = 02H (2)He (z71) + 072
the equalizer’s transfer function is then

Sxy (2) _ U}%HC(Z_I)

A= = 02H.(2)He(z D+0%

C Sy (2)

It is seen that when the channel noise is weak (small 02), the equalizer essentially
behaves as the inverse filter 1/H.(z) of the channel.

In an adaptive implementation, we must use a filter with a finite number of weights.
These weights are adjusted adaptively until they converge to their optimal values. Again,
during this “training mode” a known pilot signal is sent over the channel and is received
as yp. Atthereceiving end, the pilot signal is locally generated and used in the adaptation
algorithm. This implementation is shown below.

locally generated *n + e
pilot signal S "
o«
received Vn adaptive )?,, A
i L . > X,
signal equalizer

7.8 Adaptive Echo Cancelers

Consider two speakers A and B connected to each other by the telephone network. As
a result of various impedance mismatches, when A’s speech reaches B, it manages to
“leak” through and echoes back to speaker A, as though it were B’s speech.

(A's speech)

Y

speaker speaker
A B
(A's echo)
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An echo canceler may be placed near B’s end, as shown.

(from A) (A's speech)
echo speaker
canceler B
—
_ | (A'secho)
(to A)

+ (A's echo)

It produces an (optimum) estimate of A’s echo through B’s circuits, and then pro-
ceeds to cancel it from the signal returning to speaker A. Again, this is another case for
which optimal filtering ideas are ideally suited. An adaptive echo canceler is an adaptive
FIR filter placed as shown [22-27].

¥n=(A's speech)

(from A)
.o l
adaptive speaker

filter B

/// A —_—

i 1 *n= (A's echo)

(to A) 1
€n + X, = (A's echo)

As always, the adaptive filter will adjust itself to cancel any correlations that might
exist between the secondary signal y, (A’s speech) and the primary signal x, (A’s echo).

7.9 Adaptive Noise Canceling

In many applications, two signals are available; one is composed of a desired signal
plus undesired noise interference, and the other is composed only of noise interference
which, if not identical with the noise part of the first signal, is correlated with it. This
is shown in Fig. 7.8. An adaptive noise canceler [10] is an adaptive filter as shown
in the Figure. It acts as a correlation canceler. If the signals x, and y, are in any
way correlated (i.e., the noise component of x, with yj), then the filter will respond by
adapting its weights until such correlations are canceled from the output e,. It does so
by producing the best possible replica of the noise component of x,, and proceeding to
cancel it. The output e, will now consist mainly of the desired signal.

Fig. 7.8 Adaptive noise canceler.

Ss(i)%rrli I Xp = (signal) + (noise); + ) .o, - (si/grﬁ)
A

noise | adaptive

source Vn = (noise), / filter 2= (rgis\e)l

There are many applications of adaptive noise canceling, such as adaptive sidelobe
cancellation, acoustic noise cancellation [28-32], canceling 60 Hz interference in EKG
recordings, plasma estimation [33], and ghost cancellation in television [34].
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An interesting property of the adaptive noise canceler is that when the secondary
signal y, is purely sinusoidal at some frequency wy, the adaptive filter behaves as a
notch filter [10,35] at the sinusoid’s frequency, that is, the transfer relationship between
the primary input X, and the output e, becomes the time-invariant transfer function
of a notch filter. This is a surprising property since the adaptation equations for the
weights and the filtering I/0 equation are in general time-noninvariant. To understand
this effect, it proves convenient to work with complex-valued signals using a complex-
valued reformulation of the LMS algorithm [36]. We make a short digression on this,
first. We assume that x,, y,, and the weights h(n) are complex-valued. The performance
index is replaced by

E=Ele}en]

where the I/0 filtering equation is still given by

hmyn-m = hTY(n)
0

Mz

>

n
m

Since the weights h are complex, the index £ depends on both the real and the imag-
inary parts of h. Equivalently, we may think of £ as a function of the two independent
variables h and h*. A complex change in the weights Ah will change the index to

o0& 1 0&

* *y * TYS
E(h + Ah,h* + Ah™) = £(h,h*) +Ah bh+Ah G

Choosing Ah to be proportional to the complex conjugate of the negative gradient,

that iS,
Ah = *2[1 = Zl.ll‘ eny(n)
ah

will move the index & towards its minimum value; indeed,

e\t r0€
* *y _ *y _ it *
E(h+ Ah,h™ + Ah™)= E(h,h™) 4u(ah) (ah) < &(h,h™)

Thus, the complex version of the LMS algorithm consists simply of replacing the
instantaneous gradient by its complex conjugate [36]. We summarize the algorithm as
follows:

1. Compute &, = h(n)Ty(n).
2. Compute e,; = X, — Xp.
3. Update weights h(n + 1) = h(n) +2ue,y(n)*.

Using this complex version, we now discuss the notching behavior of the adaptive
filter. Suppose y,, is sinusoidal
Yn = Ae/®on

at some frequency wy. Then, the weight-update equation becomes:
N (0 + 1) = hyy () +2peny i, = i () +2uA* e J@o (n=m)

for m = 0,1,...,M. The factor e /®0("~m) gyggests that we look for a solution of the
form
iy (1) = [ (1) 770 (1210

Then, [, (n) must satisfy the difference equation

e L (n+1)= fn(n) +2uA*e,
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As a difference equation in n, this equation has constant coefficients, and, therefore,
may be solved by z-transform techniques. Taking z-transforms of both sides we find
e D0 ZF . (2)= Fm (2) +2UA*E (2)
which may be solved for Fy, (z) in terms of E (z) to give

ZuA*ej‘*’O

Fn(z)=E(z) .
zZ — eJ®o

On the other hand, the 1/0 filtering equation from y, to the output X, is

M M M
Rn= > A (MYnom = > fn(n)e 00— ggiwotn=m — %" £, (1) A
m=0 m=0 m=0

or, in the z-domain

2u(M +1)|Al2eiwo
z — eJwo

Mz

X(z)=

m

Fn(z)A =E(2)
0

Finally, the I/0 equation from x, to e, becomes

en = Xp — Xn
and, in the z-domain

2U(M + 1) |A|2eiwo

E(2)=X(2)-X(2)= X(2)~E(2) Z — elwo

which may be solved for the transfer function E (z) /X (z)

E(z) z-—e )
=————, R=1-2uM+1)|A
X(z) ~ z_Reiw UM +1)]A]

This filter has a zero at z = e/®0 which corresponds to the notch at the frequency w.
For sufficiently small values of y and A, the filter is stable; its pole is at z = Re/®° and
can be made to lie inside the unit circle (0 < R < 1). If the primary input x, happens
to have a sinusoidal component at frequency wy, this component will be completely
notched away from the output. This will take place even when the sinusoidal reference
signal is very weak (i.e., when A is small). The implications of this property for jamming
by signal cancellation in adaptive array processing have been discussed in [37]. The
notching behavior of the adaptive noise canceler when the reference signal consists of
a sinusoid plus noise has been discussed in [38].

A related result is that the adaptive noise canceler behaves as a time-invariant comb
filter whenever its secondary input y,, is a periodic train of impulses separated by some
period [39]. This property can be used to cancel periodic interference. Because the
method of signal averaging can be thought of as comb filtering, the above property
may also be used as an alternative method to perform signal averaging for pulling weak
periodic signals from background noise, such as evoked potentials [40].

7.10 Adaptive Line Enhancer

A special case of adaptive noise canceling is when there is only one signal x, available
which is contaminated by noise. In such a case, the signal x,, provides its own reference
signal y,, which is taken to be a delayed replica of x,, that is, y, = X4, as shown in
Fig. 7.9, referred to as the adaptive line enhancer (ALE) [10,41-43].
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Xn > > €p

A

/

delay | Yn = Xn-a | adaptive
A filter A
Xn

Fig. 7.9 Adaptive line enhancer.

Will such arrangement be successful? The adaptive filter will respond by canceling
any components of the main signal x,, that are in any way correlated with the secondary
signal y, = x,—a. Suppose the signal x,, consists of two parts: a narrowband component
that has long-range correlations such as a sinusoid, and a broadband component which
will tend to have short-range correlations. One of these could represent the desired
signal and the other an undesired interfering noise. Pictorially the autocorrelations of
the two components could look as follows.

R(k)
broadband
narrowband
k
~—kpp—|
kg 1

where kng and kpp are effectively the self-correlation lengths of the narrowband and
broadband components, respectively. Beyond these lags, the respective correlations die
out quickly. Suppose the delay A is selected so that

kBB <A< kNB

Since A is longer than the effective correlation length of the BB component, the
delayed replica BB(n — A) will be entirely uncorrelated with the BB part of the main
signal. The adaptive filter will not be able to respond to this component. On the other
hand, since A is shorter than the correlation length of the NB component, the delayed
replica NB(n — A) that appears in the secondary input will still be correlated with the NB
part of the main signal, and the filter will respond to cancel it. Thus, the filter outputs
will be as shown.

xp = BB(n) + NB(n) +  ey=BB(»)

5

delay | BB(n-4) + NB(n-A) | adaptive
A Vn filter

)Acn = I<I\B(n)

/
/
/

Note that if A is selected to be longer than both correlation lengths, the secondary
input will become uncorrelated with the primary input, and the adaptive filter will turn
itself off. In the opposite case, when the delay A is selected to be less than both correla-
tion lengths, then both components of the secondary signal will be correlated with the
primary signal, and therefore, the adaptive filter will respond to cancel the primary x,
completely. The computational algorithm for the ALE is as follows
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M M
L. &= > hm(my(n-m)= > hyp(n)x(n-m-A)
m=0 m=0

2. ep =Xn—Xn
3. hy(n+1)= hy(n)+2ue,x(n—m-A4), m=0,1,...,M

The Wiener solution for the steady-state weights ish = R~!r, where R and r are both
expressible in terms of the autocorrelation of the signal x,, as follows:

Rij = Elyn-iyn—jl= E[Xn-a-i Xn-a—j]= Rxx (I — J)
ri = E[xXnyn-il= E[XnXn-a-il= Rxx (i + 4)

fori,j = 0,1,..., M. When the input signal consists of multiple sinusoids in additive
white noise, the inverse R~! may be obtained using the methods of Section 6.2, thus
resulting in a closed form expression for the steady-state optimal weights [43].

7.11 Adaptive Linear Prediction

A linear predictor is a special case of the ALE with the delay A = 1. It is shown in Fig.
7.10, where to be consistent with our past notation on linear predictors we have denoted
the main signal by y,. The secondary signal, the input to the adaptive filter, is then y,,—;.
Due to the special sign convention used for linear predictors, the adaptation algorithm
now reads [44,45]

L Vn=—-[ai(Myn-1+a()yn2+ - +am(n)Yn-m]
2.ep=yn—Yn=yn+ar(M)yp1+---+ay(N)yn-um
3. am(n+1)=am(n)-2ue,yn-m, m=12...,.M

The realization of Fig. 7.10 can be redrawn more explicitly as in Fig. 7.11. The
routine Imsap is an implementation of the LMS adaptive predictor. At each call, the
routine reads a sample y,, computes the filter output e,, updates the filter coefficients
am, (n) to their new values a,, (n+1) to be used by the next call, and updates the registers
of the tapped delay line. With a small modification it can be used in the adaptive array
problem (see below).

+
Yn )T €n
/‘ A §
- Yn |
adaptive 1
z~1 |
Vi filter ;

Fig. 7.10 Adaptive linear predictor.

Because of the importance of the adaptive predictor, we present a direct derivation
of the LMS algorithm as it applies to this case. The weights a,, are chosen optimally to
minimize the mean output power of the filter, that is, the mean-square prediction error:

£ =E[e2]=a’Ra = min (7.11.1)

where a = [1,d1,4dp,...,am]T is the prediction error filter. The performance index
(7.11.1) is minimized with respect to the M weights a,,. The gradient with respect to
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- Yn-1 - Yna

«

Yn

\\J .

Fig. 7.11 Direct-form realization of adaptive predictor.

apm is the mth component of the vector 2Ra, namely,

% =2(Ra) = 2(Ely(n)y(n)Tla),, = 2(Ely(n)y(n)Tal),,

= Z(E[Y(n)en])m = 2E[enyn—m]

The instantaneous gradient is obtained by ignoring the expectation instruction. This
gives for the LMS time-update of the mth weight

Aam(n)=—u % = =2ueyyn-m, m=1,2,....M (7.11.2)
m

The adaptive predictor may be thought of as an adaptive whitening filter, or an anal-
ysis filter which determines the LPC model parameters adaptively. As processing of the
signal y, takes place, the autoregressive model parameters a,, are extracted on-line.
This is but one example of on-line system identification methods [46-54].

The extracted model parameters may be used in any desired way—for example, to
provide the autoregressive spectrum estimate of the signal y,;. One of the advantages of
the adaptive implementation is that it offers the possibility of tracking slow changes in
the spectra of non-stationary signals. The only requirement for obtaining meaningful
spectrum estimates is that the non-stationary changes of the spectrum be slow enough
for the adaptive filter to have a chance to converge between changes. Typical applica-
tions are the tracking of sinusoids in noise whose frequencies may be slowly changing
[44,45,55], or tracking the time development of the spectra of non-stationary EEG sig-
nals [56,57]. At each time instant n, the adaptive weights a,, (n), m = 1,2,..., M may
be used to obtain an instantaneous autoregressive estimate of the spectrum of y;, in the

form
1

[1+ai(n)eJo +ay(n)e-2 + - . + gy (n)eMiw|?

This is the adaptive implementation of the LP spectrum estimate discussed in Sec-
tion 6.2. The same adaptive approach to LP spectrum estimation may also be used in
the problem of multiple source location, discussed in Section 6.3. The only difference
in the algorithm is to replace y;,,_,; by ¥V, (n) —that is, by the signal recorded at the mth
sensor at time n—and to use the complex-valued version of the LMS algorithm. For com-
pleteness, we summarize the computational steps in this case, following the notation of
Section 6.3.

Sn(w)=

1. e(n)=yo(n)+ai(n)y1 (n) +a> (n)y2(n)+ - - - + ay (N)ym (n)
2. amn+1)=am(n)—2ue(n)ysmn), m=1,2,....M
At each time instant n, the corresponding spatial spectrum estimate may be com-
puted by
1

Sn (k)= | | _
|1+ a;(n)eJk+as(n)e2k + ...+ ay(n)eMk|
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where the wavenumber k and its relationship to the angle of bearing was defined in Sec-
tion 6.3. Figure 7.12 shows the corresponding adaptive array processing configuration.

\4 \'4
yO(”) y](”) J’Q(”) s yM(”)

]

Fig. 7.12 Adaptive array processor.

The time-adaptive as well as the block-data adaptive methods of superresolution
array processing have been reviewed in [58,59]. The above LMS algorithm for the array
weights is effectively equivalent to the Howells-Applebaum algorithm [11-17]. Adaptive
predictors may also be used to improve the performance of spread-spectrum systems
[60-66].

7.12 Adaptive Implementation of Pisarenko’s Method

In Section 6.2, we noted that the Pisarenko eigenvalue problem was equivalent to the
minimization of the performance index

€ =E[efe,]=atRa = min (7.12.1)
subject to the quadratic constraint
afa=1 (7.12.2)
where
Yn
M Yn-1
en= D AmYn-m = lao,ay,...,aml| . |=a"y(n)
m=0 :
Yn-M

The solution of the minimization problem shown in Egs. (7.12.1) and (7.12.2) is the
eigenvector a belonging to the minimum eigenvalue of the covariance matrix R. If there
are L sinusoids of frequencies w;, i = 1,2,...,L, and we use a filter of order M, such
that M > L, then the eigenpolynomial A (z) corresponding to the minimum eigenvector
a will have L zeros on the unit circle at precisely the desired set of frequencies, that is,

A(zj))=0, where z;=e/®, i=1,2,...,L

The adaptive implementation [67] of the Pisarenko eigenvalue problem is based on
the above minimization criterion. The LMS gradient-descent algorithm can be used to
update the weights, but some care must be taken to satisfy the essential quadratic con-
straint (7.12.2) at each iteration of the algorithm. Any infinitesimal change da of the
weights must respect the constraint. This means the da cannot be arbitrary but must
satisfy the condition

d(ata)=a'(da)+(da)ta=0 (7.12.3)

so that the new weight a + da still lies on the quadratic surface afa = 1. The ordinary
gradient of the performance index & is
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Projecting this onto the surface afa = 1 by the projection matrix P = I —aat, where
I is the (M + 1)-dimensional unit matrix, we obtain the “constrained” gradient

o0& ) o0&
=P = (I —aa') (Ra)=Ra—&a 7.12.4
(55) =P 50 - U -aah) (Ra) (7.12.4)
which is tangent to the constraint surface at the point a. The vanishing of the con-
strained gradient is equivalent to the Pisarenko eigenvalue problem. The weight update
can now be chosen to be proportional to the constrained gradient

o0&
Aa=—u <§)C = —pu(Ra— &a)

The projection of the gradient onto the constraint surface is shown below.

constraint o0&
surface —H oa*

= ordinary gradient
afa=1 d

L/
.

\,/—/ constrained gradient

This choice guarantees that Aa satisfies Eq. (7.12.3); indeed, because of the projection
matrix in front of the gradient, it follows that atAa = 0. Actually, since Aa is not
infinitesimal, it will correspond to a finite motion along the tangent to the surface at
the point a. Thus, the new point a + Aa will be slightly off the surface and must be
renormalized to have unit norm. Using the properties,

Ra=E[y(n)*y(n)T]la=E[y(n)*e,] and &= Ele;en]
we write the update as
Aa = —pu(E[eny(n)*]1-Ele}enla)

The LMS algorithm is obtained by ignoring the indicated ensemble expectation val-
ues. The weight adjustment procedure consists of two steps: first, shift the old weight
a(n) by Aa(n), and then renormalize it to unit norm:

_a(n)+Aa(n)
a(n+1)= Ta(m) +Aa(m || (7.12.5)

where the weight update is computed by
Aa(n)= —pleny(n)*—efeqa(n)] (7.12.6)
In summary, the computational steps are as follows:

. At time n, a(n) is available and normalized to unit norm.

. Compute the output e, = Z%:o am (M) yn-m =a(m) Ty(n).
. Update the filter weights using Eq. (7.12.5) and (7.12.6).

. Go to the next time instant, n — n + 1.

s w N =

Arealization of the adaptive filter is shown in Fig. 7.13. After a number of iterations,
the algorithm may be stopped and the Pisarenko spectrum estimate computed:
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Y - Yn—1 - Yn—2 Yn—m
5d £ £ A
am|  Jam| )]
\J . e
Fig. 7.13 Adaptive implementation of Pisarenko’s method.
1
Sn(w)= - : 2
|ag(n)+a; (n)e=j® + a; (n)e=2/w + - - . + ay(n)e-Miw |

After convergence, S, (w) should exhibit very sharp peaks at the sought frequencies
wj, 1 =1,2...,L. The convergence properties of this algorithm have been studied in
[68]. Alternative adaptation schemes for the weights have been proposed in [69,70].
The algorithm may also be applied to the array problem of multiple source location [71].
Again, the only change is to replace y,,—m,; by ¥m (n), depicted below.

01
91
 @
\'Z \'Z N\
Yo(n) »i(n) yz(n)T s ()
« p R ”
am| oo am ()

Both the adaptive prediction and the Pisarenko approaches to the two problems of
extracting sinusoids in noise and multiple emitter location have a common aim, namely,
to produce an adaptive filter A(z) with zeros very near or on the unit circle at the
desired frequency angles. Taking the inverse magnitude response as an estimate of the
spectrum of the signal,

1
S(w)= ——
[A ()2
is a simple device to obtain a curve that exhibits sharp spectral peaks at the desired

frequencies.

A satisfactory alternative approach would be simply to find the roots of the polyno-
mial A (z) and pick those that are closest to the unit circle. The phase angles of these
roots are precisely the desired frequencies. In other words, the frequency information
we are attempting to extract by means of the adaptive filter is more directly represented
by the zeros of the filter than by its weights.

It would be desirable then to develop methods by which these zeros can be esti-
mated directly without having to submit the filter A (z) to root-finding algorithms. In
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implementing this idea adaptively, we would like to adapt and track the zeros of the
adaptive filter as they move about on the complex z-plane, converging to their final
destinations which are the desired zeros. In this way, the frequency information can
be extracted directly. Such “zero-tracking” adaptation algorithms have been proposed
recently [72,73].

Even though the representations of the filter in terms of its zeros and in terms of its
weights are mathematically equivalent, the zero representation may be more appropriate
in some applications in the sense that a better insight into the nature of the underlying
processes may be gained from it than from the weight representation.

As an example, we mention the problem of predicting epileptic seizures by LPC
modeling of the EEG signal where it was found [74] that the trajectories of the zeros
of the prediction-error filter on the z-plane exhibited an unexpected behavior, namely,
prior to the onset of a seizure, one of the zeros became the “most mobile” and moved
towards the unit circle, whereas the other zeros did not move much. The trajectory of
the most mobile zero could be used as a signature for the onset of the oncoming seizure.
Such behavior could not be easily discerned by the frequency response or by the final
zero locations.

Next, we describe briefly the zero-tracking algorithm as it applies to the Pisarenko
problem and present a simulation example. Its application to adaptive prediction and to
emitter location has been discussed in [73]. For simplicity, we assume that the number
of sinusoids that are present is the same as the order of the filter a, that is, L = M. The
case L < M will be discussed later on. The eigenpolynomial of the minimum eigenvector
a may be factored into its zeros as follows:

AZz) =ap+az ' +az % +---+ayz™

(7.12.7)

ao(1—z1z7H) (1 —zpz7 V) - (1 —zyz™Y)

where ay may be thought of as a normalization factor which guarantees the unit norm
constraint (7.12.2), and z; = /@i, = 1,2,..., M are the desired sinusoid zeros on the
unit circle.

In the adaptive implementation, the weights a,, become time-dependent a,, (n) and
are adapted from each time instant to the next until they converge to the asymptotic
values defined by Eq. (7.12.7). At each n, the corresponding polynomial can be factored
into its zeros as follows:

2

am+aimz'+a )z ?+ - +ayn)zM

(7.12.8)
=an(1-z1(nMz Y1 -z2nmz ) ---(1-zyn)zt)

where again the factor ag(n) ensures the unit-norm constraint. In the zero-tracking
algorithm, the weight update equation (7.12.5) is replaced by a zero-update equation of
the form:

zim+1)=2zi(n)+Azi(n), i=1,2,....M (7.12.9)

where the zero updates Az; (n) must be such that to ensure the convergence of the zeros
to their asymptotic values z;. One way to do this is to make the algorithm equivalent
to the LMS algorithm. The functional dependence of z;(n) on a(n) defined by Eq.
(7.12.8) implies that if the weights a,, (n) are changed by a small amount Aay, (n) given
by Eq. (7.12.6), then a small change Az; (n) will be induced on the corresponding zeros.

This is given as follows:
M

Azi(n) = Z 0zi(n)
m=0

Joam

Aam(n) (7.12.10)

where the partial derivatives are given by [75]
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Ozim) _ 1 M e (7.12.11)
odm ao(n) T[(zi(n)-z;(n))
J#i
Equation (7.12.10) is strictly valid for infinitesimal changes, but for small y, it can
be taken to be an adequate approximation for the purpose of computing Az;(n). The
advantage of this expression is that only the current zeros z; (n) are needed to compute
Azi(n). The complete algorithm is summarized as follows:

1. At time n, the zeros z;(n),i =1,2,..., M are available.

2. Using convolution, compute the corresponding filter weights and normalize them
to unit norm, that is, first convolve the factors of Eq. (7.12.8) to obtain the vector

b(n)T = [1,b1(n),b2(n),...,by(n)]

=[1,-z1(n)] *x [1, —z2(n)] % - - - % [1, —zm (n) ]

and then normalize b(n) to unit norm:

b(n)

A= Th () |

3. Compute the filter output e, = a(n) 'y (n).

4. Compute the LMS coefficient updates Aay, (n) using Eq. (7.12.6). Compute the
zero updates Az; (n) using Egs. (7.12.10) and (7.12.11), and update the zeros using
Eq. (7.12.9).

The algorithm may be initialized by a random selection of the initial zeros inside the
unit circle in the z-plane. Next, we present a simulation example consisting of a fourth
order filter and four sinusoids

Vi = Vn + @€ 4 @I @2 4 o031y gj0ant
with frequencies
wi = 0251, W =-0.251T, w3 =0.751T, W4 =-0.75TT

and a zero-mean, unit-variance, white noise sequence v, (this corresponds to all sinu-
soids having 0 dB signal to noise ratio). The value of yu was 0.001. Figure 7.14 shows
the adaptive trajectories of the four filter zeros as they converge onto the unit circle at
the above frequency values. After convergence, the adaptive zeros remain within small
neighborhoods about the asymptotic zeros. The diameter of these neighborhoods de-
creases with smaller u, but so does the speed of convergence [73].

The transient behavior of the zeros can be seen by plotting z;(n) versus iteration
number n. Figure 7.15 shows the real and imaginary parts of the adaptive trajectory
of the zero z, (n) converging to the real and imaginary parts of the asymptotic zero
Zy = eJw2 — p=jO.25T _ (1 —j)/\/E.

When the number L of sinusoids is less than the order M of the filter, only L of
the M zeros z;(n) of the filter will be driven to the unit circle at the right frequency
angles. The remaining (M — L) zeros correspond to spurious degrees of freedom (the
degeneracy of the minimum eigenvalue ¢2), and are affected by the adaptation process
only insofar as the M zero trajectories are not entirely independent of each other but
are mutually coupled through Eq. (7.12.11). Where these spurious zeros converge to
depends on the particular initialization. For some special initial conditions it is possible
for the spurious zeros to move close to the unit circle, thus causing a confusion as to
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complex z—plane
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Fig. 7.14 z-Plane trajectories of the four adaptive zeros z; (n),i =1, 2, 3, 4.
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Fig. 7.15 Real and imaginary parts of z, (n) versus n.

which are the true sinusoid zeros. To safeguard against such a possibility, the algorithm
may be run again with a different choice of initial zeros. Figure 7.16 shows the adaptive
trajectory of a single sinusoid, L = 1, using a third order filter, M = 3. The sinusoid’s
frequency was w; = 0.2577, its SNR was 0 dB, and ¢ was 0.001. One of the three filter
zeros is driven to the unit circle at the desired angle w1, while the two spurious zeros
traverse fairly short paths which depend on their initial positions.

7.13 Gradient Adaptive Lattice Filters

In this section we discuss the “gradient adaptive lattice” implementations of linear pre-
diction and lattice Wiener filters [76-81]. They are based on a gradient-descent, LMS-like
approach applied to the weights of the lattice representations rather than to the weights
of the direct-form realization. Taking advantage of the decoupling of the successive
stages of the lattice, and properly choosing the adaptation constants p, all lattice weights
can be made to converge fast and, in contrast to the LMS weights, with a convergence
rate that is essentially independent of the eigenvalue spread of the input covariance ma-
trix. The gradient lattice algorithms are very similar but not identical to the recursive
least-squares lattice algorithms (RLSL) [102-110], and they share the same properties of
fast convergence and computational efficiency with the latter. Typically, the gradient
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complex z—plane

-1 0 1

Fig. 7.16 Single sinusoid with order-3 adaptive filter.

lattice converges somewhat more slowly than RLSL. Some comparisons between the two
types of algorithms are given in [81,109].

We start by casting the ordinary lattice filter of linear prediction in a gradient-
adaptive form, and then discuss the gradient-adaptive form of the lattice Wiener filter,
the stationary version of which was presented in Section 5.11.

The lattice recursion for an Mth order prediction-error filter of a stationary signal
yn was found in Section 5.7 to be

ej.1(n) =ep(n)—ypie, (n—1)
(7.13.1)
ey (n) =e, (n—1)-ypre;(n)

for p = 0,1,...,M — 1, and where ej (n)= y,. The optimal value of the reflection
coefficient yp+1 can be obtained by minimizing the performance index

Epi1 = Elep, (n)?+ey,, (n)?] (7.13.2)

Differentiating with respect to y,1, we find

0&p+1 ae;H (n) _ ae;Hl (n) :|
—— =E|e} (n)———+e n)————
a)’pﬂ |: DH( ) a)/p+l pﬂ( ) a}’pﬂ
and using Eq. (7.13.1)
O _ —2E[e},1(n)e, (n—1)+e,,, (n)e} (n)] (7.13.3)
dypa1 p+1 P p+1 P

Inserting Eq. (7.13.1) into Eq. (7.13.3), we rewrite the latter as

o€
aipﬂ = —=2(Cp+1 — Yp+1Dp+1) (7.13.4)
Yp+1
where
Cp1 = 2E[e; (n)e, (n—1)] (7.13.5)
Dpi1 = E[e), (n)?+e, (n—1)%] (7.13.6)

Setting the gradient (7.13.4) to zero, we find the optimal value of y,;

Cpi1 2E[e) (n)e, (n—1)]
Dpi1 Elep(n)2+ep (n—1)2]

Yp+1 = (7.13.7)
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which, due to the assumed stationarity, agrees with Eq. (5.7.4). Replacing the numerator
and denominator of Eq. (7.13.7) by time averages leads to Burg’s method.

The gradient adaptive lattice is obtained by solving 0&£,+1/0yp+1 = O iteratively by
the gradient-descent method

angrl

S — 7.13.8
Oyp+1(n) ( )

Ypr1(n+1)=yp1(N)—Ups1

where L. is a small positive adaptation constant. Before we drop the expectation
instructions in Eq. (7.13.3), we use the result of Eq. (7.13.4) to discuss qualitatively the
convergence rate of the algorithm. Inserting Eq. (7.13.4) into Eq. (7.13.8), we find

Ypr1(n+1)=yp1 (n)+2Up+1(Cpi1 — Yp+1 (M) Dpyy)

or,
Ype1(n+1)= (1 =2Up11Dps1) Yp+1 (M) +2Up11Cpia (7.13.9)

Actually, if we replace y,+1 by yp+1 (1) in Eq. (7.13.1), the stationarity of the lattice
is lost, and it is not correct to assume that Cp41 and Dy, are independent of n. The
implicit dependence of Cp;1 and Dy on the (time-varying) reflection coefficients of
the previous lattice stages makes Eq. (7.13.9) a nonlinear difference equation in the
reflection coefficients. In the analogous discussion of the LMS case in Section 7.6, the
corresponding difference equation for the weights was linear with constant coefficients.
Because of the tapped delay-line structure, the stationarity of the input signal y (n) was
not affected by the time-varying weights. Nevertheless, we will use Eq. (7.13.9) in a
qualitative manner, replacing Cp41 and Dy, by their constant asymptotic values, but
only for the purpose of motivating the final choice of the adaptation parameter L.
The solution of Eq. (7.13.9), then, is

Yp+1 (W)= yYps1 + (1 = 2Ups1Dpi1) " (Yp41(0) =¥ps1) (7.13.10)

where yp,; is the asymptotic value of the weight given in Eq. (7.13.7). The stability of
Egs. (7.13.9) and (7.13.10) requires that

11 = 2pp 1 Dpir| <1 (7.13.11)

If we choose Ly, 1 as

2y iy = (7.13.12)

Dp+1

then 1 — 2up1Dpy1 = 1 — o¢ will satisfy Eq. (7.13.11). Note that & was chosen to be
independent of the order p. This implies that all reflection coefficients y,.; (n) will
essentially converge at the same rate. Using Egs. (7.13.3) and (7.13.12), we write Eq.
(7.13.8) as follows:

Ype1(n+1)=ypi (n)+ﬁ Elej,1(ne, (n—1)+e,,  (n)ej; (n)] (7.13.13)

The practical implementation of this method consists of ignoring the expectation
instruction, and using a least-squares approximation for Dy of the form [76-78]
n
Dpii(n)= (1-24) > A" K[ey (k) +e, (k- 1)?] (7.13.14)
k=0

where 0 < A < 1. It may also be computed recursively by

Dpi1(n)=ADpi1(n—1)+(1 - A) [e; (n)*+e, (n—1)?] (7.13.15)
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This quantity is a measure of Dy of Eq. (7.13.6); indeed, taking expectations of
both sides and assuming stationarity, we find

E[Dpii(m] = (1-2) > A" X E[e; (k) +e, (k = 1)?]
k=0

n
=(1-2A) Z AnikDpH =(1- )\nH)Dm—l
k=0

which converges to D for large n. With the above changes, we obtain the adaptive
version of Eq. (7.13.13),

Ypri(n+1)= )’p+1(n)+D

Do) leg.1(n)e, (n—1)+e, ; (n)ej(n)] (7.13.16)
p+

It can be written in a slightly different form by defining the quantity

dpir(n) = > A" K[ej (k)2 +e, (k —1)°]
k=0 (7.13.17)

=Adpi1 (n—1)+[e} (n)?*+e, (n—1)?]

and noting that D11 (n) = (1 —A)dp+1 (n). Defining the new parameter f = «/(1-A),
we rewrite Eq. (7.13.16) in the form

B

n+1)= n+—————
)’p+1( ) Yp+1( ) dp+1(n)

[ep.1(ne, (n—1)+e,,  (n)ej(n)]  (7.13.18)

This is usually operated with 8 = 1 or, equivalently, @ = 1 — A. This choice makes
Eqg. (7.13.18) equivalent to a recursive reformulation of Burg’s method [76-78]. This
may be seen as follows. Set f = 1 and define the quantity cp+; (n) by

cpir(m)= > A" K[2e; (k)e, (k—1)]
k=0

Then, inserting Eq. (7.13. 1), with y,; replaced by yp1 (n), into Eq. (7.13.18), we
find after some algebra
Cp+1(n)
n+1)=-=—
Vit dp1 ()

or, written explicitly
n
2> A" Klef (k)e, (k—1)]

Yps1(n+1)= — k=0
D> A"k [ey (k)2 +e, (k—1)°]
k=0

(7.13.19)

which corresponds to Burg’s method, and also guarantees that |yp+1 (n+1) | will remain
less than one at each iteration. The adaptive lattice is depicted in Fig. 7.17. At each time
instant n, the order recursions (7.13.1) are

ey1(n) =ep (n)—ypy1 (n)e, (n—1)
(7.13.20)
ey (n) =e, (n—1)~ypi1(n)e, (n)

forp=0,1,...,M—1,with y,.; (n) updated in time using Eq. (7.13.18) or Eq. (7.13.19).
Initialize (7.13.20) by ej (n) = ¥,. We summarize the computational steps as follows:
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Fig. 7.17 Adaptive lattice predictor.

. At time n, the coefficients yp41(n) and dp41(n — 1) are available.
. Iterate Eq. (7.13.20) forp = 0,1,...,M — 1.

. Using Eq. (7.13.17), compute dp.+1 (n) forp =0,1,...,M — 1.

. Using Eq. (7.13.18), compute yp+1(n+1) forp =0,1,...,M - 1.
.Goton—-n+1.

Ul o W N

Next, we discuss the adaptive lattice realization of the FIR Wiener filter of Section
5.11. We use the same notation as in that section. The time-invariant lattice weights g,
are chosen optimally to minimize the mean-square estimation error

& =E[e?]=min (7.13.21)
where e, = x;; — Xp, and
eq (n)
M ey (n)
Rn = D gpe, (M)=1[go, g1, gul| . =gle (n) (7.13.22)
p=0
ey (n)
The gradient with respect to g is
o _ —2E[ene (n)] (7.13.23)
og

Inserting Eq. (7.13.22) into Eq. (7.13.23), we rewrite the latter as

o0&
38 = —2(r-Rg) (7.13.24)

where r and R are defined in terms of the backward lattice signals e, (n) as
r=E[x,e"(n)], R=E[e (ne (n)7] (7.13.25)

The gradient-descent method applied to the weights g is

o0&
-M
og(n)

gn+1)=g(n) (7.13.26)

where, following the discussion of Section 7.6, we have used a positive definite symmet-
ric adaptation matrix M, to be chosen below. Then, Eq. (7.13.26) becomes

gn+1)= (I -2MR)g(n)+2Mr (7.13.27)

The orthogonality of the backward prediction errors e~ (n) causes their covariance
matrix R to be diagonal
R = diag{Ey,E1,...,Em} (7.13.28)
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where E), is the variance of e, (n)
E, =Ele, (m)?], p=0,1,....M (7.13.29)

If we choose ‘M to be diagonal, say, M = diag{uo, 41,...,Hpm}, then the state ma-
trix (I — 2’MR) of Eq. (7.13.27) will also be diagonal and, therefore, Eq. (7.13.27) will
decouple into its individual components

gp(n+1)= (1 -2upEp) gy (n)+2upry, p=0,1,....,.M (7.13.30)
where 1, = E[xne}, (n)]. Its solution is
gp(n)=gp + (1 = 2ppEp)" (gp (0) —gp) (7.13.31)

where g, = r,/Ep are the optimal weights. The convergence rate depends on the quan-
tity (1 — 2upEp). Choosing u, such that

2y = E% 0<a<1 (7.13.32)

implies that all lattice weights g, (1) will have the same rate of convergence. Using Egs.
(7.13.32) and (7.13.23) we can rewrite Eq. (7.13.26) component-wise as follows

gr(n+1)= gp(n)+EgE[ene;(n)]
p

Ignoring the expectation instruction, and replacing E, by its time average,

Ep(n)= (1-24) > A" ¥ e, (k)?=AE,(n—1)+(1 - A)e, (n)? (7.13.33)
k=0

we obtain the adaptation equation for the pth weight

X -
gp(n+1)= g,,(n)+m ene, (n), p=0,1,....M (7.13.34)
Defining
n
d, (n)= > A"ke, (k)?= Ad, (n —1)+e, (n)* (7.13.35)
k=0

and noting that E, (n)= (1 - )\)d; (n), we rewrite Eq. (7.13.34) as

,(n), p=0,1,....M (7.13.36)

_ B
gp(n+1)= gp(n)+d;(n) ene,

where § = «/(1 — A). Typically, Eq. (7.13.36) is operated with § = 1, or x = 1 — A
[76,78]. The realization of the adaptive lattice Wiener filter is shown in Fig. 7.18.

A slightly different version of the algorithm is obtained by replacing e, in Eq. (7.13.36)
by e, (n), that is, the estimation error based on a pth order Wiener filter:

p
ep(n)=xn—Rp(n), Rp(n)=> gie; (n)
i=0

It satisfies the recursions (5.11.10) through (5.11.11). This version arises by mini-
mizing the order-p performance index £, = E[ep(n)?] rather than the order-M per-
formance index (7.13.21). This version is justified by the property that all lower order
portions of g are already optimal. If {go,g1,...,gp-1} are already optimal, then to go
to the next order p it is only necessary to determine the optimal value of the new weight
gp, which is obtained by minimizing £, with respect to g,. The overall algorithm is
summarized below:
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1. Attime n, the quantities y, (n),d,(n—1),forp = 1,2,...,M and g, (n), d,;(n—
1), for p =0,1,...,M, are available, as well as the current input samples x,, Vn.

2. Initialize in order by

ey (M) =yn, Ro(n)=go(n)ey(n), eo(n)=xy—=Ro(n)

dy (n)= Ady (n — 1) +ep (n)?

Go(n+ 1= go(m+-L— eq(nyeg (n)

dy (n)
3. Forp =1,2,...,M, compute:
ej(n)=e, ;(n)-yp(n)e, ;(n-1)
e,(M=e, 1(n—1)-yp(n)e;_(n)

dp(n)=Adp(n—1)+e;_, (n)*+e, , (n—1)°

B
dp(n)

yp(n+1)=yp(n)+

Xp(n)=Rp_1(n)+gp(n)e, (n)
ep(n)=ep-1(n)—gp(ne, (n)

dy (n)=Ad,, (n—1) +e;, (n)?

g,g(n+1)=g,,(n)+L

d; () ep(n)e, (n)

4. Go to the next time instant, n — n + 1.

[ey (n)e, 1 (n—1)+e, (n)e;_; (n)]

The adaptation of the reflection coefficients y, (n) provides a gradual orthogonaliza-
tion of the backward error signals e, (n), which in turn drive the adaptation equations

for the lattice weights gp, (n).

The algorithm is initialized in time by setting y, (0)= 0, dp(=1)= 0, g,(0)= O,
d, (—1)= 0. Because initially all the ys and the delay registers of the lattice are zero, it
follows that the backward output of the pth lattice section, e, (n), will be zero forn < p.
The corresponding d,, (n) will also be zero and thus cannot be used in the updating of

gp(n).

During this startup period, we keep g,(n)= 0, n < p. A similar problem

does not arise for the ys because dj, (n) contains contributions from the forward lattice

outputs, which are not zero.

Yno e(n) + N e,(n) + e)(n) + ey (n)
% S - S
TN W TR O Y MO U V)
SN ?
Zﬁg()(n) g (n) 8yu(n)
n oy B Tt -
a0 X e DN\ e e
yl(n YZ(n)
i M +
e5(n) e+ Ve )

Fig. 7.18 Adaptive lattice Wiener filter.
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The subroutine glwf (see Appendix B) is an implementation of the gradient lattice
Wiener filter. It is the same as Iwf with the weight adaptation parts added to it. Next,
we present a simulation example. The signals x, and y, were generated by

Xn =Yn+ 1.5yn-1 —2yn-—2+Un, Yn=0.75yp-1—0.5yn2 +€n

where u, and €, were mutually independent, zero-mean, unit-variance, white noises. It
follows from our general discussion in Section 7.5 that we must use a Wiener filter of
order at least M = 2 to cancel completely the y-dependent part of x,. Solving the order-
two linear prediction problem for y, using bkwlev, we find the theoretical L matrix and
reflection coefficients

1 0 0
L=|-05 1 0|, y1=05, y,=-05 (7.13.37)
05 -0.75 1

The direct-form coefficients of the Wiener filter are precisely the coefficients of the
y-dependent part of x,. Thus, we have

1 2
h=|15|, g=LT™h=| o0 (7.13.38)
-2 -2

In the simulation we generated 100 samples of x,, and y, (after letting the transients
of the difference equation of y, die out). The routine glwf was run on these samples
with A = 1 and B = 1. Figure 7.19 shows the adaptive reflection coefficients y; (n)
and y» (n) versus iteration number n. Figure 7.20 shows the three coefficients g, (n),
p = 0,1,2, versus n, converging to their theoretical values g, above. For comparison
purposes, we have also included the direct-form weight h, (n) adapted according to
the standard LMS algorithm with u = 0.01. It should be compared to g» (n) because by
construction the last elements of g and h are the same; here, go = h,. The LMS algorithm
can be accelerated somewhat by using a larger p, but at the expense of increasing the
noisiness of the weights.

Gradient Lattice Predictor Gradient Lattice Wiener Filter

0 20 40 60 80 100 0 20 40 60 80 100

Fig. 7.19 and Fig. 7.20 Adaptive coefficients y, (n) and g, (n).

7.14 Adaptive Gram-Schmidt Preprocessors

In this section we derive the spatial analogs of the gradient adaptive lattice algorithms.
The main function of the adaptive lattice filter is to decorrelate the tapped delay-line
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data vector y(n)= [Vn,Vn-1,...,¥n-m17. In effect, it carries out the Gram-Schmidt
orthogonalization of the components of y (n) at each time instant n. In array processing
problems, because the data vector y(n)= [yo(n),y1(n),...,yn(n)17T does not have
the tapped-delay line property, the Gram-Schmidt orthogonalization cannot be done by
a simple a lattice filter. It requires a more complicated structure that basically amounts
to carrying out the lower triangular linear transformation y = B €, which decorrelates
the covariance matrix of y.

The Gram-Schmidt construction of an arbitrary random vector y was discussed in
Section 1.5. Here, we recast these results in a way that can be used directly in gradient-
adaptive implementations. The Gram-Schmidt construction proceeds recursively start-
ing at one end, say, €p = yo. At the mth step of the recursion, we have available the
mutually decorrelated components {€g, €1,...,€En—1}. The next component €,, is de-
fined by

1
— E[ymei] (7.14.1)

m-1
€m =Ym — z bmi€i, bmi = E
1

i=0
where E; = E [61-2]. By construction, €,, is decorrelated from all the previous €;s, that
is, E[€m€i]l= 0,1 =0,1...,m — 1. The summation term in Eq. (7.14.1) represents the
optimum estimate of y,, based on the previous €;s and €,, represents the estimation
error. Therefore, the coefficients b,,; can also be derived by the mean-square criterion

Em = E[€2,]1= min (7.14.2)
The gradient with respect to by; is
0Em

= —2E[€m€,']= —Z(E[)/mEi]—bmiEi) (7.14.3)

abmi
where we used the fact that the previous €;s are already decorrelated, so that E[€;€j]=
0jjE;, for i,j = 0,1,...,m — 1. Setting the gradient to zero gives the optimum so-

lution (7.14.1) for by,,;. In a gradient-adaptive approach, the coefficients b,,; will be
time-dependent, by,; (n), and updated by

bmi(n+1)= bmi(n)*/-lmiabL_Tn) = bmi(n)JFZUmiE[emei] (7.14.4)
mi

Using the above expression for the gradient, we find the difference equation
bmi(n+1)= (1 = 2UmiEi) bmi (N) +2pmi E [Yme€il
with solution, for n = 0
bmi ()= bmi + (1 = 2UmiEi) " (bmi (0) =bpmi)

where b;; is the optimum solution (7.14.1). As in Section 7.13, because of the diagonal
nature of the covariance matrix of the previous €;s, the system of difference equations
for the by;s decouples into separate scalar equations. Choosing p,; by

o
Zum,-=]:7i, 0<a<l1
implies that all coefficients by,; (n) will converge at the same rate. With this choice, Eq.
(7.14.4) becomes
1o
bmi(n+1)= bmi(”)+§ Elemeil
1
As before, we may replace E; by its weighted time average E; (n)= (1 — A)d;(n), where
n
di(n)= > A"Ke; (k)%= Ad;i(n— 1) +€;(n)?
k=0
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Setting f = /(1 — A) and dropping the expectation values, we obtain the adaptive
Gram-Schmidt algorithm:

1. At time n, by,i(n) and dij(n — 1) are available, and also the current data vec-
tory(n)= [yo(n),y1(n),...,ymn(n)1T. ( The algorithm is initialized in time by
bmi(0)=0and d;(-1)=0.)

2. Seteg(n)=yo(n).
3. Form =1,2,...,M, compute:
m-1
€m(n)=ym(n)— > bmi(n)ei(n)
i=0
Am-1(N)= Adm-1 (n) +€m-1(n)?

fori=0,1...,m — 1, compute:

. b e B .
bniin+1)= bm,(n)+di(n) em(n)e;(n)

4. Go to the next time instant, n — n + 1.

The conventional Gram-Schmidt construction builds up the matrix B row-wise; for
example in the case M = 3

1 0 0 O

B bio 1 0 O
by by 1 0

b3y b3 bz 1

According to Eq. (7.14.l), €, is constructed from the entries of the mth row of
B. This gives rise to the block-diagram realization of the Gram-Schmidt construction
shown in Fig. 7.21. We will see shortly that each circular block represents an elementary
correlation canceling operation of the type [15,82-86]

v

e=u-bv
u—\:(:)—>e
with Eluv]
uv
Elev]=0 = b_E[VZ]

Therefore, each block can be replaced by an ordinary adaptive CCL or by an ac-
celerated CCL, as discussed below. This point of view leads to an alternative way of
organizing the Gram-Schmidt construction with better numerical properties, known as
the modified Gram-Schmidt procedure [87], which builds up the matrix B column-wise.
Let b; be the ith column of B, so that

€o
€1 M
y=Be=[by,by,....,by]| . | =D bje
: =
€M
Removing the contribution of the first i columns, we define fori =1,2,...,M
i-1 M
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Yoo
Yo €

Fig. 7.21 Gram-Schmidt array preprocessor.

Component-wise, we write

M
Yim =zbmj€j, m=0,1,...,.M
j=i

It follows from the lower-triangular nature of B that y;;; = 0 for m < i. Moreover,
because B has unit diagonal, we have at m = i that y;; = bjj€; = €;. Thus,

€i = Yii (7.14.6)

Equation (7.14.5) can be written recursively as follows

M
yi=bi€i+ ). bjej =bici+yi
=it

or,
€.

1
Yiel = Vi~ Di€i Yi %—» Vit

and component-wise, Yi+1,m = Yim — bmi€i. The recursion is initialized by y, = y. It is
evident by inspecting Fig. 7.21 that y; represents the output column vector after each
column operation. Equation (7.14.7) shows also that each circular block is an elementary
correlation canceler. This follows by noting that y;,; is built out of €; with j > i + 1,
each being uncorrelated with €;. Thus,

Eleiyi1]1=El€y;l-biEi=0 = b;= EliE[eiYi]
or, component-wise
bm,-=EliE[eiy,-m], m=i+1,i+2,....M (7.14.7)
An adaptive implementation can be obtained easily by writing
bi(n+1)=bi(n) +2piEl€iyi1 1= (1 - 2uE) bi (n) +21E[€iy;]

As usual, we set 2u; = «/Ej, replace E; by Ej(n)= (1 — A)d;(n), and drop the
expectation values to obtain the following algorithm, which adapts the matrix elements
of B column-wise:

1. At time n, b;yi(n) and d;(n — 1) are available, and also the current data vector
y(n) = [yo(n),y1(n),...,ym(m)17.



338 7. Adaptive Filters

2. Define yo, (n) =y, (n), form=0,1,...,M.
3. Fori=0,1,...,M, compute:

€i(n)=yii(n)

di(n)=Ad;(n — 1) +€;(n)*

Fori+ 1 < m < M, compute:

Yir1,m (1) = Yim (n) —bmi (n) €; (n)

_ b aP e v
bnmi(n+1)= bm'(n)+d,-(n) €i(N)Yit1,m(n)

4. Go to the next time instant, n - n + 1.

The algorithm may be appended to provide an overall Gram-Schmidt implementation
of the adaptive linear combiner of Section 7.4. In the decorrelated basis, the estimate of
Xpn and estimation error may be written order recursively as

Xi(n)=Ri1(n)+gi(n)e;(n), e;j(n)=e;1(n)—g;(n)e;(n) (7.14.8)

with the weights g; (n) adapted by

giln+1)= g,-(n)+L ei(n)eij(n), i=0,1,...,.M (7.14.9)
d;i(n)

The subroutine mgs (see Appendix B) is an implementation of the adaptive modified
Gram-Schmidt procedure. At each call, the routine reads the snapshot vector y, com-
putes the decorrelated vector €, and updates the matrix elements of B in preparation
for the next call. An LMS-like version can be obtained by replacing the accelerated CCLs
by ordinary CCLs [15]

bmi(n + 1) = bpyi(n) +2p€i (N)Yis1,m () (7.14.10)

An exact recursive least squares version of the modified Gram-Schmidt algorithm can
also be derived [86]. It bears the same relationship to the above gradient-based version
that the exact RLS lattice filter bears to the gradient lattice filter. The computational
complexity of the algorithm is high because there are M (M + 1) /2 coefficients to be
adapted at each time instant, namely, the matrix elements in the strictly lower triangular
part of B. By contrast, in the lattice structure there are only M reflection coefficients to
be adapted. Despite its computational complexity, the algorithm is quite modular, built
out of elementary CCLs.

Next, we present a simulation example of order M = 2. The vectors y were con-
structed by

1 0 0 €o
y=|-2 1 0 €, | =Be
1 2 1 €

with the components of € having variances Ey = 1, E; = 4, and E, = 9. We generated
100 independent snapshots € and computed the corresponding y = Be€. Figure 7.22
shows the two matrix elements bo(n) and b; (n) adapted by running mgs on the
100 snapshots with A = 1 and B = 1. They are converging to the theoretical values
b1op = —2 and b,; = 2. Figure 7.23 shows the same two matrix elements adapted by the
LMS algorithm (7.14.11) with u = 0.01.
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Modified Gram-Schmidt Modified Gram—-Schmidt with LMS
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3 ’f L
2 e L T 2 P O R AT
- . ERNNNS SN R
//* ban(n) . ’,' K \\\',’ . bgy(n)
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A by(n)
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n n

Fig. 7.22 and Fig. 7.23 Modified Gram-Schmidt algorithm and its LMS version.

7.15 Rank-One Modification of Covariance Matrices

All recursive least-squares (RLS) algorithms, conventional, lattice, and fast direct-form
structures, can be derived from the rank-one updating properties of covariance matri-
ces. In this section we discuss these properties and derive all the necessary algebraic
steps and computational reductions that make the fast RLS versions possible. In the suc-
ceeding sections, we couple these results with the so-called shift-invariance property to
close the loop, as it were, and complete the derivation of the fast RLS algorithms.
The rank-one modification of a covariance matrix R is obtained by adding the rank-
one term
Ri=Ro+vyy’l (7.15.1)

where y is a vector of the same dimension as Ry. Similarly, the modification of a cross-
correlation vector ry will be defined as follows, where x is a scalar

r =19+ Xy (7.15.2)
We define the Wiener solutions based on the pairs Ry, 1o and Ry,r; by
hy = Ry'rg, h; =Rilny (7.15.3)
and the corresponding estimates of x and estimation errors
f(o:hgy, ep=X—Xo and >?1=h1Ty, e1=x—-X; (7.15.4)

Similarly, using the notation of Section 1.7, we will consider the solution of the
forward and backward prediction problems

Rpag = Egqu, Rj1a; = Ejqu (7.15.5)

and
Robg = Eopv, R1by = Epv (7.15.6)

and the corresponding forward and backward prediction errors
epa=aly, ez=aly and epp =bly, ey =bly (7.15.7)

The basic question that we pose is how to construct the solution of the filtering and
prediction problems 1 from the solution of the corresponding problems 0; that is, to
construct h; from hy, a; from ag, and b; from by. We will generally refer to the various
quantities of problem-0 as a priori and to the corresponding quantities of problem-1 as
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a posteriori. The constructions are carried out with the help of the so-called a priori and
a posteriori Kalman gain vectors defined by

ko =Ry'y, ki =Rily (7.15.8)

We also define the so-called likelihood variables

1 1

Tp-1

v=y R;Y, = = 7.15.9
0 H 1+v  1+yTRyly ( )

Note that the positivity condition v > 0 is equivalent to 0 < u < 1. Multiplying Eq.
(7.15.1) from the left by R7* and from the right by Ry !, we obtain

Ry' = R7' + RT'yy Ry = RT! + kK] (7.15.10)
Acting on y and using the definitions (7.15.8) and (7.15.9), we find

Ry'ly =Ry +kiKly = kO:k1+k1v:(1+v)k1:ik1

or,
Ky = pko (7.15.11)
It follows that
1
Tp-1 T T
Rily=kly=pukly=pv = =1- =1-
y K'Y 1Y =UKyy =41 1+v 1+ v H
Thus, solving for u
1
=1-yR{'y = — 7.15.12
u Y Ry 1 +y Ry ( )
Solving Eq. (7.15.10) for R7!, we obtain
1
Ri'=R;' —kiki =Ry' — pkok! = Ry' — ———— Ry'yy'R5! 7.15.13
1 0 1kp o — Hkokgy 0 1+YTR61YOWO ( )

which is recognized as the application of the matrix inversion lemma to Eq. (7.15.1). It
provides the rank-one update of the inverse matrices. Denoting Py = R land P; = Rl’l,
we may rewrite Eq. (7.15.13) in the form

1

Py =Py — ukoky, ko =Poyy, H:m

(7.15.14)

Before we derive the relationship between the Wiener solutions Eq. (7.15.3), we may
obtain the relationship between the a priori and a posteriori estimation errors. Noting
that the estimates can be written as,

R =hly=r{R;'y =1rlkg
21 =hly=rIR{'y =17k,
and using Eq. (7.15.2), we obtain
&1 =Kkir = (uko) T (ro + xy) = pRo + HVX = uRo + (1 — )X = x — pey

from which it follows that
e = Heg (7.15.15)

The simplest method of determining the relationship between the h; and hy is to
act on hy by the covariance matrix R; of problem-1, and then use the recursions (7.15.1)
and (7.15.2), that is,

Rihg = (Ro +yy")hg = 1o + Roy = (1 — Xy) +Roy =T1 — epy
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Multiplying by Ry, we find
hy = R7'r; — egRT'y = hy — egky
or, solving for h; and using Eqgs. (7.15.11) and (7.15.15)
h; =hy + egk; = hg + peoko = hg + e1kg (7.15.16)

Note that the update term can be expressed either in terms of the a priori estimation
error ep and a posteriori Kalman gain k;, or the a posteriori error e; and a priori Kalman
gain ky. Next, we summarize what may be called the conventional RLS computational
sequence:

1. ko = Pyy

1
2. v=Kk! , =
oYs M=
3. k]:[.lk()
4. Py =Py -kk}
5. R0 =hly, ey=x-Ro, e1=pey, X=x-e

6. h; =hy + egk;

Because in step 4 an entire matrix is updated, the computational complexity of the
algorithm grows quadratically with the matrix order; that is, O (M?) operations.

Next, we consider the forward and backward prediction solutions. Equations (1.7.28)
and (1.7.35) applied to Ry become

0o of 1 R;P 0 1
-1 _ N T _ 0 T
Ry = [0 Ry ] + Ey, 0% [ of 0} + thbobo
Acting on y and using Eq. (7.15.7), we find

ko:[9]+@a0=[k0]+eﬂbo (7.15.17)

where ko = Ralil and ko = R(]l)", where we recall the decompositions (1.7.2) and (1.7.3)

A Ya|l _| VY
4 [?} [w}
Similarly, we obtain for the a posteriori gains

kl:[9]+eﬂa1=[kl]+ﬂ’bl (7.15.18)

Because by and b, have last coefficients of unity, it follows that the last coefficients
of the Kalman gains will be

€ob €1b
kop = ——, kwp=_— (7.15.19)
% Eop ! Eyp
Similarly, the first coefficients will be
Koa = 294 kia= 4 (7.15.20)
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Taking the dot product of Eq. (7.15.17) with y and using the definition (7.15.9) and
(7.15.7), we obtain

. e _ e
v=v+2 -y 0
Eoq Eop
or,
V =V + epakoa = V + eopkop (7.15.21)

where v = 1'<§ yvand v = 1‘<§ V. Similarly, using ley = 1 — u and taking the dot product
of Eq. (7.15.18) with y, we find

2 2

- e, - €1p

l—p=1-f+2% =1+

H H Ela H Elh

or,
2 2
~ e]a - elb
— - a_5_"b (7.15.22)

H H E]a H Elb

This is equivalent to Eq. (7.15.21). To relate a; and ag, we apply the usual method
of acting on the a priori solution ajy by the a posteriori covariance matrix R;:

Riag = (Ro +yy')ao = Roag + y(y'ag) = Egaut + €0ay
Multiplying by Rl’l and using Rflu = a;/E14, we obtain

E
Qg = =0a a; + epaky (7.15.23)
Ela
This has five useful consequences. First, equating first coefficients and using Eq.
(7.15.20), we obtain

Eoq Eoq €0a€la
1=""+epkig==—+—— 7.15.24
Eia T Ep, Eq ( )
or,
E1a = Eoa + €0a€1a (7.15.25)

Second, writing Eq. (7.15.24) in the form Eo;/E1q; = 1 — egqki1a, We rewrite Eq.
(7.15.23) as

0
ag = (1 — egakig)ar + egaky = a; + eoq (k1 — k1qa1) = a1 + egq [f(l ]
where we used Eq. (7.15.18). Thus,
0
a; = adg — €pg f( (7.15.26)
1
Third, taking the dot product with y and using l~(1T§l =1-f, we find
_ 2Ty — ol Ty (1 i —
eig=ajy=ayy—eoa(ky¥)=eoq — (1 = fi)epa = fiepa or,

e1q = flegq (7.15.27)

This is analogous to Eq. (7.15.15). Fourth, writing egq = e14/f1 = (1 + V) e,, it follows
by adding one to Eq. (7.15.21) that

Eoq + E
(L4V)= (1+7)+ (1 +V)erq 228 = (1 +y)—2atC0alla _ (3 5)Zla
E()a an EOa
and inverting,
o~ Eoq
u=p—-—— (7.15.28)

Ela
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This, in turn, is equivalent to Eq. (7.15.22) as can be seen by

2
e €la _ -~ _ €la
=p (ueOa)Em a Eia

g=i Eiq —Eeanla
la

Fifth, using Eq. (7.15.27) and the result k; = fiko, we may rewrite Eq. (7.15.26) in
terms of the a posteriori error e, and the a priori gain ko as follows

0
a; =ap —€yqg [f(o ] (7.15.29)

Defining the inverse matrices Py = R;! and P; = R;!, we summarize the conven-
tional RLS computational sequence for the forward predictor:

1. ko = Poy

4 P =PRIk

T ~
5. €oa =)y, e1q= Heoq

0
6. a1=a0—30a[l~<1}

The fast RLS algorithms make use also of the backward predictors. Starting with
Riby = (Rg + yy')bg = EopVv + eopy, and following similar steps as for the forward
case, we obtain parallel results for the backward predictor, that is,

E
bo = - L b, + egpky (7.15.30)
Eip

from which it follows that

Eop Eop | eoveip
1=""+epkip=—->+——

(7.15.31)
Ewp Ewp Ewp
or,
E1p = Eop + eopei1p (7.15.32)
Similarly, we have k; = j1ko, and
ey = [eop (7.15.33)
and the equivalencies
2 2
o Cop _ el _ Eop
v=v+ 2 e p=p- e pu=p” (7.15.34)
Eop H=H Eyp H=H Eyp

Finally, the update equations of b, are

k k
b; :bo—eo;,[ 01} =b0—e1b[ 0"} (7.15.35)

Writing Eq. (7.15.31) in the form E15/Eop = 1/ (1 — egpki1p), and solving Eq. (7.15.30)
for b;, we have the alternative expression
by — egpks
b; = — (bg —eppk)) = ——— 7.15.
1 Eob( 0 — eopk1) 1~ eopkip (7.15.36)
This is used in the so-called fast Kalman (FK) [88,89] computational sequence, which
we summarize below
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T
1. epq = apy

0
2. alzao—€0a|:l~(1:|

T
3. elg=a1y

4. Eig = Eoa + €oaia

€la

5. Compute the first element of ky, k4 = E
la

0
6. ky = [ ~ ] + kiga;, and extract the last element of k;, kip

k;

7. epp = bgy
bo — eopky
8. bj=——-7—
"7 1 —egpkup

k
9. [ 01} =k; — kipby

10. )’20=th, 20=X—)20, h; = hy + egky, ?21:h{Y, e =X—X1

Step 9 is obtained from Eq. (7.15.18). Steps 1-9 perform the calculation and update
of the Kalman gain vector Kk;, which is used in step 10 for the Wiener filtering part.
This algorithm avoids the updating of the inverse autocorrelation matrices Py and P;.
The computationally intensive parts of the algorithm are the computation of the inner
products and the vector updates. Steps 1, 2, 3, 6, 7, and 9 require M operations each,
and step 8 requires 2M operations. Thus, the gain calculation in steps 1-9 requires a
total of 8M operations. The Wiener filtering and updating part in step 10 require an
additional 3M operations. Thus, the overall complexity grows like 8M + 3M = 11M
operations; that is, linearly in the order M.

Several of the above operations can be avoided. In particular, the computation of
the error e;4 in step 3 can be done by Eq. (7.15.27), thus, avoiding the inner product.
Similarly, the inner product in step 7 can be avoided by solving Eq. (7.17.19) for ey,
that is, egp = kopEop. Also, the division by the overall scalar factor 1/ (1 — egpkip)
in step 8 can be avoided by using Eq. (7.15.35) instead. This saves 3M out of the 8M
computations—a 40% reduction. Similarly, the operation X; = thy in the Wiener filtering
part can be avoided by e; = peg and X; = X — e;1. The resulting computational sequence
is the so-called fast a posteriori error sequential technique (FAEST) [90]. It uses the a
posteriori errors and the a priori Kalman gains, and is summarized below

T
1. epa = ayy

2. e1q = flegg = €pq/ (1 + V)

e
3. Compute the first element of Ko, koq = Eﬂ
Oa

4. Eig = Eoa + €oaia

vl

0
ko = [ i ] + kogag, and extract the last element of kg, kop

6. eop = kovEop

k
[ 00} = ko — kopbo

N
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8. V=vV+epkoa, V=V-—emwkop
9. ey = flegp = epp/ (1 +V)

10. Eyp = Egp + €opeip

0
11. al=ao—€1a|:l~(0:|

k
12. b1=b0—€1b|: 00:|

13. )20=th, ep=X—Xo, e1=ue0=e0/(1+v), X1=x-e
14. h; =hy + eko

Step 8 was obtained from Eq. (7.15.21). Steps ], 5, 7, 11, and 12 require M operations
each. Therefore, the gain calculation can be done with 5M operations. The last two
Wiener filtering steps require an additional 2M operations. Thus, the total operation
count grows like 5M + 2M = 7M. The so-called fast transversal filter (FTF) [91] compu-
tational sequence is essentially identical to FAEST, but works directly with the variables
u instead of v. The only change is to replace step 8 by the following:

Eoq H

8. pu=p—, p=

_— (FTE)
Eia 1 - eopkopt

The second equation is obtained from (7.15.34), (7.15.31), and the proportionality
k; = uKkg, which implies the same for the last elements of these vectors, ki = ukop.
We have
g H H

Eop 1-eopkip 1 - eoqpkopit

The above computational sequences are organized to start with the tilde quantities,
such as v and ko, and end up with the bar quantities such as v and k. The reason has
to do with the shift-invariance property, which implies that all bar quantities computed
at the present iteration become the corresponding tilde quantities of the next iteration;
for example,

vin+1)=v(n), ko(n+1)=Kky(n)

This property allows the repetition of the computational cycle from one time instant
to the next. As we have seen, the computational savings of FAEST over FK, and FK over
conventional RLS, have nothing to do with shift invariance but rather are consequences
of the rank-one updating properties.

The FAEST, FTF, and FK algorithms are the fastest known RLS algorithms. Unfor-
tunately, they can exhibit numerically unstable behavior and require the use of rescue
devices and re-initializations for continuous operation [92-101].

Next, we consider the lattice formulations. Equations (1.7.50) can be applied to the
a priori lattice

€oa = €oa — Yob€ob
i ] (7.15.37)
€op = €ob — Y0a€oa
and a posteriori lattice
e1q = €1qa — Y1b€1p
; ) (7.15.38)
e1p = €1ph — Y1a81a

with the reflection coefficients computed by

Ao Ay Aq 1
- 20 = = d . -1 7.15.39
Ya=p v you=p o ad ya=ge, o yw= g ( )
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To find the relationship between A; and Ay, we use Eq. (1.7.44) applied to R;

R, [f? ] =Au+Epv, R; [%1} =A1v+ Ejqu (7.15.40)
1
Applying Eq. (1.7.44) also to Ry, we obtain
R a | | a | - _
1 0 = (RO + vy ) 0 = Agv + Egqu + €0y (7.15.41)
and
0 T 0 ~ .
Ri| ¢ = (R() + vy ) - = Aou + Eqpv + E0py (7.15.42)
bo bo

Forming the dot products,

[0, b, IR, [ag’ ] and [0, by R, [‘Bl ]
we obtain the two alternative expressions
Ay = Ag + 0al1p, A1 =Ap+ €1aéop (7.15.43)

They represent the least-squares modifications of the partial correlation (1.7.53).
The two expressions are equivalent. Applying Eq (7.15. 33) to elb, we have &1, = [18gp.
Applying Eq. (7.15.27) to €14, we have 14 = [1€y,. But, v = v because, as is evident
from Eq (1.7.51), the tilde part of y is the same as the bar part of ¥, namely, y,.. Thus,
V=v= Ye R0c Y., which implies fi = fi. Applying Eq. (7.15.34), we have the updating
equation fi = i — &2, /Ep.

As for the Wiener filtering part, we can apply the order-updating equations (1.7.24)
through (1.7.27) to the a priori and a posteriori problems to get

Xo = Xo + goveop, €0 =€y — Jobeob
(7.15.44)

X1 =X +dwew, e =€ —Jgipep

where gop and g;p are the last components of the lattice weight vectors g, and g;.
Because of the relationship h = LTg, it follows that the last component of h is equal
to the last component of g. Thus, extracting the last components of the relationship
h; = hy + epky, we find

e
db = gob + eokip =90b+90FIZ (7.15.45)
1

This provides a direct way to update the gs. The more conventional updating method
is indirect; it is obtained by writing

_ Pob _Pw
Jgob = Eop’ gdib Eup

(7.15.46)
Using Eq. (7.15.44), we can find a recursion for the ps as follows

p1v = Ewpg1p = E1pgop + (€0 — goveon) €1p = (E1p — €ope1n) gob + €0e1p
or, using E1p — egpe1p = Eop and pop = Egpgop, We obtain

_ 1
P1b = Pob + €oe1p = Pob + 7 éiep (7.15.47)

The conventional RLS lattice (RLSL) [102-110] computational sequence is summa-
rized below:
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1. Ay = Ag + €1p€oa = Ao + E1pC1al [l
-4 A1

= Yib = =
Ela ’ Elb
3. e1a = €1a — Y1b€1p, €1p = €1p — Y14al1a

4. E1g = Erva — ywd1, Ew =Ewp — y1ad

52
.= €1
5. l=f1— =
Eyp
6. p1p = pop + E1€1p/ 1
Pib
7. p= "
g1 Eup

8. ey =¢e1—gwew, X=x-e;

This is referred to as the a posteriori RLS lattice because it uses the a posteriori lattice
equations (7.15.38). There are 14 multiplication/division operations in this sequence.
We will see later that the use of the so-called forgetting factor A requires 2 more mul-
tiplications. Thus, the total number of operations is 16. Because this sequence must
be performed once per order, it follows that, for an order-M problem, the computa-
tional complexity of the RLS lattice will be 16 M operations per time update. This is to
be compared with 7M for the FAEST direct-form version. However, as we have already
mentioned, the direct-form versions can exhibit numerical instabilities. By contrast, the
lattice algorithms are numerically stable [97,111].

Many other variations of the RLS lattice are possible. For example, there is a version
based on Eq. (7.15.37), called the a priori RLS lattice algorithm [20,106,110], or a version
called the double (a priori/a posteriori) RLS algorithm [107,110] that uses Egs. (7.15.37)
and (7.15.38) simultaneously. This version avoids the computation of the likelihood
parameter p. Like Eq. (7.15.45), we can also obtain direct updating formulas for the
reflection coefficients, thereby avoiding the recursion (7.15.43) for the partial correla-
tions A. Using the second term of Egs. (7.15.43) and (7.15.25) applied to E4, that is,
Eva + Eoa + €0a@14. we find

Ay Ao +e1a€op _ YoaEoa + €1a€0p

Eiq Eiq Eia
Yoa (E1a = €0a1a) +€1aé0p Cla , - _
= = =Yoa + = (€ob — Y0aCoa)
Ela Ela

and using Eq. (7.15.37), we obtain
€1a
Yia = Yoa + €ob 7 (7.15.48)
Eiq
Similarly, working with the first term of Eq. (7.15.43), we find
e
Yib = Yob + €oa 5> (7.15.49)
Ewp

Replacing é,, = fiéos and &, = [1égp in the above equations gives rise to the so-
called a priori direct-updating RLS lattice [111], also called the a priori error-feedback
lattice because the outputs ey, and e, of the a priori lattice equations (7.15.37) are used
to update the reflection coefficients.

An a posteriori direct or error-feedback algorithm [111] can also be obtained by
working with the a posteriori lattice Eq. (7.15.38). In this case, we must express ey, and
eop in terms of the a posteriori quantities as follows:

€0a = €0a — Yoblob = (814 — Yopl1p) /i and eop = (E1p — Yoalia) /1
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The a priori and a posteriori error-feedback lattice algorithms are computationally
somewhat more expensive—requiring O (20M) operations—than the conventional RLS
lattice. But, they have much better numerical accuracy under quantization [111] and,
of course, their long-term behavior is numerically stable.

Below we list the computational sequence of what may be called the double/direct
RLS lattice algorithm that, on the one hand, uses direct-updating for increased numerical
accuracy, and on the other, has the same computational complexity as the conventional
a posteriori RLS lattice, namely, 16 M operations [156]:

1. eoa = €oa — Yov€ob, €ob = €ob — Y0aloa

€14 é1p
2. Yia=Yoatew =, Yib=Yob+€oaz
Eiq Eyp

3. e1qg = €1a — Y1b€1p, €1b = €1p — ¥1al1a
4. E1q = Eoq + €1a€0a, E1p = Eop + €1pe0p
5. ey = €0 — gobeeb

€ip
6. gip = gob + €o Eu
1b

7. e1=@€ —gwewn, X =X-e;

It uses simultaneously the a priori and a posteriori lattice equations (7.15.37) and
(7.15.38). There are 14 operations (plus 2 for the forgetting factor) per order per time
update, that is, a total of 16M per time update.

Finally, we discuss the sense in which the a priori and a posteriori backward errors
eop and e, provide a decorrelation of the covariance matrices Ry and R;. Following
Egs. (1.7.13) and (1.7.17), we write the LU factorizations of the a priori and a posteriori
problems

LoRoLY = Dop, LiR\LT =Dy (7.15.50)

where Ly and L, have as rows the backward predictors b = [BJ,1] and b! = [BT,1].

Lo= [ég (1)] L= [él% (1)} (7.15.51)
The corresponding backward basis vectors are constructed by
e0b=L0y=[§z ?}[)ﬁ]:[iﬁ]:[ggi] (7.15.52)
and B i o i
e1h=L1y=[§1} ﬂ[;;}=[ﬁl}:’} =[ZZ] (7.15.53)

The rank-one updating property (7.15.1) for the Rs can be translated into an updating
equation for the LU factorizations[112-114], in the following form:

L =LL, (7.15.54)

It turns out that the unit lower triangular matrix L can be built entirely out of the a
priori backward errors ey, as we show below. The determining equation for L may be
found by

Dip = LiR1L] = LLo(Ro + yy?)LILT = L(Dop + egpel,) LT (7.15.55)
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Thus, L performs the LU factorization of the rank-one update of a diagonal matrix,
namely, Dop + eObegb. The solution is easily found by introducing the block decompo-
sitions

L o Dy 0 T Dob + @0p8Y,  eoplon
L= , Dip= , Dop +egpey, = _
|:BT 1 :| 1b [ OT Eqp :| 0p 0bCop eohe%—h Eop + eéh

Using the methods of Section 1.7, e.g., Eqgs. (1.7.7) and (1.7.11) applied to this prob-
lem, we find the solution

1

T =1~ (7.15.56)
1+ eghDol}eoh

B = —pteopDyjeon, [ =

Using Ry! = LI Dyl Lo, we recognize
el Doteop = VLD Loy = VI RG'y = v
Therefore, the quantity [ defined above is the usual one. Similarly, we find
Ep = (Eop + €3,) +eopel, B = Eop + €3, — fie3, v
Noting that 1 — v = fi, this reduces to Eq. (7.15.32). Writing Djeop = Lo T Ry'y =
Ly Tko, we may express B in terms of the Kalman gain vector:
B = —fegyLy ko (7.15.57)
It easy to verify that the block-decomposed form of Eq. (7.15.54) is equivalent to
Ly=LLo, Bi=Bo+LIB (7.15.58)

Because of Eq. (7.15.57), the updating equation for the Bs is equivalent to Eq.
(7.15.35). Using this formalism, we may show the proportionality between the a poste-
riori and a priori backward errors. We have e;,, = L1y = LLyy = Legp, and in block

form B B
e — L 0 eop _ Leob
=BT eop | | eon + BTéow

Therefore, ey = eop + BTéop = eop — fi€opV = fiegp. It follows that L acting on eqp
can be replaced by the diagonal matrix of fis acting on egp,. The double/direct lattice
algorithm effectively provides the error signals required to build L. For example, Eq.
(7.15.56) can be written in a form that avoids the computation of the us

B = —fieqpDyjéop = —e1pDytéop (7.15.59)

The a priori and a posteriori estimates Xy and X; may also be expressed in the back-
ward bases. Defining g, = LaTho, we find Xg = hgy = ggLoy = ggeob, and similarly,
defining g; = LfThl, we find X7 = g]Telb. Thus,

g =Li"h;, gy=L;"hy (7.15.60)

and
R =glew, Ro=gleon (7.15.61)

Finally, the updating equation (7.15.16) for the direct-form weights translates into
an updating equation for the lattice weights:

g =L7Thy = LiT(hy + eoky)= L™ TL;Thy + eoL7Tky

where we used the factorization (7.15.54) for the first term. Using Rl’1 = LlTDﬁ}Ll, we
find for the second term Ly k; = Ly Ry'y = Dy L1y = Djj}e1p. Therefore,

g, =L Tgy+eoDiterp (7.15.62)

Extracting the last elements we obtain Eq. (7.15.45).
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7.16 RLS Adaptive Filters

The LMS and gradient lattice adaptation algorithms, based on the steepest descent
method, provide a gradual, iterative, minimization of the performance index. The adap-
tive weights are not optimal at each time instant, but only after convergence. In this
section, we discuss recursive least-squares (RLS) adaptation algorithms that are based
on the exact minimization of least-squares criteria. The filter weights are optimal at each
time instant n.

Adaptive RLS algorithms are the time-recursive analogs of the block processing meth-
ods of linear prediction and FIR Wiener filtering that we discussed in Sections 5.12 and
5.14. They may be used, in place of LMS, in any adaptive filtering application. Be-
cause of their fast convergence they have been proposed for use in fast start-up channel
equalizers [115-118]. They are also routinely used in real-time system identification
applications [46-52,119]. Their main disadvantage is that they require a fair amount
of computation, O (M?) operations per time update. In biomedical applications, they
can be easily implemented on minicomputers [56,57]. In other applications, such as the
equalization of rapidly varying channels or adaptive arrays [15,120-122], they may be
too costly for implementation.

The fast reformulations of RLS algorithms, such as the RLSL, FK, FAEST, and FTF, have
O (M) computational complexity. The fast RLS algorithms combine the best of the LMS
and RLS, namely, the computational efficiency of the former and the fast convergence of
the latter. Among the fast RLS algorithms, the RLS lattice has better numerical stability
properties than the direct-form versions.

We start with the RLS formulation of the FIR Wiener filtering problem. The estimation
criterion, £ = E[e(n)?]= min, is replaced with a least-squares weighted time-average
that includes all estimation errors from the initial time instant to the current time n,
thatis, e(k),k =0,1,...,n:

n
En =D e’(k)=min (7.16.1)
k=0
where
e(k)=x(k)=x(k)

and X (k) is the estimate of x (k) produced by the order-M Wiener filter

Yk
R M Yk-1 T
R(K)= 3 hmyk-m = [ho,hy,....hy]l| . | =0Ty (k)
m=0 .
Yk-M

Note that in adaptive array problems, y (k) represents the vector of measurements at
the array elements, namely, y (k) = [yo(k),y1 (k),...,ym (k) ]. To better track possible
non-stationarities in the signals, the performance index may be modified by introducing
exponential weighting

n
En= > A"Ke2(k)=e?(n)+Ae*(n—1)+A%*(n—2)+ -+ - +A"e?(0)  (7.16.2)
k=0
where the forgetting factor A is positive and less than one. This performance index
emphasizes the most recent observations and exponentially ignores the older ones. We
will base our discussion on this criterion. Setting the derivative with respect to h to
zero, we find the least-square analogs of the orthogonality equations

0&n

_ - n-k —
T 2> A ke(k)y(k)=0

k=0
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which may be cast in a normal equation form

ST AT K [x(k)-hTy (k) Jy(k)=0, or,
k=0

{Z A""y(k)y(k)T} h=> A" *x(k)y(k)

k=0 k=0
Defining the quantities
n
R(n) = > A" *y(k)y (k)"
k=0
(7.16.3)

n

r(n) = > A"k x(k)y(k)
k=0

we write the normal equations as R (n)h = r(n), with solution h = R (n) ~'r(n). Note
that the n-dependence of R (n) and r(n) makes h depend on n; we shall write, therefore,

h(n)=R(n) 'r(n) (7.16.4)

These are the least-squares analogs of the ordinary Wiener solution, with R (n) and
r(n) playing the role of the covariance matrix R = E[y(n)y” (n)] and cross-correlation
vector r = E[x(n)y(n)]. These quantities satisfy the rank-one updating properties

R(n)=AR(n-1)+yn)yn)T (7.16.5)

r(n)=Ar(n - 1)+x(n)y(n) (7.16.6)

Thus, the general results of the previous section can be applied. We have the corre-
spondences:

y - vy x - x(n

Rl d R(Vl) R() — /\R(Vl — 1)

P, - Pn=Rn Py - A'Pn-1)=A"'"R(n-1)-1!

rn - rm rn — Ar(n-1)

hy, - h®m)=Rn) 'r(n) hy - h(n-1)=Rn-1)"'r(n)

/i - Xm=hmTymn) X — X(m/n-1)=h(n-1Ty(n)

e; — e(n)=xmn)-xn) eg — e(n/n-1)=xn)-x(n/n-1)
ki - k(n)=R(n) 'ymn) kg — k(n/n-1)=A"'R(n-1)"ly(n)
v - vm=kn/n-)Tymn) g - pm=1/(1+v(n))

We used the notation X(n/n—1),e(n/n—1),and k(n/n —1) to denote the a priori
estimate, estimation error, and Kalman gain. Note that R, ry are the quantities R (n—1),
r(n—1) scaled by the forgetting factor A. In the a priori solution hy = Ralro, the factors
A cancel to give [AR(n —1)] '[Ar(n—1)] = R(n —1)"'r(n— 1)= h(n — 1). Thus,
the a priori Wiener solution is the solution at the previous time instant n — 1. With the
above correspondences, the conventional RLS algorithm listed in the previous section
becomes

1. k(n/n-1)=A"'"P(n-1)y(n)

1

2. vinmy=k(n/n-1)Tyn), pmn)= Tovi

3. k(n)=pumnk(n/n-1)

4, P(m)=A"'P(n-1)-k(nk(n/n-1)7T
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5. R(n/n-1)=h(n-1)Ty(n), e(n/n-1)=xn)-kn/n-1)
6. e(n)=pu(n)e(n/n—-1), xX(n)=x(n)—e(n)
7. h(n)=hn-1)+e(n/n-1)k(n)

The algorithm may be initialized in time by taking R (—1)= 0, which would imply
P(—1)= co. Instead, we may use P(—1)= 6'I, where § is a very small number, and I
the identity matrix. The algorithm is quite insensitive to the choice of §. Typical values
are 6 = 0.1, or 6 = 0.01.

The subroutine rls (see Appendix B) is an implementation of the algorithm. Because
the algorithm can also be used in array problems, we have designed the routine so that
its inputs are the old weights h(n — 1), the current sample x(n), and the entire data
vector y (n) (in time series problems only the current time sample y,, is needed, the past
samples y,_;, i = 1,2,...,M being stored in the tapped delay line). The outputs of the
routine are h(n), X(n), and e(n). A simulation example will be presented in the next
section.

The term Kalman gain arises by interpreting h(n)=h(n—-1)+e(n/n—1)k(n) as a
Kalman predictor/corrector algorithm, where the first term h(n — 1) is a prediction of
the weight h(n) based on the past, e(n/n — 1)= x(n)—h(n — 1) Ty (n) is the tentative
estimation error made on the basis of the prediction h(n — 1), and the second term
e(n/n —1)k(n) is the correction of the prediction. The fast convergence properties of
the algorithm can be understood by making the replacement k(n) = R (n) ~'y(n) in the
update equation

h(n)=h(n-1)+R(n) y(n)e(n/n-1) (7.16.7)

It differs from the LMS algorithm by the presence of R (n) ! in the weight update
term. Because R (n) is an estimate of the covariance matrix R = E[y(n)y(n)T], the
presence of R (n)~! makes the RLS algorithm behave like Newton’s method, hence its
fast convergence properties [123,124]. Another important conceptual difference with
the LMS algorithm is that in the RLS algorithm the filters h(n) and h(n—1) are the exact
Wiener solutions of two different minimization criteria; namely, £, = min and £, =
min, whereas in the LMS algorithm they are successive gradient-descent approximations
to the optimum solution.

The role of the forgetting factor A may be understood qualitatively, by considering
the quantity

nA"
~0 A
n) = n =

2. A"
n=0

to be a measure of the effective memory of the performance index &,. Smaller As cor-
respond to shorter memory n,, and can track better the non-stationary changes of the
underlying signals. The memory n, of the performance index should be as short as the
effective duration of the non-stationary segments, but not shorter because the perfor-
mance index will not be taking full advantage of all the available samples (which could
extend over the entire non-stationary segment); as a result, the computed weights h(n)
will exhibit more noisy behavior. In particular, if the signals are stationary, the best
value of A is unity.

In Section 7.12, we considered the adaptive implementation of eigenvector methods
based on an LMS gradient-projection method. Adaptive eigenvector methods can also
be formulated based on the rank-one updating property (7.16.5). For example, one may
use standard numerical methods for the rank-one updating of the entire eigenproblem
of R(n) [87,125,126].

Me
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If one is interested only in a few largest or smallest eigenvalues and corresponding
eigenvectors, one can use the more efficient power method or inverse power method
and their generalizations, such as the simultaneous and subspace iterations, or Lanc-
zos methods, which are essentially the subspace iteration improved by Rayleigh-Ritz
methods [127,128].

The basic procedure for making these numerical methods adaptive is as follows
[129-135]. The power method generates the maximum eigenvector by the iteration
e(n)= Re(n — 1), followed by normalization of e (rn) to unit norm. Similarly, the mini-
mum eigenvector may be generated by the inverse power iteration e(n)= R 'e(n —1).
Because R and R! are not known, they may be replaced by their estimates R (n) and
P(n)= R (n) !, which are being updated from one time instant to the next by Eq. (7.16.5)
or by step 4 of the RLS algorithm, so that one has e(n)= R(n)e(n — 1) for the power
iteration, or e(n)= P(n)e(n — 1) for the inverse power case.

This can be generalized to the simultaneous iteration case. For example, to gener-
ate adaptively the K minimum eigenvectors spanning the noise subspace one starts at
each iteration n with K mutually orthonormalized vectors e;(n —1),i=0,1,...,K — 1.
Each is subjected to the inverse power iteration e; (n) = P(n)e; (n — 1) and finally, the K
updated vectors e;(n) are mutually orthonormalized using the Gram-Schmidt or mod-
ified Gram-Schmidt procedure for vectors. Similar simultaneous iteration methods can
also be applied to the gradient-projection method of Section 7.12. The main limitation
of applying the simultaneous iteration methods is that one must know in advance the
dimension K of the noise subspace.

7.17 Fast RLS Filters

In this section, we present fast RLS algorithms based on a direct-form realization [88-
91,102-111,136-145]. Fast RLS lattice filters are discussed in the next section. The
fast direct-form RLS algorithms make use of the forward and backward predictors. The
subblock decompositions of the (M + 1)-dimensional data vector y(n) are

Yn
Yn-1 Y,
y(n) Vn
n)= . = =1 . 7.17.1
y(n) : |:YH—Mj| [y(n)} ( )
Yn-M
Therefore, the two M-dimensional parts of y(n) are
Yn Yn-1
Yn-1 . Yn-2
y(n)= . , y(n)= . (7.17.2)
Yn-M+1 Yn-M
The covariance matrices of these subvectors will be
n n
R(m= Y A" 5H)yk)", Rm= > A" ymRyk)" (7.17.3)
k=0 k=0
The definitions (7.17.2) imply the shift-invariance property
v(n+1)=v(n) (7.17.4)

Using this property, we find
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n+1 n
Rn+1) = > A" *kgk)yk)T= > A" yk+Dyk+1)7T
k=0 k=-1

= > Ay Ry k)T=Rm)+A"y (-1 y (-1 T
k=-1

If we make the prewindowing assumption that y (—1) = 0, we obtain the shift-invariance
property for the covariance matrices

R(n+1)=Rn) (7.17.5)

Before we use the shift-invariance properties, we make some additional correspon-
dences from the previous section:

Evq = Eoq + €14€0a
E1p = Eop + €1peop

y y(n)

y y(n)

Ria; = Ejqu R(n)a(n)=E*(n)u

Rib; = Epv R(l’l)b(l’l)sz(l’l)v

Roag = Eggu AR(n-1)a(n-1)=AEt(n-1)u
Robo = Eopv AR(Nn—1)b(n—-1)=AE-(n-1)v
eg=aly et(n)=a(n)Ty(n)

e =bly e (n)=b(n)Ty(n)

eoa = aly et(n/n-1)=an-1)Ty(n)

eop =bly e-(n/n-1)=bn-1Tyn)

Et(n)=AE*(n—1)+e*(n)e* (n/n-1)
E-(n)=AE (n—-1)+e (n)e (n/n-1)

k = R'y k(n)=R(n)"'y(n)

ki =Ry k(n)= R(n) 'y (n)

ko = Ryly k(n/n-1)=A"'"R(n-1)"'y(n)
ko = Ryly k(n/n-1)=A"'R(n-1)"'y(n)
v =Ky v(n)=k(n/n-1)"y(n)
v=Kky v(n)=k(n/n-1)Ty(n)
g=1/(1+v) am)=1/(1+v(n))
a=1/(1+v) an)=1/(1+v(n))

We have used the superscripts + to indicate the forward and backward quantities.
Again, note the cancellation of the factors A from the a priori normal equations, which
implies that the a priori predictors are the predictors of the previous time instant; that
is,ap —a(n—1) andby - b(n-1).

Using the shift-invariance properties (7.17.4) and (7.17.5), we find that all the tilde
quantities at the next time instant n + 1 are equal to the bar quantities at the present
instant n; for example,

k(n+1)=R(n+1)"'y(n+1)=R(n) lyn)=k(n)
Similarly,
kin+1/n)=A"'"RM)'yn+1)=A"'"R(n-1)"'y(n)=k(n/n-1)
and for the likelihood variables
vin+)=kn+1/n)Tyn+1)=kn/n-1)Ty1n)=vn)
and similarly for the us. We summarize:
k(n+1) =k(n), k(n+1/n)=k(n/n-1)

(7.17.6)
vin+1) =v(n), pn+1)=ja(n)
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These equations can be added at the ends of the computational sequences of the

previous section to complete the computational cycle at each time instant. In the present
notation, the complete fast Kalman algorithm [88,89] is:

0.

10.
11.
12.
13.

14.

At time n, we have available the quantities h(n — 1), a(n — 1), b(n — 1), k(n),
Et(n-1),x(n),and y(n)

.et(n/n-1)=amn-1)Ty(n)

et(n)=a(n)y(n)
Et(n)=AEt(n-1)+et (n)et(n/n—-1)

et (n)

Compute the first element of k(n), ko (n) = )

k(n)= [R(On) ] + ko (n)a(n), extract the last element of k(n), ky (n)

e (n/n-1)=bn-1)Ty(n)

b(n)= b(n-1)-e (n/n-1)k(n)
~ 1-e (n/n-1Dky(n)

[k(o’“ } = k(m)—k (m)b(n)
Rn/n-1)=hn-1Tymn), emn/n-1)=xn)-xn/n-1)
h(n)=h(n-1)+e(n/n-1)k(n)

&(m)=h(m)Ty(n), e(n)=x(n)-x(n)

k(n+1)=k(n)

Go to the next time instant,n — n + 1

The first and last entries of the a posteriori Kalman gain vector k(n) were denoted
by ko (n) and ky (n), that is, k(n)= [ko(n),k; (n),...,ky(n)1%. Similarly, we obtain
the complete FAEST algorithm [90]:

0.

At time n, we have available the quantitiesh(n—1),a(n—1),b(n—-1),k(n/n—-1),
v(n), E*(n—1),x(n),and y(n)

.et(n/n-1)=an-1)Ty(n)

et(n)=e*(n/n-1)/(1+v(n)) =f(n)et(n/n-1)

' _e'(n/n-1)
Compute the first element of k(n/n—1),ko(n/n—-1)= AEF(n—1)

Et(n)=AE*(n—-1)+e*(n)e*(n/n-1)

0

k(n/n-1)= [f((n/n— 1

] +ko(n/n-1)a(n-1)

Extract the last element of k(n/n — 1), kyy(n/n —1)

e (nfn-1)=kyn/n-1)[AE-(n-1)]
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*®

k(n/n-1)
0

] =k(n/n-1)-ky(n/n—1)b(n-1)

9. v(n)=v(n)+et(n/n-1)kg(n/n-1), v(n)=vm)—e (n/n-1)ky(n/n-1)
10. e (n)=e (n/n—-1)/(1+v(n)) =pn)e (n/n-1)

11. EE(n)=AE (n—1)+e (n)e " (n/n-1)

12. a(n)=a(n—1)—e+(n)[ 0 }

k(n/n-1)
13. b(n)=b(n- 1>—e—(n>[k(”/g -1 }

14. *(n/n-1)=hn-1Ty(n), en/n—-1)=x(n)-xn/n-1)

15. e(n)=e(n/n-1)/(1+v(n)) =pumnen/n-1), Xn)=x(n)—e(n)
16. h(n)=h(n-1)+e(n)k(n/n-1)

17. k(n+1/n)=k(n), v(n+1)=v(n)

19. Go to the next time instant,n - n + 1

The algorithm is initialized in time by clearing the tapped delay line of the filter and
setting h(-1)=0,a(-1)=u=[1,07]17,b(-1)=v = [07,1]17, k(0/-1)= 0, V(0) = 0,
and E* (—1) = 6, where ¢ is a small constant. Exact initialization procedures have been
discussed in [91]. The FTF algorithm [91] is obtained by replacing step 9 by the following:

o AEf(n—-1) o u(n)
)= ) = A = e ke (im = D (n)

(FTF)

The subroutine faest (see Appendix B) is an implementation of the FAEST algorithm.
The routine transforms an input pair of samples {x, y} into an output pair {X, e}, updates
the tapped delay line of the filter, and updates the filter h(n).

Next, we present a simulation example comparing the FAEST and LMS algorithms.
The example is the same as that discussed in Section 7.13 and defined theoretically
by Egs. (7.13.37) and (7.13.38). Figure 7.24 shows two of the adaptive weights, h; (n)
and h; (n), adapted by FAEST and LMS. The weights are converging to their theoretical
values of h; = 1.5 and h, = —2. The RLS parameters were A = 1 and § = 0.01; the LMS
parameter was g = 0.01.

7.18 RLS Lattice Filters

The fast direct-form RLS filters were fixed-order filters. By contrast, the RLS lattice algo-
rithms [102-111], for each time instant n, do a recursion in the order, p = 0,1,..., M.
Therefore, it is necessary to indicate the order p by using an extra index in all the quan-
tities of the past two sections. For example, the order-p data vector and its bar and tilde
parts will be denoted by

Yn Yn Yn-1
Yn-1 Yn-1 B Yn-2
yp(n)= : , Yp(n)= : , Vp(n)= : (7.18.1)

Yn-p Yn-p+1 Yn-p
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FAEST and LMS Adaptive Weights

hi(Wpapsy

T s

hz(n>FAEST'

0 20 40 60 80 100

Fig. 7.24 Comparison of FAEST and LMS adaptive weights.

Therefore, we have

}_’p(l’l) = Yp—l (I’l) y i’p (l’l) = i’p(n - 1) = Yp—l (n - 1) (7-18-2)

Similarly, the covariance matrices will be
Ry(n)=R,_1(n), R,(n)=Rp_1(n-1) (7.18.3)
The order-p predictors will be denoted by a,(n) and b, (n), with error signals
e; (n)= ap(n)Typ(n) and e, (n)= bp(n)Ty,,(n) The corresponding mean-square er-
rors will be denoted by E ;7' (n). Similarly, the a priori estimation errors are denoted by
ej(n/n-1)=ay(n-1)Ty,(n) ande, (n/n—1)=b,(n-1)Ty,(n). Using Eq. (7.18.3),
we find the following correspondences between the order-(p —1) and order-p problems:

}?1 - Rp-1(n), a - ap1(n), Eg — Ej_(n)

130 - /\Rn—l(n_l): {10 - ap—l(”‘”, 1?0(1 - AE;,I(n—l)
Ry = Rpa(n-1), by — bpa(m-1, Ep - E,,(n-1)

Ry — ARp-i(n=2), by — bpi(n-2), Ep — AE, (n-1)
eu=ay — ey (M=a,1(MTy, (n)
~ ~T . —
ep=by - e (n-1=by(n-17Ty, ;(n-1)
Ga=aly — ej,(n/n-1=ap1(n-1"Ty,  (n)
e =By — ey (n—1/n—=2)=b, 1 (n—2)Ty, ;(n—1)

Yia — ypn)
Yoa — Yypn-1)
Yib = ¥, (n)
Yoo — Y,(n-1)

ela=¢€a— Yl — e)n=ep(n)-y,ne, (n-1)
ey =81y~ y1aCia — e,(M=e, 1 (n-1)-y;(n)e;_;(n)
€oqa = €oa — Yoblop — e;(n/n—l):e;_l(n/n—1)—y;(n—1)e;,_1(n—1/n—2)

eop = €op — YoaCoa — ep(n/n-1)=e, (n-1/n-2)-y;(n- l)e;,l(n/n -1)

[ a 0] a1 (n) ~ 0
31:_01:|7y1b|:l')1 - ap<n):[ "o ]fyp(n){bp_l(n_l)]
[0

= 0 -
] [m - by(n)= [bp,l(n—l)]_y?’(”)[a” :)(n)}
A ap(n-1) | _ 0

_ 0 ap_1(n—1)
o| b"(”_l)‘[b,,ﬂ(nfz)}_ylt(”_l)[ o ]
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5 +
€ia " " _ e, (n)
= - - = -1 -1
Yia = Yoa + €ob Fia yp(m)=y;(n-1)+e, (n/n )E;l(n)
e ~ - e,_1(n-1)
= - o = -1 + 1)y
Yib =Yoo +€oa g yp(m)=y,(n-1)+e;(n/n )E;_] -1
ey = €y — Jobeob — e,,(n/n—1):ep,1(n/n—1)—g,7(n—1)e;(n/n—1)
e e, (n)
= +ey - n)= n—-1)+e,(n/n—-1
gib = Gob + €0 Eup gp(n)=gp( )+ep( )E,;(m
e; =é; —gwew - ep(n)=ep_1(n)—gyp(n)e,(n)

We have denoted the forward/backward reflection coefficients by y§ (n), and the
lattice Wiener weights by g, (n). The order-p a priori and a posteriori estimation errors
are ep(n/n—1)=x(n)-X,(n/n-1) and e, (n)= x(n) —Xp (n). The likelihood variable
p=1-y'Rilyis

up(n)=1-y,(n)" Ry(n) 'y, (n) (7.18.4)
and can also be written as

1 1
1+vpy(n)  1+A-ly,(mTR,(n— 1)1y, (n)

Up(n)=

Similarly, we have

fip(n) =1 -y, Ry(n) "y, (n)

=l-yp,(n-1D'Rp.y(n-1)"y, ;(n-1)

=Hp-1(n—1)
and _
fp(n) =1-y,(n) Ry (n) 'y, (n)
=1-y, 1 (M Ry-1(n) y,_; (n)
= Up-1(n)
Therefore,
fp(n)=pp1(n-1), ppn)= py_1(n) (7.18.5)

Thus, the proportionality between a posteriori and a priori errors will be
e, (n)=fip(n)e,(n/n—1), e,(n)=fy(ne,(n/n-1) (7.18.6)
Using either of Eq. (7.18.5), we find for the quantity fi = fi
fp(n)=ftp-1(n—=1)= fip_1 (N)=pp_2(n—1) (7.18.7)

Based on the above correspondences, we can obtain all versions of RLS lattice al-
gorithms, such as the conventional a posteriori, a priori, double, and a priori and a
posteriori error-feedback. In particular, we summarize the complete double/direct RLS
lattice algorithm [156]:

0. At time n, we have available the quantities yli, (n-1),gp(n-1), E; (n—-1),and
x(n),y(n).

1. Initialize in order by
eg(n/n—1)=ey(n)=y(n)

Ey(n)=AE; (n—1)+ey (e (n/n—1)
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ep(n/n—-1)=x(n)—go(n-1ey(n/n-1)

e, (n)

go(n)=go(n—1)+eg(n/n- 1)E5(n)

eo(n)=x(n)-go(n)ey (n)
2. Forp=1,2,...,M, compute
ey,(nn-1)=e; ;(n/n-1)-y,(n-1)e, 1 (n—-1/n-2)
e,(n/n-1)=e, ;(n-1/n-2)-y,(n—-1)e,_(n/n—-1)

Vi (= y; (1= vep (nim = 1) 21
p-1

Y, (m)=y,(n—1)+e; (n/n—-1) -1
ey (m=e, 1 (n)-y, (e, (n-1)

e,(n=e, (n—-1)-y, (n)e, ,(n)

E, (n)=AE,(n—1)+e,(n)e,(n/n—1)
ep(n/n—1)=ep_1(n/n—-1)—gp(n—-1)e,(n/n-1)
e, (n)

Ep (n)

gp(n)=gp(n—-1)+ep(n/n—-1)
ep(n)=ep_1(n)—gyn)e, (n)

3. Xy (n)=x(n)—ep(n), and go to the next time instant, n — n + 1.

The algorithm is initialized in time by clearing the delay registers of both lattices
and setting y, (=1)= 0, E; (-=1)= 0, and g, (~1)= 0. As in the case of the gradient
lattice, it follows that the backward outputs from the pth lattice section, e, (n/n — 1),
will be zero for n < p; therefore, we must keep Yy (n)= gp(n)= 0 for n < p because
these quantities require divisions by E, (n). There are 16 multiplications/divisions in
step 2; therefore, the complexity of the algorithm grows like 16 M per time update.

The subroutine rlsl (see Appendix B) is an implementation of the above algorithm.
It is essentially the same as Iwf used twice for the a priori and a posteriori lattices and
with the weight adaptation parts added to it.

Figure 7.25 shows the reflection coefficients y7 (n) and y3 (n) adapted by the RLS
lattice algorithm, for the same example presented in Section 7.13, which was also used
in the FAEST simulation. Note that, after some initial transients, the forward and back-
ward reflection coefficients become more or less the same as they converge to their
theoretical values. Compare also with the reflection coefficients of Fig. 7.19 adapted by
the gradient lattice. The version of the gradient lattice that we presented uses one set
of reflection coefficients, which may be thought of as some sort of average combination
of the forward/backward ones. Indeed, the curves for the gradient lattice reflection co-
efficients fall mostly between the curves of the forward and backward ones. Similarly,
the lattice Wiener weights g, (n) have almost the same behavior as those of Fig. 7.20.
We finish this section by discussing LU factorizations. Equations (7.15.20) become

Ly(n)Rp(n)Ly(n)"'=D, (n), AL,(n—1)R,(n—1)L,(n—1)"=2AD, (n—1)
(7.18.8)
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RLSL Predictor

0 20 10 60 80 100
Fig. 7.25 Reflection coefficients adapted by the double/direct RLSL algorithm.

where
D, (n)= diag{E; (n),Ey (n),...,E, (n)}

The vectors of a posteriori and a priori backward error signals are constructed by

e (n)
ey (n)
e, (n)= : =Ly(n)yp,(n),
e, (n)
ey (n/n—1)
ej(n/n-1)
e,(n/n-1)= : =Ly(n-1)y,(n)
e, (n/n-1)

This follows from the fact that the rows of the matrices L, (n) are the backward
predictors of successive orders. The L, (n) matrices are related by Eq. (7.15.54), which
reads

Ly(n)=Ly(n/n—-1)Ly(n—1) (7.18.9)

The rows of the unit lower triangular updating matrix L, (n/n — 1) are constructed
by (7.15.59), that is,

By =—e, (n)[AD,_; (n - 1)]719_;,_1 (n/n-1) (7.18.10)
or, component-wise

ej(n/n-1)

_ _ e; (n/n—-1)
AE (n-1) —fp(n)e, (n/n—-1)

72\]5;(”_1) , 1I=0,1,...,p—1

Bpi = —e, (n)

The direct and lattice Wiener weights are related by Eq. (7.15.60), ie., g,(n)=
Ly (n)~Thy,(n), and the a posteriori and a priori estimation errors are given by Eq.
(7.15.61)

Xp(n)=g,(mTe,(n), Xy(n/n-1)=g,(n—-1Te,(n/n-1) (7.18.11)

and satisfy the recursions in order

Xp(n)=Rp_1(n)+gp(n)e, (n), Xp,(n/n-1)=%X,_1(n/n-1)+g,(n—1)e,(n/n-1)
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This implies the following recursions for the estimation errors

ep(n)=ep_1(n)—gpnye,(n), ep(n/n-1)=ep_1(n/n-1)-gp(n-1)e, (n/n-1)

Finally, the time updating equation (7.15.62) for the lattice weights takes the form
gp(n): Ly(n/n— 1)‘Tgp(n - 1)+ep(n/n— 1)D;(n)‘1e; (n)

and extracting the last component, we obtain

e, (n)
Ep (n)

gp(n)=gy(n—1)+ep(n/n—1)

RLS lattice and gradient adaptive lattice filters may be used in any Wiener filtering
application. Their attractive features are: (a) computational efficiency; (b) very fast rate
of convergence, which is essentially independent of the eigenvalue spread of the input
covariance matrix; (c) modularity of structure admitting parallel VLSI implementations
[146-154]; and (d) numerical stability and accuracy under quantization.

7.19 Problems

7.1 Computer Experiment. (a) Reproduce the results of Fig. 7.3.

(b) On the same graph of part (a), plot the theoretical convergence curve of the weight
h(n) obtained by using Eq. (7.2.8).

(c) Using 10 different realizations of x, and y,, compute 10 different realizations of the
adaptive weight of Eq. (7.3.2). Compute the average weight over the 10 realizations
and plot it versus n, together with the theoretical weight of Eq. (7.2.8). Use u = 0.03.

(d) Reproduce the results of Fig. 7.7.

7.2 In steered adaptive arrays [16] and other applications, one has to solve a constrained Wiener
filtering problem. Suppose the (M + 1)-dimensional weight vector h = [hg, h1,...,hy]T
satisfies the L linear constraints c,-Th =fi,i=1,2,...,L, where L < M and the c; are given
(M + 1)-dimensional vectors, and f; are given scalars. The set of constraints may be written
compactly as CTh = f, where C = [c,Cp,...,c;] and f = [f1,[>,...,fr]17.

(@) Show that the solution of the minimization problem £ = E [ef,] = min, subject to the
constraint CTh = f, is given by

h=h, +R'C(CTR'C)" (£ - C"hy)

where h, = R~'r is the unconstrained Wiener solution and R = E[y(n)y(n)T],r =
Elxpy(n)].

In an adaptive implementation, h(n + 1) = h(n) +Ah(n), the constraint must be sat-
isfied at each iteration. The time update term, therefore, must satisfy CT Ah(n) = 0.
Show that the following (gradient projection) choice satisfies this condition

o€

_ _7_ T y-1,T
Ah(n)= uPah(n)' P=I-C(C'C)~"C

(b

Moreover, show that this choice moves the performance index closer to its minimum
at each iteration.

e

Show that the resulting difference equation can be written as
h(n+1)= P[h(n)—2uRh(n) +2ur] + hs

where h g = C(CTC)~!fis recognized as the least-squares solution of the linear equa-
tion CTh = f. And, show that CTh(n + 1)=f.
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(d) Show that the LMS adaptive algorithm resulting by dropping the expectation values is,
with e, = Xy — Ry = Xp —h(n) Ty (n)

h(n+1)= P[h(n)+2pe,y(n)] + hyg

7.3 Rederive the results in parts (c) and (d) of Problem 7.2 using the following approach. In-
troduce a Lagrange multiplier vector A = [A1,A,,...,A;]T into the performance index en-
forcing the constraint equations; that is, & = E[e2]+AT (f — CTh). Show that the ordinary
unconstrained gradient descent method h(n + 1) = h(n) —ud&/oh(n) gives rise to the dif-
ference equation

h(n+1)= (I - 2uR)h(n)+2ur — uCA (n)

Impose the constraint C'h(n + 1) = £, eliminate A (n), and show that this equation is equiv-
alent to that in part (c) of the previous problem.

7.4 Verify that Eq. (7.6.5) is the solution of Eq. (7.6.4).

7.5 Consider an adaptive filter with two taps:

Yn

Rp = ho(M)yn + hy (M)yn_1 = [ho(n),hy(n)] [YH

] =h(n)Ty(n)

The optimal filter weights are found adaptively by the gradient descent algorithm

h(in+1)= h(n)—u%(i)

where £ = E[e2] and e, is the estimation error.
(a) Show that the above difference equation may be written as

h(n+1)=h(n)+2u(r— Rh(n))

where

R @] _[Ry(@ Ry(D)
B ny(l) ’ B Ryy(l) Ryy(o)

(b) Suppose Ry, (0)= 10, Rxy (1)= 5, Ry, (0)= 3, Ry, (1)= 2. Find the optimal weights
h=1limh(n) asn — .

(c) Select u = 1/6. Explain why such a value is sufficiently small to guarantee conver-
gence of the difference equation of part (a). What other values of p also guarantee
convergence?

(d) With u = 1/6, solve the difference equation of part (a) in closed form for n > 0.
Discuss the rate of convergence.

7.6 Consider a single CCL as shown in Fig. 7.2.

Suppose the reference signal is set equal to a unit step signal; that is, y(n)= u(n).
Show that the CCL will behave as a time-invariant linear filter with input x,, and output
ey,. Determine the transfer function H (z) from x,, to ey.

(a

(b) Find and interpret the poles and zeros of H(z).

(c) Determine the range of p-values for which H (z) is stable.

7.7 Repeat Problem 7.6 when the reference signal is the alternating unit step; that is, y(n)=
(-1)"u(n).

7.8 Let hg and h; be the real and imaginary parts of the complex weight vector h = hg + jh;.
Show that
0 1| o0& . 0E
an 2 [m ” ﬁ]
Consider the simultaneous gradient descent with respect to hg and hy, thatis, hg — hg+Ahg
and h; — h; + Ahj, with

o€

Ahgp = —HaTlR, Ahy = —HaTlI
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Show that it is equivalent to the gradient descent h — h + Ah, where

o0&
Ah = —ZHW

Note the conjugation and the factor of two.

7.9 Using the transfer function of Eq. (7.9.3), derive an approximate expression for the 3-dB
width of the notch. You may work to lowest order in p.

7.10 Computer Experiment. Consider the noise canceling example discussed in Section 5.11 and
in Problems 5.25-5.27 and defined by the following choice of parameters:

wo = 0.0757 [rads/sample], ¢ =0, a, =-0.5, a,=0.8, M=4

(a) Generate a realization of the signals x(n) and y(n) and process them through the
adaptive noise canceler of Section 7.9, using an Mth order adaptive filter and adapta-
tion parameter y. By trial and error select a value for p that makes the LMS algorithm
convergent, but not too small as to make the convergence too slow. Plot one of the
filter weights h,, (n) versus iteration number n, and compare the asymptotic value
with the theoretical value obtained in Problem 5.26.

(b) After the weights have converged, plot 100 output samples of the error signal e (n),
and observe the noise cancellation property.

(c) Repeat (a) and (b) using an adaptive filter of order M = 6.

7.11 Computer Experiment. (a) Plot the magnitude of the frequency response of the adaptive
noise canceler notch filter of Eq. (7.9.3) versus frequency w (z = e/%). Generate several
such plots for various values of p and observe the effect of u on the width of the notch.

(b) Let x(n)= e/@om and y(n) = Ae/®0" and select the parameters as
wy =0.075Tr, M=2, A=0.01, pu=0.1

Process x(n) and y(n) through the adaptive noise canceler of Section 7.9, and plot
the output e (n) versus n and observe the cancellation of the signal x(n) due to the
notch filter created by the presence of the weak sinusoidal reference signal y (n).

7.12 Computer Experiment. Let X (n)= x, (n)+x2 (n), where x; (n) is a narrowband component
defined by
X1 (n)=sin(won + ¢), wo = 0.0757 [rads/sample]

where ¢ is a random phase uniformly distributed over [0, 27r], and X, (n) is a fairly broad-
band component generated by sending zero-mean, unit-variance, white noise € (n) through
the filter

X2 (n)=€e(n)+2e(n—-1)+e(n-2)

(a) Compute the autocorrelation functions of x; (n) and x, (n) and sketch them versus lag
k. Based on this computation, select a value for the delay A to be used in the adaptive
line enhancer discussed in Section 7.10.

(b) Generate a realization of x(n) and process it through the ALE with an appropriately
chosen adaptation parameter y. Plot the output signals X(n) and e (n), and compare
them with the components x; (n) and x, (n), respectively.

7.13 The response of the ALE to an input sinusoid in noise can be studied as follows: Let the
input be
Xn = A /01t 4y,

where ¢ is a random phase independent of the zero-mean white noise v,. The optimum
Wiener filter weights of the ALE are given by

h=R'r

where Rjj = Rxx (i — j) and r; = Rx (i + A), as discussed in Section 7.10.
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7.14

7.15

7.16
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(a) Using the methods of Section 6.2, show that the optimum filter h is given by

ejwid

h=

Sw;

where the phasing vector s,,, was defined in Section 6.2, and P; = |A;|? is the power
of the sinusoid.

g

Show that the mean output power of the ALE is given by

E[1%41?] = h'Rh = g2h'h + P, |h's,, |2

e

Show that the SNR at the output is enhanced by a factor M + 1 over the SNR at the
input; that is, show that

Pi|hfsy, >

Py
(SNR) gur= PN (M +1)= (M +1) (SNR)in

(d) Derive an expression for the eigenvalue spread Apax/Amin in terms of the parameters
02, Py, and M.

Show that if the delay A is removed; that is, A = 0, then the optimal weight vector
becomes equal to the unit vector

—
e

h=1[1,0,0,...,017

and that this choice corresponds to complete cancellation of the input signal x(n)
from the output e (n).

Computer Experiment. Consider the autoregressive process y, generated by the difference
equation
Yn = —aA1Yn-1 — d2Yn-2 + €n

where a; = —1.6, a, = 0.8, and €, is zero-mean, unit-variance, white noise. Generate a
realization of y, and process it through the LMS adaptive predictor of order 2, as discussed
in Section 7.11. Use a value for the adaptation parameter y of your own choice. Plot the
adaptive prediction coefficients a; (n) and a, (n) versus n, and compare their converged
values with the theoretical values given above.

The adaptive predictor may be considered as the linearly constrained minimization problem
& = E[e%]= min, subject to the constraint that the first element of a = [1,ay,...,ay]"
be unity. This constraint may be written compactly as u’a = 1, where u = [1,0,...,0]7.
Rederive the adaptation equations of Section 7.11 using the formalism and results of Problem
7.2.

Computer Experiment. A complex-valued version of the LMS adaptive predictor of Section
7.11 is defined by

ep=yn+ar(Myn1+a(M)yno+---+au(N)yn-u

am(n+1)=amn)-2ueny;_,,, m=12,....M
Let y,, consist of two complex sinusoids in zero-mean white noise
Vi = A1/ 4 Ayel02n 4y,
where the frequencies and the SNRs are
w; = 0.3, W, = 0.71 [radians/sample]

10log o [1A11%/02] = 10log,,[1A212/02] = 20 dB
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(a) Generate arealization of y, (using a complex-valued v,) and process it through an Mth
order LMS adaptive predictor using an adaptation constant y. Experiment with several
choices of M and p. In each case, stop the algorithm after convergence has taken
place and plot the AR spectrum S (w) = 1/]|A (w) |? versus frequency w. Discuss your
results.

(b) Using the same realization of y,, iterate the adaptive Pisarenko algorithm defined
by Egs. (7.12.5) and (7.12.6). After convergence of the Pisarenko weights, plot the
Pisarenko spectrum estimate S (w)= 1/]A (w)|? versus frequency w.

e

Repeat (a) and (b) when the SNR of the sinewaves is lowered to 0 dB. Compare the
adaptive AR and Pisarenko methods.
7.17 Computer Experiment. Reproduce the results of Figs. 7.19 and 7.20.

7.18 Derive Egs. (7.14.9) and (7.14.10) that describe the operation of the adaptive linear combiner
in the decorrelated basis provided by the Gram-Schmidt preprocessor.

7.19 Computer Experiment. Reproduce the results of Figs. 7.22 and 7.23.

7.20 What is the exact operational count of the conventional RLS algorithm listed in Section 7.15?
Note that the inverse matrices Py and P, are symmetric and thus only their lower-triangular
parts need be updated.

7.21 Verify the solution (7.15.56) for the rank-one updating of the LU factors Ly and L;. Also
verify that Eq. (7.15.58) is equivalent to Eq. (7.15.54).

7.22 Computer Experiment.

Reproduce the results of Fig. 7.24. Carry out the same experiment (with the same input data)
using the conventional RLS algorithm and compare with FAEST. Carry out both experiments
with various values of A and comment on the results.

7.23 Computer Experiment. Reproduce the results of Fig. 7.25.
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8
Appendices

8.1 Fortran and C Functions

The Fortran-77 and C functions that were listed in Appendices A, B, and C in the 1988
McGraw-Hill edition are now available online from the book’s web page:

http://www.ece.rutgers.edu/~orfanidi/osp2e

Listed in order of appearance in the text, these functions are:

ran - uniform random number generator

gran - gaussian random number generator

gauss - generates block of gaussian random numbers
sampcov - sample covariance matrix, Eq.(1.5.21)
corr - sample cross-correlation Ryy (k)

sigav - signal averaging, as in Example 2.3.5
lev - Levinson’s algorithm

frwlev - forward Levinson recursion

bkwlev - backward Levinson recursion

rlev - reverse of Levinson’s algorithm

lattice - analysis lattice filter

section - single section of Tattice filter

schur - Schur algorithm

schurl - Schur algorithm for Cholesky factorization
schur2 - split Schur algorithm

firw - FIR Wiener filter design

Twf - lattice Wiener filter implementation

dwf - direct-form Wiener filter implementation
yw - Yule-Walker method

burg - Burg’s method

scatter - direct scattering problem

dpd - dynamic predictive deconvolution

spike - spiking filter design

aicmd] - AIC and MDL criteria

snap - random snapshot generator

norm - normalization to unit norm

fresp - frequency response calculation (uses poly)
invresp - inverse frequency response

abs2db - absolute units to dB

db2abs - dB to absolute units

select - select eigenvector

music - MUSIC spectrum

minorm - minimum-norm eigenvector

Ims - LMS adaptive Wiener filter
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Tmsap - LMS adaptive predictor

glwf - gradient lattice adaptive Wiener filter

mgs - modified Gram-Schmidt adaptive preprocessor
ris - conventional RLS algorithm

faest - FAEST adaptive filtering algorithm

risi - double/direct adaptive RLS lattice filter
poly - polynomial evaluation

complex.c - complex arithmetic in C

complex.h - header for complex arithmetic

8.2 MATLAB Functions

MATLAB versions for the above Fortran and C functions, with some additional functions,
are available from the same web page. Listed alphabetically, they are:

acext - autocorrelation sequence extension using Levinson recursion
acmat - construct autocorrelation Toeplitz matrix from autocorrelation lags
acsing - sinusoidal representation of singular autocorrelation matrices
aicmd] - dimension of signal subspace from AIC and MDL criteria
argen - generate a zero-mean segment of an AR process

arsp - compute AR spectrum of a prediction-error filter

bkwlev - backward Levinson recursion

burg - Burg’s method of Tinear prediction

corr - sample cross-correlation Rxy of two vectors x and y

dpd - dynamic predictive deconvolution

dwf - sample processing algorithm of direct-form Wiener filter
dwf2 - direct-form Wiener filter using circular delay-Tine buffer
dwfilt - direct-form Wiener filtering of data

dwfilt2 - circular-buffer direct-form Wiener filtering of data

faest - FAEST algorithm for adaptive Wiener filter

firw - FIR Wiener filter design

flip - flip a column, a row, or both

frwlev - forward Levinson recursion

glwf - gradient lattice Wiener filter

latt - sample processing algorithm of analysis Tattice filter
Tlattfilt - lattice filtering of a data vector

lattsect - sample processing algorithm of a single Tattice section
Tlattsynth - sample processing algorithm of synthesis Tlattice filter
lev - Levinson-Durbin recursion

Tms - LMS algorithm for adaptive Wiener filter

1pf - extract linear prediction filter from matrix L

Tpg - extract reflection coefficients from matrix L

Twf - sample processing algorithm of Tlattice Wiener filter
Twfilt - lattice Wiener filtering of data

mgs - modified Gram-Schmidt adaptive array preprocessor

mgsims - modified Gram-Schmidt using LMS

minorm - minimum-norm noise subspace eigenvector

music - MUSIC spectrum computation

rlev - reverse of Levinson’s algorithm

rls - RLS algorithm for adaptive linear combiner

risi - double/direct RLS Tattice adaptive Wiener filter

rmusic - reduced-music eigenvector method

scatt - direct scattering problem

schurl - Schur algorithm for linear prediction

schur2 - Schur algorithm for Cholesky factorization

snap - generate snapshot matrix for array problems

spike - least-squares spiking filter design

steering - construct steering matrix of multiple sinusoids/plane-waves
yw - Yule-Walker method of Tinear prediction

As far as possible, the Fortran, C, and MATLAB functions use the same input and
output variables.
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adaptive
a posteriori RLS lattice, 347
array processing, 324
beamforming, 308
channel equalizers, 314
double-direct RLS lattice, 358
echo cancelers, 315
eigenvalue spread, 312
eigenvector methods, 322, 352
exact RLS lattice filters, 356
FAEST algorithm, 355
fast Kalman algorithm, 355
FTF algorithm, 356
gradient lattice filters, 327
gradient projection method, 323
Gram-Schmidt preprocessors, 334
line enhancer, 318, 363
linear combiner, 306
linear predictor, 320
noise canceler, 316
Pisarenko’s method, 322
sidelobe canceler, 308
signal separator, 318
spectrum analysis, 321, 324
tracking of zeros, 325
Wiener filters, 297, 308
accuracy of converged weights, 303
conventional RLS, 350
convergence speed, 311
correlation canceler loop, 300
FAEST algorithm, 355
fast Kalman, 355
fast RLS direct form, 353
gradient lattice, 327
gradient-descent method, 301
linear prediction, 320
LMS algorithm, 302
Newton’s method, 313
RLS lattice, 356
stochastic approximation, 303
Akaike final prediction error (FPE), 234
Akaike information criterion (AIC), 262
algebraic Riccati equation, 133
algebrain Riccati equation, 114
analysis filter, 49, 170, 171
analysis frame, 46
analysis lattice filters, 171
angle-of-arrival estimation, see superresolution
array processing
AR, ARMA, MA signal models, 50
asymptotic statistics, 276
eigenvector methods, 279
linear predictors, 277
reflection coefficients, 278
sample covariance matrix, 18, 276, 279

autocorrelation
complex-valued signals, 101
computation by convolution, 44
FFT computation, 68
function, 38
matrix, 101, 126, 150
maximum entropy extension, 222
method, 151
PARCOR coefficients, 156
periodogram, 42
power spectrum, 40
reflection symmetry, 39
sample, 42, 151
sequence extension, 164
singular, 165
sinusoidal representation, 165, 247
white noise, 39

autocorrelation method, see Yule-Walker method,

193

autoregressive
models, 150
normal equations, 151
power spectrum, 151

Backus-Gilbert parameter, 99, 215
backward prediction, 26

Bartlett window, 237

Bayes rule, 4

beamforming, 248, 249, 256, 308
biasing in frequency estimates, 242
Burg’s method, 193

CCL, 300

analog, 305

complex, 305
channel equalizers, 314
channel noise in DPCM systems, 100
Chebyshev inequality, 2
Cholesky factorization, 16, 36
clutter rejection filters, 78
conditional probability density, 4
consistent estimator, 3
correlation, 4
correlation canceler loop, 300
correlation canceling, 7
correlation matrix, 5
covariance difference methods, 255
covariance factorization, 136
covariance matrix, 5
covariance method, 193
Cramér-Rao bound, 4, 58
cross correlation, 41, 75
cross power spectrum, 41

data compression, 48, 97
deconvolution, 217, 220
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deconvolution with Ly-norm, 220
decorrelated basis, 28

direction finding, see superresolution array pro-

cessing
distance measure, 48, 101, 197
double-direct RLS lattice, 348, 358
DPCM, 97
dynamic predictive deconvolution, 198

echo cancelers, 315
EEG signal processing
classification, 197
prediction of epileptic seizures, 325
efficient estimator, 4
eigenvalue spread, 312
eigenvector methods, 259
adaptive, 322
AR limit, 247
coherent noise, 255
covariance difference, 255
ESPRIT method, 271
generalized, 255
maximum likelihood method, 270
minimum-norm method, 247, 264
MUSIC method, 261
noise subspace, 246, 252, 259
Pisarenko’s method, 244
Rayleigh quotient, 255
reduced-order method, 267
reduced-order polynomial, 260
signal subspace, 246, 252, 259
spatial smoothing, 273
entropy of random vector, 222
ESPRIT method, 271

FAEST algorithm, 344, 355

fast Kalman algorithm, 343, 355

fast RLS direct-form filters, 353

fast RLS lattice filters, 356

Fisher information matrix, 59, 278
forgetting factor, 350

forward prediction, 24
forward/backward normal equations, 24
FTF algorithm, 345, 356

gapped functions, 91, 135, 149, 154, 180
gaussian probability density, 1
gaussian random vector, 5
generalized eigenvalue problem, 255
gradient lattice filters, 327
gradient projection method, 323
gradient-descent method, 301
Gram-Schmidt array preprocessors, 334
Gram-Schmidt orthogonalization, 11

adaptive, 334

backward prediction, 177

Cholesky factorization, 16

innovations representation, 16

linear prediction, 16, 176

LU factorization, 16

modified, 334

random variables, 14

UL factorization, 16

immitance domain Schur algorithm, 184
independent random variables, 4

inner product of random variables, 12
innovations representation, 16

inverse scattering problem, 201
Itakura’s LPC distance measure, 101, 198

joint probability density, 4

Kalman filter, 130, 139
Kalman gain, 65, 131, 340, 352

lattice structures, 32, 171
first and second orders, 94
Wiener filters, 186
least-squares inverse filters, 211
least-squares spiking filters, 211
least-squares waveshaping filters, 211
Levinson recursion, 91, 152
autocorrelation extension, 164
backward, 157
forward, 156
matrix form, 160
reverse, 157
split, 167
likelihood variables, 340
line enhancer, 318
linear estimation, 117
conditional mean, 9
correlation canceling, 7
decorrelated basis, 28
Gram-Schmidt orthogonalization, 11
jointly gaussian signals, 9
MAP, ML, MS, LMS criteria, 118
nonlinear estimation, 118
normal equations, 121
optimum estimator, 8
optimum filtering, 122
optimum prediction, 123
optimum smoothing, 122
orthogonal decomposition, 12
orthogonal projection, 8, 13
orthogonality equations, 121
signal separator, 8
unrestricted estimator, 9
Wiener filter, 125
linear prediction
adaptive, 320
analysis filter, 170
asymptotic statistics, 277
autocorrelation extension, 164
autocorrelation method, 193
backward, 23
backward Levinson recursion, 157
Burg’s method, 193
Cholesky factorization, 23, 176
covariance method, 193
data compression, 97
decorrelated basis, 28
forward, 23
forward Levinson recursion, 156
gapped function, 91, 149, 154
Gram-Schmidt orthogonalization, 176
introduction, 86
lattice filters, 171
lattice structures, 94
Levinson recursion, 91, 152
LU factorization, 23
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maximum entropy extension, 164, 222
minimum-phase property, 112, 174
normal equations, 150, 153
optimum filter, 148
orthogonal polynomials, 178
orthogonality of backward errors, 176
reflection coefficients, 155
reverse Levinson, 157
Schur algorithm, 180
Schur recursion, 91
signal classification, 197
signal modeling, 56, 147
split Schur algorithm, 184
stability test, 175
synthesis filter, 170
transfer function, 147
Yule-Walker method, 54, 193
LMS algorithm, 302
LU factorization, 16

MAP, ML, MS, LMS estimation criteria, 118
matrix inversion lemma, 239, 257, 340
matrix pencil, 272
maximum entropy, 164, 222
maximum likelihood (ML) method, 53
maximum likelihood estimator, 58
maximum likelihood method, 270
MDL criterion, 262
mean, 1
minimum-norm method, 247, 264
minimum-phase filters, 106
alternative proof, 174
invariance of autocorrelation, 108
minimum-delay property, 107, 108
minimum-phase property, 109
partial energy, 107
prediction-error filter, 112
signal models, 49, 110
spectral factorization, 110
MUSIC method, 261

Newton’s method, 313

noise canceling, 316

noise reduction ratio, 76
noise subspace, 246, 252, 259
nonlinear estimation, 118
normal distribution, 1
normal equations, 121, 153

optimum beamforming, 256
optimum filtering, 122

optimum linear combiner, 306
optimum linear estimator, 8
optimum prediction, 123
optimum signal separator, 8
optimum smoothing, 122
optimum unrestricted estimator, 9
orthogonal decomposition theorem, 12
orthogonal polynomials, 178
orthogonal projection theorem, 13
orthogonal random variables, 12
orthogonality equations, 121

parameter estimation
ML method, 53
Yule-Walker method, 54
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parametric spectrum estimation, 47, 151
PARCOR coefficients, 19, 155
partial correlations, 19, 34
periodogram, 42
periodogram averaging, 44
phase vector, 223, 237, 250
Pisarenko’s method, 244, 322
power spectral density, 40
power spectrum, 40
probability density, 1

purely random signal, 39

quantization noise, 83

random number generation, 2
random signal models, 45
analysis filter, 49
AR models, 150
AR, ARMA, MA models, 50
data compression, 48
first-order AR model, 51
linear prediction, 56, 147
minimum-phase, 49
signal classification, 48
signal synthesis, 46
spectrum estimation, 47
speech synthesis, 47
stability and stationarity, 51
synthesis filter, 46
Wold decomposition, 45
random signals, 38
random signals, filtering, 72
random variable, 1
random vector, 5
random walk, 53
rank-one modification, 339
Rayleigh limit of resolution, 251
Rayleigh probability density, 63
Rayleigh quotient, 255

recursive least-squares algorithms, 350, 353, 356

reduced-order method, 267
reflection coefficients, 155
reproducing kernel, 223
Riccati difference equation, 141
RLS adaptive filters, 350, 351
RLS Kalman gain, 352
RLS lattice
a posteriori, 346
a priori, 347
direct updating, 347
double-direct, 348, 358
error-feedback, 347
RLS rank-one modification, 339

sample covariance matrix, 18

sample covariance matrix statistics, 18, 276
scattering matrix, 201

Schur algorithm, 36, 180

Schur recursion, 91, 186

Schur-Cohn stability test, 175
second-order statistics, 1
shift-invariance property, 38, 345, 354
sidelobe canceler, 308

signal averaging, 82

signal classification, 48, 197

signal estimation, 118
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signal extraction, 77
signal models, see random signal models
signal separator, 318
signal subspace, 246, 252, 259
simulation of random vectors, 18
sinusoids in noise, 102
spectral analysis, 236
snapshot vector, 18
SNIR, 257
spatial smoothing method, 273
spectral factorization, 110
Wiener filter, 127
spectrum estimation
adaptive, 321, 324
AR estimates, 238
AR models, 151, 234
autocorrelation method, 151
classical Bartlett spectrum, 237
classical methods, 44
eigenvector methods, 244
ML estimates, 242
parametric, 151
parametric models, 47
Pisarenko’s method, 244, 322
sinusoids, 236
windowed autocorrelation, 237
Yule-Walker method, 151
speech synthesis, 47, 197
split Levinson algorithm, 167
split Schur algorithm, 184
stability and stationarity, 51
stationarity, 39
steered array, 258
steering vector, 237, 250, 258
superresolution array processing, 248
adaptive, 324
Bartlett beamformer, 252
conventional beamformer, 249
LP spectrum estimate, 252
maximum likelihood method, 270
ML beamformer, 252
spatial smoothing, 273
synthesis filter, 46, 170
system identification, 75

UL factorization, 66

unbiased estimator, 3
uncorrelated random variables, 12
uniform probability density, 2
unitarity of scattering matrix, 206

variance, 1
vector space of random variables, 12

waves in layered media, 198
Welch method of spectrum estimation, 44
white noise signal, 39
whitening filter, 49, 149
Wiener filter
adaptive, 308
beamforming, 257
covariance factorization, 136
FIR filter, 122
gapped functions, 135
Kalman filter, 130
lattice realizations, 186
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linear prediction, 147, 148
mean-square error, 128
orthogonal basis, 186
prewhitening, 125
spectral factorization, 127
stationary, 125
transfer function, 128
unrealizable, 128

Wiener process, 53

Wold decomposition, 45

Yule-Walker method, 54, 151, 152, 158, 193

zero tracking filters, 325



